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/ H author believes that he is fulfilling a general wish in 

I attempting in the present supplementary volume to depict 
the recent developments which since 1924 to 1926 (thanks 
to the work of L de Broglie, Heisenberg, Schrodinger) have 
transformed the external aspect of atomic physics The fact that 
the inner content of the theory, that is, the quantitative assertions 
that can be tested by e xpe riment^ has for the most part survived 
this process of regeneiation is manifest to those acquainted with 
the subjects The new development does not signify a radical 
change but a welcome evolution of the existing theory^ while many 
fundamental points are classified and made more precise 

I have called this volume a '^wave-mechanical’' supplement, 
because for practical manipulation Schrodmger's methods are 
obviously superior to the specifically “ quantum-mechanical ” 
methods On the other hand, however, I have left no doubt 
that the general ideas that have led Heisenberg to enunciate 
quantum-mechanics are also indispensable for the elaboration of 
wave-mechanics The original standpoint of Schrodinger, that 
transitions are to occur only between co-existing states, is clearly 
too narrow and does not accurately fit the facts I have there- 
fore taken over into wave-mechanics the equal treatment of states 
and transitions, — as is done by Heisenberg from the very beginning, 
— in particular in deriving the frequency-condition and the rules 
of polarisation and intensity in § 5, Chap I This, of course, 
denotes that I am renouncing the mor;e definite wave-kinematic 
objective, set up by Schrodinger and de ,|^oglie, and am sacrificing 
pictorial representation to formalism ^In wave-mechanics the 
electron still remains a point-charge ultim ately^ and the light- 
quantum a pomt-like centre of energy Hrtt the dualism between 
the light-quantum and the light-wave exten^p into the corpuscular 
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region, beside the election-corpuscle wo have the election-wave 
with all the accumulative expeiimental evidence to conhiin it 

During several semesters I have endeavouicd in my univeisity 
lectures to make clear to my class and to myself the chiet lesults 
of wave-mechanics in as simple a foim as possible Wo found 
that in all cases that permitted of complete integiation the 
‘‘polynomial method” is adequate and leads to the final analytical 
form The “method of generating functions,” ' ’ ' olteii 

very elegant, is heie replaced by directly applying the conditions 
of orthogonality My puipose in the present volume was to bung 
out such points of view clearly A more bigmficant simphhcation 
is that which we have been able to achieve in ])uac’s thooiy oi 
the electron 

The form in which this supplementary volume is presented 
follows directly on the 4th German edition ol Atovibatc timl 
SpeM} alhmen Chapter I contains the fundamental conceptions 
and their application to elementary problems, whereas Chapter II 
deals with the more difficult calculations of pertuibations and dif- 
fraction and — the most difficult problem of all — the relativistic 
theory of the electron The present volume can of couise also 
be regarded as a supplement to the English edition, Jtoniu 
St7ucture and Spectral Lines, to which lefciences are made 
where possible 

As in the previous editions of the mam volume T have kept in 
view both the theoretical and the experimental physicist as readers 
I have therefore restricted myself to such problems as may claim 
direct physical interest The general speculations of the Theoiy 
of Transformations of Probabilities receive far too small a shaie 
of space, as do the fundamental questions of Indetounmacy and 
Observability Concerning these more geneial subjects, I under- 
stand that other accounts by authoritative writers are about to 
appear My wish was to preserve the original character oi my 
book, and I therefore kept my attention as much as possible 
on concrete questions I would gladly have tieated afresh the 
systematic arrangement of spectra from the point of view of 
wave-mechanics But there was neither sufficient space nor time 
for this , moreover, the theory of the relativistic election will have 
to be further investigated before these things can become sufficiently 
clear 

In §§4 and 7 of Chapter II on the photo-electric and Compton 
effects I have had the pleasure of the collaboration of my colleague, ^ 
Mr P Kirchner I am indebted to Dr S Bochner for many 
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mathematical references and suggestions Put my special thanks 
are due to my faithful associate. Dr K Bechert, who has given 
me his untiring help not only m all the technical questions of the 
printing and in all the details of the manuscript, but has also 
worked out many points of the text independently, particularly in 
the final paragraph on electron spin, so that if I had not had his 
devoted help it would have scarcely been possible to bring the 
book to completion at the appointed time 

A SOMMEBFEDD 

Munich 
August^ 1928 




TRANSLATOR’S PREFACE 

S INCE the appearance of the last edition of the author’s 
Atomhau und SpektralHmerby which is generally recognised 
as the standard work on the subject, many striking advances 
have been made owing to the birth and growth of quantum- and 
wave-mechanics What is the attitude ol the author towards 
these new theories ? Professor Sommerfeld has endeavoured in 
the present supplementary volume to answer this question and to 
bring his treatment of the subject completely up to date The 
success of his attempt is clearly demonstrated by the highly 
appreciative way in which the G-erman original has been received 
The great number of original researches which have contributed 
to these recent advances often appear little connected outwardly , 
by-paths which are ventured upon and later abandoned tend to 
confuse the average reader whose mathematical attainments may 
be insufficient to allow him to form a just estimate of such contri- 
butions The masterly and brilliant way in which Professor 
Sommerfeld has sifted the highly abstract material and brought 
into prominence what is of practical importance to the physicist 
will be recognised by all who wish to follow the thread of progress 
of atomic physics under his inspiring guidance He has described 
in a particularly convenient form the mathematical machinery 
that IS necessary for an understanding of the theory 

The present English edition has had the advantage of being 
accurately checked and revised by the author Many additions 
and alterations have been made , for example, the last section of 
Chapter I has a different form from that which it was given m 
the German edition , several oversights in the German edition 
have also been corrected A particularly welcome feature is that 
Professor Sommerfeld has corrected and supplemented the section 
on the Photo-elec tnc Effect, on which much interest is focussed at 
the present time, by adding three Notes, rich in content, which 
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form the conclusion of the volume The English edition ma 3 ^ 
therefore claim to be a stage m advance of the G-erman original 
References to the English edition of the mam work are briefly 
denoted by I placed before the page or chapter quoted In those 
cases in which reference is made to passages in the 4th German 
edition which do not occur m the English version (which was 
translated from the 3rd German edition), the abbreviation 
Atomhwvu precedes the page or chapter quoted 

In the hope of simplifying the reading of original papers on the 
subject the translator has appended a list of the Geiman expres- 
sions which occur in the text, together with the English equivalents 
used by him I am indebted to Professor H T H Piaggio of 
University College, Nottingham, for some helpful suggestions m 
this connection The arduous task of proof-reading was very 
kindly undertaken by Mr H E Biggs, M A , of the Electrical 
Laboratory, Oxford, and Mr E H Saayman, M A , of New 
College, Oxford, who devoted much time and care to correcting 
and improving the English rendering I also wish to expiess 
my gratitude to Professor Sommerfeld himself for his fiiendiy 
interest in the course of the work and for finally checking the 
proofs 


UNIVHlRSITi CoIjIjBIOI], NOTTINQHA.M 

Deceonber^ 19S9 


HENRY L BROSE 
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CHAPTER 1 

IHTBODUCTIOlSr TO WAVE MECHANICS, RUDIMENTS AND SIMPLEST 

APPLICATIONS 

§ 1 Sclirodmger*s Wave-Etmation and the de Broglie Wave-Length 

X HE antithesis between macroscopic and microscopic events has 
often been emphasised Eor example, the state of a configuration 
in heat equilibrium looks quite different when regarded micro- 
scopically than from the point of view of the kinetic theoiy of gases 
Mechanics and electrodynamics are also macroscopic in origin To apply 
them unchanged to the conditions in the atom is to make unjustifiable 
demands of Nature Nevertheless important partial successes favoured 
the extrapolation of these theories to microscopic conditions The study 
of the electronic orbits within the atom, which has become so immensely 
fruitful for our knowledge of the atom, in particulai foi decipheiing 
spectia, was founded on classical mechanics And the considerations 
of the Correspondence Principle, which we required in order to answer 
questions of intensity and polarisation were derived from classical electro- 
dynamics To these two classical principles there weie added two 
quantum axioms We indicate them briefly (see Vol I,* Chap IV, ^ 1, 
and Chap I, § 6) by means of the two equations 

\pdq = nh (Quantum condition) (1) 

Ttv = Ej — Eg (Frequency condition) (2) 

The first defines the favoured or stationary states of the atom (more 
generally, of the system in question) and distinguishes them by means of 
an integer n (quantum number) The second determines the ladiation 
emitted, in a transition from one state to another, by means of the 
corresponding energies t and Eg 

Rut there were various indications that the mechanical laws, even when 
amplified in this way by the quantum theory, did not yield the whole 
truth A particularly simple case in which they failed was that of the rota- 
tion-bands of molecules These had to be numbered not by mtegers 
but by half-integers (cf I, Chap VII, § 2, particularly p 418) if the facts 

* In future, leferences to Volume I, English, edition, •will be denoted merely by I 
fin the sequel we prefer to use E m place of the former W in order to indicate 
that in general we now normalise the eneigy differently from before, namely, from a 
rational izero pomt Whereas this different normalisa'bion is of no consequence for the 
present, it wiU become essential m § 5, and particularly xu the gene¥ahs?i.tion founded 
on relativity m § 9 
vor*. It. — 1 
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of experiment were to be represented without aibitraiy restrictions 
Another much discussed example was given by the anomalous Zeeman 
effect Land6’s (/-formula, which can be confiimed with e\tieme accuiacy, 
requires n(n + 1) and^O + 1), etc , m all places wheio we should expect 
71 ® and ^ according to the classical theory * * * § For a time one spoke 

of a “ non-mechanical constraint or of “ an ambiguii} of the model 
that defied mechanical description Further, the hitheito accepted 
theory failed in questions involving mutual actions, foi example, m the 
case of the helium pioblem, and indeed also in othei oases (highei 
spectial senes), where the fault could not be asciibed to the elusive 
helium model (cf I, Ohap III, § 6) It is tiue that lecent investigations 
have shown that the blame for some of these alleged contiadictions to 
the principles of macio-mechanics is not to bo imputed to rnochames but 
to the structure of the electron This is so, in paitioulai, in tlio case of 
the magneto mechanical anomaly, which occuis in the Zeeman elleot,! 
of the Paschen-Back effect foi the hydrogen atom and of the haU-integi al 
values of j in the general structure of the system of series spectra liut, 
apart fiom these, theie are still othei examples of disagreement which 
point to the antithesis between micro- and macro-mechanics 

How can we ariive at a theory of micro mechanics appropuato to 
atomic phenomena without undue arbitrariness? We shall follow Biwin 
SchiodmgerJ by staitmg from the compiehensive analytical sjstom of 
Hamiltonian mechanics Hamilton developed it in connection with his 
researches on the geometrical optics of astionomical instuiinents IIis 
ideas were mspiied by the undulatoiy theory of optics, which was coming 
to the fore at that time (1828-1837) 

The wave-theoiy of optics describes optical phenomena by means of 
Imear pa7kal differential equations, of the second order and deiives the 
wave-surfaces (surfaces of constant phase) from them Fiom the point 
of view of the wave-theory, at least foi isotiopic media, hght-iays may 
be defined as the orthogonal trajectories of wave-surfaces 

Geometrical or i ay-op tics, on the other hand, was originally a 
mechanics of Newtonian light corpuscles The light-rays denoted the 
paths of these particles Hamilton took over the idea of wave-surfaces 
from wave-optics and constructed them as the surfaces orthogonal to 
the rays If their equation is S =» const , then S satisfies a partial differ- 
ential equatwnof the first older and second degiee This is Hamilton's 
partial differential equation of mechanics S denotes the Hamiltonian 

* Of Ohap VIII, p 629, of 4th German edition of Atmibmi and Spehtrallxnxm^ or 
Birtwistle, New Qucmtwn MeohameSt Oamb Univ Press 

fAtombau (4th edn ), pp 620 and 686 

t Sohrodinger’s ooUeoted papers on wave mechanics have been published in 
English in one volume by Messrs Blackie & Son, Ltd , this vo^'u mu gives the complete 
German references The chief papers appeared m the Annalen der Physik, Vols 79, 80, 
and 81 

§ Besides the references given in Note 7, p 804, Atombm^ see also E* Klein, Nnt- 
wichelung der Mathematih xm 19 Jahrhxmderit Springer X926, VoU I, Ohap V* 
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characteristic function, or action function ” this corresponds with our 
earlier nomenclature in I, page 556 In this way we arrive at the 
differential equation and the action function for the individual point- 
mass (the individual light-corpuscle) , this method is then easily extended 
to mechanical systems in general 

We shall now follow Hamilton’s course in the reverse direction 
Whereas Hamilton, starting from wave-optics, passed by way of ray- 
optics to the general formulation of macro-mechanics, we shall follow 
Schrodinger and proceed from macro-mechanics by way of ray- and 
wave-optics to micro-mechanics Just as wave-optics is a refinement 
of ray-optics for dimensions of the order of the wave-length, so we expect 
to arrive at a micro-mechanics which refines macro-mechanics and may 
be applied to atomic dimensions 

We begin with the macro-mechanics of the individual point- mass in 
rectangular co-ordinates Starting from the energy-equation 

f + t/^ + + ^2 + ^2) = E - V (3) 


(B 2 = energy- constant, V = potential energy, expressed as a function of 
Xf 2/, ^ alone) We obtain, according to the general rules of I, page 558, 
the Hamiltonian differential equation 


A^S = 2m(B - V), where A^S 





On the other hand, we wiite down the diffeiential equation of wave optics 
in the form 


1 1- A 

= “7 STT where Au = 7 + r + 


( 5 ) 


and where u is a rectangular component of the optical field or of the 
corresponding vector potential, and a the phase velocity of the light, 
which m general varies from point to point We shall, however, at once 
eliminate the dependence on time, which we do not discuss till ^ 5, by 
making the substitution, for monochromatic light, 


We set 


u =* 


(5a) 


0 > 

a 


h 


and call h the wave-number ” This term is justified in view of the fact 
that for a plane wave (cf the end of this section) h becomes equal to 
27r/X, where X = the wave-length, that is, the spatial periodicity of the 
plane wave Thus, in the case of a plane wave, h signifies, in more 
exact language, the number of wave-lengths that are included in %r units 
of length Further, we introduce thQ ^efraqtiy^ uadex n against vacuum. 
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(the indices 0 refer to “ vacmim/’ thus is equal to the oidmaiy velocity 
of light, c) 

a a 


With these terms defined in this way, it follows from (5) and {6a) that 

Ai/^ + n^kQ^ijr == 0 (6) 

We accomplish the transition to ray-optics by following an idea of 
Debye's* as follows In ray optics we regaid the v 1 ' „ 'i as 
small, that is, k^ as “large’* (“small” means infinitely small com}aied 
with all the dimensions of the optical appaiatus that aie involved) We 
write 

ij/ = (ha) 

and treat A and S as “ slowly *’ varying quantities , that is, in the 
derivatives 


Tix 


^7 

^ " 7)x 


SA 






L. 


2 iA 


7>A Z>S 
"hx 






we neglect all the lower poweis of Aq m comparison wnth the highest 
occuning power If we then cancel (6) becomes 

A^S = (7) 


This 18 the differential equation of the “ eikonal,” the chaiactenstic 
function for ray-optics Comparison with (4) (a dimennional difficulty 
that occurs will be discussed presently) gives the foimal i elation 

= 2 w(E - V) (8) 

If we translate Hamiltonian mechanics into the language of xay- 
optics, we see that it operates with a refractive index that vanes accoid- 
ing to the measure of V this gives us something similar to the cuivdinear 
course of rays through the layers of the eaith’s atmospheie We insert 
this value of w m the differential equation (6) of wa\e optics, and thus 
obtain in addition to the picture of mechanics based on lay optics one 
based on wave-optics and represented by 

Ai/r + 2m(B - V)fcoV 0 (^) 

A remark on dimensions must here be added In equation (4) S has the 
dimensions of an action (erg sec), whereas in (7) it has the dimensions 
of a length Hence the comparison of (7) with (4) leads to a formula 
with wrong dimensions (on the left is a puie number, on the right is a 
quantity of the denomination grams ergs) We must, therefore, corre- 
spondingly alter the dimensions of in (9) k^ must have the dimensions 


* Of A* ?f Bunge, Ann d Phys , 86, S90 (1911) 
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of the reciprocal of an action, whereas it was originally the reciprocal of 
a length Since, further, must be universal, a possible value * is 


^0 


277 

T 


( 10 ) 


where, of course, the factor 277 is arbitrary a prior% but a posteriori can be 
justified without ambiguity by comparison with known solutions in the 
quantum theory We therefore obtain from (9) as the final differential 
equation of micro-mechanics in its simplest form (that is, for a single point- 
mass and a conservative field of force) 

Af + 2m(E - = 0 (11) 

We call this equation the wave equation, f and i/r the wave-function, and 
we regard eqn (11) as the foundation of wave-mechanics 

Firstly, we shall broaden this foundation Instead of one point-mass 
we shall consider several freely moving point-masses, which are coupled 
to each other by conservative forces Thus Y is now to be a function of 
the co-ordinates of position of these various point-masses The case in 
which the forces have no potential (magnetic field) will be deferred, until 
we can proceed with the lelativistic generalisation of oui wave-equation 
(cf §9) 

If we trace the derivation of (11) backwards, we find that in the 
energy law the kinetic energies must be superimposed on each other in 
the form 


(a) 


Pz)ctf 


where the index a labels the individual point-masses If we express the 
p*s by means of S and pass from S to <//•, we get as the generalisation of 
(11), aftei taking the factor from (10) over to the left side, 

+ (B - V)*. - 0 (12) 


The index a attached to A denotes, as is evident, that the differential 
parameter A is to be formed for the Cartesian co-ordinates a?a, Va, of 
the point-mass a if/ itself is a function of all these co-ordinates, and 
cannot in general be separated into parts each of which depend only on 
the co-ordinates of one point 


* It IS to be regretted that when Planck introduced his constants he did not call 
his element of energy hco instead of hy In the latter case, on account of « = 2wy, the 

value of h would have been equal to ^ 6 56 10 ” erg sec In place of (10) we should 

iTT 

then have had fco — Ifh, and all other formulsa of wave mechamcs would likewise have 
become simpler In the sequel we shall occasionally make use of the abbreviation fcg 
(10) in order to get nd of the inconvenient factor 2v 

+ Sohrodinger himself ongmally wished to reserve the name wave equation ” for 
one analogous to (5) but containing the time We shall call the latter, to distmguish 
it from (11), the ** time equation ” It is, as we shall see in §5, differently bmlt up 
from (6) 
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Theie is no difficulty m intioducing curvilmeai co ordinates foi one 
or seveial point-masses in place of the Cartesian co-oidiiiates It is 
only necessary to transform the differential expressions Aoc in the wave 
equation into the new co-ordinates by the well-hnown lules If the 
point-masses are not free but howid, then co-oidinates being subject to 
equations of constraint, then we must intioduce, as in oidmaiy mechanics, 
generalised (Lagrange) co-ordinates, by which the equations of constiaint 
may be eliminated But we piefer to discuss these geneial matteis latei 
when we deal with a paiticular example 11) 

Schiodinger has also developed a veiy interesting method of deriving 
the wave-equation for the special case ot a point-mass oi foi the geneial 
case of a mechanical system from a problem m the oaloiilus of vari,ation% 
We shall, however, also deal with this matter latei in connection with 
the relativistic generalisation of the wave-equation 

As foi the integration of the wave-equation wo shall heie mak(3 only 
the following remarks The objective is to find such integrals of ij/ as 
aie one-valued and oonUnuous %n the whole lange of validity of the (o- 
ordinates, including the boundary points The boiindaiy condition of C 07 i- 
Unu'ity that presents itself m this way furnishes us, to oui 8ui])use, with 
a complete substitute for our quantum condition (1) The quantum 
numbei n that occurs in (1) comes into existence spontaneously in solving 
the “boundary problem” in question In thi^ toay our quantum condi- 
tion (1) may he dispensed with as a special axiom In many cases, moie- 
over, as we shall see later, it is subjected to collection 

The position here is similai to that m the boundary problems of 
ordinary mechanics, for example, in that of the vibrating string In this 
case, too, the boundaiy condition (given by the fixed ends of the stung) 
leads to the introduction of a whole number n which distinguishes the 
different forms of vibration as fundamental tone and overtones, and is 
equal to the number of loops or one moie than the numbei of nodes 
To be able also to dispense (in a certain sense) with the itequency 
condition (2) in the wave-mechanical treatment we must elaboiate oiu 
wave-equation fuxthei (§ 5) by taking into account the dei:)end€uicc on 
time 

Finally we consider as the simplest conceivable example to which the 
wave-equation can be applied a point-mass under no forces (V 0) 
According to (11) we then have the differential equation 

ea 0, ™ wB (13) 

We integrate it as in the optical problem of the plane wave 
Choosing the positive direction of the a;-axis we write 


( 14 ) 
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The range of the a?-co-ordinate extends from £c = -qo toic=+oo 


Our solution is one-valued and continuous, including these limiting points, 
and so satisfies our general boundary condition for every j[>os%twe 'value of 
E While in other cases the boundary condition can be fulfilled only 
by the special choice of E, E here remains undetermined We interpret 
E as the kinetic energy of our point-mass, setting E = mv^l2 From (13) 
we then get 


h = 


^TTVIV 

h 


(15) 


The spatial period of our ifs function, that is, the wave length X therefore 
becomes 


27r h 

k ”” mv 


(16) 


In this way a wave-length k is allocated to the motion of translation of a 
point-mass We call (14) a de Broglie wave and (16) the de Broglie wave- 
length, for Louis de Broglie — in his Thesis (Pans, 1924) — assigned wave- 
lengths m this way even before Schrodinger’s papers appeared The 
train of ideas which led him to do this will be indicated in § 5, where we 
shall also see the part played by the velocity v of the mass-particle 
(group -velocity as compared with phase-velocity) m the wave-picture of the 
^-function At this stage we shall give no details but merely emphasise 
the fact that the conception of corpuscles (electrons and atoms) as waves 
has already borne fruit experimentally (Details are given in Chap II, 
§§ 5 and 6 ) We already speak of a diffraction of electrons by crystal 
lattices,’* and compare the experimentally obtained directions of diffrac- 
tion with those which occur m the case of Bontgen rays The twofold 
nature of light as a light wave and as a light-quantum is thus extended 
to electrons and, further, to atoms their wave nature is asserting itself 
moie and more, theoretically and experimentally, as concurrent with their 
corpuscular nature 


^ 2 Explanation of the Mathematical Method Spherical Harmonics 

Bessel Functions 

In the sequel we shall continually encounter Imear differential equa- 
tions which are to be integrated in such a way that the solutions are 
single (uniform, eindeutig) within a prescribed legion and, mcluding the 
boundary points, contmuous As a rule this is possible only if there 
occurs in the differential equation a disposable parameter, to which 
appropriate values may be assigned These values are called proper 
values and the correspondmg solutions are called proper functions The 

* Eigmwerte, which is often rendered by characteristic values , likewise Eigen 
funktionen =* oharaotenstic functions We have preferred to use the shorter word 
“ proper/’ especially as it seems to have established itself in the current hterature on 
the subject 
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whole theory was originally developed for a vibrating stung with a mass 
distribution vaiying from point to point or, what conies to the same thing, 
foi the conduction ot heat along a lod in which the conductivity vaucs 
along its length (Sturm -Liouville problems)* Wo heie give only so 
much of the theory as is absolutely neoessaiy and immediately illustiate 
the piocess by taking special examples 


A S2JheriLal Ilao monies 


Staitmg from the vibration-equation in thiee dimensions 

Ate + = 0, 


such as occurs, tor example, in acoustics, let us coiisidei a piohlem ol 
boundaiy values with spherical symmetry and intioducopolai co-oidinates 
r, if> As is well known, we obtain 


\ 'dr ) 


+ 


1 } 

7- sm 6 56* 



Hh 


^ 

sin*^ 0 


4- A’// - 0 


(1) 


We wioh to integrate this equation by the method ot btpaiation ot 
variables (cf the coriesponding method toi Hamilton's ditleiential 
equation in oi dinar y mechanics, I, p 559) that is, w^o set 

10 = E(7)®((9)^(«^) 

Whereas R is fully determined only by a boundaiy condition which 
would have to be piesciibed in the case ot an external bounding spheie, 
© and 0 are already defined by the pobtulato that the solution is to bo 
uniform (single valued and continuous, eindeutiy) in the co-oidinato regions 

— TT ^ <f> + w 


except for a disposable whole number in each case, as we shall presently 
see 

We first considet <&(<;f>) We may call <(> a cyclic co-oidinato (cf I, 
pp 443 and 561) since it does not occur explicitly in the equation (i) 
It is in accordance with this that we set The^ postulaie 

of uniformity leads to integral values of m 

We insert ^ m the deferential equation, divide by R©^ and multiply 
by This gives 


ryd^R 

B\dr^ 


2 ^R _ 1/ 

r dr J ©\sm 


1 d ( je} 
n e ^de I 


\ 


(la) 


The common value of the two sides of this equation must equal 
stant, say A Hence we get the differential equation for © 


1 

sin 0 


ffll™ *35} + - EP^)® - “ 


a con- 

(lb) 


*For this and for all other mathematical problems involving boundary values 
consult the excellent volume by Oourant and Hilbert, Methoden der matMmatisekm 
Phys%hj Springer, 1924 



§ 2 Spherical Harmonics 

The “ separation- constant *’ A. is at the same time the f propet'value para- 
meter ” of this differential equation We introdtjcet^^ =lcos 6 as an 
independent variable, write ®(0) = ^(o)) and take into<,||^cco*intJi5^ 

d® 

sin^ do dx, sin^ ~ 

Trom (IZ)) there then results 

(1 - x^)y" - ^xy' + (\ - Yzr^^y = ^ ( 2 ) 

This IS the differential equation of the gene'tal (so-called associated) 
Legendre function The pioduct y (cos 0)^{<}>) is a “ surface-harmonic,” 
being a so-called “ tesseial harmonic ” * 

Singular joints of a linear ditfeiential equation is the name given to 
values ol the independent variable x for which one of the coefficients 
becomes infinite It is implied that the equation is reduced to its standard 
form m which the coefficient of the highest derivative of y is reduced 
by division to unity, or we shall say the equation has been noimahsed 
All other points are called ojdinary A singulai point is called a jpole 
{aiisserwesentlich singular e Stelle) it a power series is possible at it which 
contains only a finite number of members with negative exponents 
Otherwise the singulaiity is an essential singula? ity Ordinary points 
and poles are also classed together under the name of regular points 
To determine the exponent a of the initial term of the power senes at a 
point ^ - iCo = 0, we make the substitution 

y = z\a^ -h a^z + a^J + ) (3) 

and deteimine a as the root of a quadratic equation (we restrict ourselves 
to ditfeiential equations of the second order, which we assume normalised 
in the above sense) namely, of the so called charade? istic equation It 
is obtained if the series (3) is inserted in the left-hand side of the 
differential equation and it the factoi of the lowest power 2 “ is set 
equal to zero Equating the factors of the following higher powers to 
zero gives us a recurrence formula for the ak^ The recurrence formula 
may be obtained more conveniently if we change the dependent variable 
by setting 

y = V = ^a^^ (4) 

and calculate the a* s from the differential equation for v 

The general criterion for a pole is, as the process just described im- 
mediately shows, that the coefficients of y", y' and y in the original 
differential equation may not at the point in question, ^ — 0, approach 
infinity relatively to each other more rapidly than 



respectively 

If the two roots a 2 of the characteristic equation differ by a 
whole number, peculiarities (logarithmic terms) occur m one of the two 

*The terms zonal, tesseral and (for the special case of maximum values of m) 
sectorial surface harmonics are due to Maxwell Of the important Chapter IX of his 
Treatise on Electricity and Magnetism 
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Particular Solutions We shall not discuss this aspect as we aie inteiested 
only in the continuous solutions of oui differential equations 


In the case of the diffeiential equation (2) the points x = ± 1 and 
ic = 00 are singular, being, indeed, as we shall show, poles If, foi 
example, to investigate the point x = 1, we set rr =« - 1, then (2) 
becomes 


2 2 + X 
J 2 + 2 




\ 2{2 + 2) ^ + 2) 


)!/ - 0 


The application of criterion (5) shows us that 0 is m txuth a pole 
If we use substitution (3) and ioim the factoi ot 5*""“ the expiessioii 

(a.{x - 1) + a - 


follows Since we may assume to diffei fiom zeio, the chaiaotonstic 
equation becomes 

,2 _ 0, a = ± q, (G) 


The same exponents result for the point re = - 1 by making the sub 
stitution 2 ^ X -i- 1 

To investigate the point au == oo we make the substitution ^ 
known from the Theory of Functions, and obtain in the case of (2) 


2t 

y + + 


1 

- 1) 



- l) 


y 


= 0 


where the dots denote differentiations with respect to t 

The application of the ciitenon (5) shows as above that i — 0 is also 
a pole The characteristic equation becomes 


a(a - 1) - A = 0 


On account of the postulate that y must be continuous in the legion 
- l^rc^-flwe now look for that bianoh of the function that has 

the exponent + ^ {m being assumed positive) at the two limits £c ± 1 

As suggested by eqn (4) we therefore set 

m 

2/ = (1 - x^fv (7) 

by simultaneously detaching from y the two characteristic powers s* of 
the singularities situated m finite regions (a «= + m/2 , « « jp 1) By 

working out (2) we easily get for v the differential equation 

(1 - x^)v" - i2(m + l}an>' + (X — w - ■« 0 (8) 

This may be integrated by assuming 

V — . . . . (9) 
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By substituting in the differential equation and equating the factor of 
to zero we get the following recurrence formula for the a,,*s 
(y + 2)(i/ + + 2 “ 1) + 2(?7i + 1)]/ - \ + w + m^ja^ (10) 

If we choose A. so that the factor of vanishes, say, for v = ^, then 
according to the recurrence formula all coefficients + 2, + 4, 

vanish, and our series (9) ceases at the term v ^ h it contains, as we 
also see from the recurrence formula, only even or odd powers of x 
according as we allow it to begin with or a^x The choice of X thus 
decides the proper value of the spher'ical functions With v Tc we get 

\ = h(Jc - 1) 4- 2(m 4- 1)^ 4- r)i[m 4- 1) 

= (A; 4- m)(^ + m 4- 1) 

As V in this way becomes of degree h we get A; 4- m for the degree of the 
corresponding proper function y (cf 7) , we write n for Ac 4- m Written 
in terms of this n the proper value is simply 

\ = 4- 1) (11) 

The above method of determining a proper value and proper function 
IS applicable in all cases in which the differential equation leads to a 
recmrence formula with two terms We shall see that this is so with all 
quantum problems that aie exactly soluble (that do not require methods 
of approximation or peiturbations) The fact that the recuiience formula 
has two terms may be recognised directly from the differential equation 
For if we substitute for v a powei then, after multiplication with 
the coefficients of the differential equation, only two powers may occur 
(in our case they are x'' and x^ “ It may also be determined m general 
whether a given differential equation can be transformed into one having 
a recurrence formula with two members * 

This piocedure, which is based on the termination of a power senes, 
we shall call the polynomial method It is evident that it is sufficient 
in character For our polynomial (even after being multiplied by the 
detached factors, cf (7)) is certainly continuous m the region under con- 
sideration (which is here = —1 to x + 1), and so represents a 
proper function The fact that our procedure is also y^ecessary in 
character, that is, that theie are no other pioper functions of the 
differential equation besides those found, may easily be shown, t at any 
rate in the case of spherical harmonics, but may here be passed over 
The usual method of denoting the y of eqn (7) is Since Jc, 

being the degree of the polynomial (9), is a positive whole number and 
since m must also be given positive and integral values in the proper 
functions (integral on account of the postulate of uniformity for e±*^), 
therefore n — A; 4* w also becomes an integer greater than or equal to m 
Thus if we fix n there are w 4- 1 proper functions PJf The first of these, 
for which m 0, is the spherical harmonic of Tzth degree in the narrower 

* Forsyth, Differential Dguations Note on p 589 et seg of the German edition 
f Most simply by the theory of functions, of K Bechert, Ann d Phys , 83* 906 
(1927) 
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sense and is written simply {zonal ha7momc or Legeoid^ e* tu) ,/'( tto^a } 
The other 7i proper functions are the “ associated** functions ot the same 
degree n The last propei function, for which = n (sectoiial hai- 
monics), is, by (7), proportional to 

HI 

(1 — = (sin oy^ 

If we differentiate eqn (8) with respect to jt, we get a dilterential equation 
for v' which is distinguished from that loi v only by having w + 1 m 
place of m Prom this we infer that in the senes of functions l^n 

P^, P^f the V belonging to every following polynomial may be 



Fia 1 

The (ordinary) spheiical harmonics Pj 
= P® are drawn to scale 

P„« = 1, P/ = P.o = ^ 

P.o = - lx 



The assouiatcd Mjihoiical fum tions 


Pw(t) = (1 - 1 V^{i) 

havo boon divided by appiopuato factois 
so that tho maximum of otitli PJJ' hoc aim 
equal to 1 Tho figuie shows 

P/> 1, P 1 PJ P ** ^ 

‘ * S » ' » 10' ^ ‘ r) 


obtained from the preceding one by ditfeientiation We thus get the 
associated spherical harmonics repiesented by the I cgci du polynomials 

PJj(a;) (1 — 2 ^^^^Pn(£* ) (12) 


In this identity the usual normalisation of the associated has already 

been carried out The P^’s themselves have been normalised since 
Legendre’s time by setting 

^n{l) = 1 (12a) 

But later we shall become acquainted with anothei kind of normalisa- 
tion based on the orthogonal relationships that subsist between all proper 
functions 

We have yet to mention that the number of spherical harmonic^ 


IS 


§ 2 Bessel Functions 

(proper functions of the two-dimensional problem in 6 and is not equal 
to -I- 1, but, on account of the double sign in (12b), to 2?^ + 1 For 
they are represented in their totality by 

= K(<^os e)e±^^ (12b) 


B Bessel Functions 


We revert to eqn (1) and now consider the radial component B of 
the solution there assumed By (la) its differential equation is 


2 ^ 
dr^ r dr 



(13) 


or, it we substitute tor k the proper value (11) and set kr ^ p (dashes 
here as well as in the sequel denote derivatives with respect to p) 

n(n + 1)N 


E' 


+ -R' + 

P 


(i _ = 


0 


(13a) 


Accoidmg to the meaning of r the boundary points of the region in p are 
the values p = 0 and p = co The criterion (5) tells us directly that p = 0 
IS a 2 ^ole We investigate the asym/ptotic behaviour at this point by a 
method which is perhaps lacking in mathematical rigour but which, in 
later cases as well as here, will always lead directly and surely to the 
result For great values of p (13a) becomes 

E" + E = 0 (13b) 

and IS integrated, by the two particular solutions 

E = A e + and E = B e “ lespectively (l^a) 

We can immediately find a second approximation by assuming, for ex- 
ample, the coefficient A to be a “ slowly varying quantity ” By this we 
mean (see p 4) that we regard A' as differing from zero, but neglect 
K” and A'/p as well as A/p^ By substitution in (13a) we get, if we sup- 
press the common factor 

H A = 0, A = (13c) 

P P 


The same holds for B Both particular solutions are not only finite 
+ p = 00 but actually vanish From this it follows that the solution (14), 
which, for p =s 00 must resolve into a combination of the particular solu- 
tions (14a), fulfils the condition of continuity that is to be postulated, not 
only for p = 0 but also for p == oo , infinity introduces no new condition for 
the proper function E The parameter k that also occurs in the differential 
equation (13) thus remains undetermined for any unlimited region If, 
on the other hand, the region were limited by a sphere r = a, for which 
E, say, IS to vanish, we should get a transcendental equation for h and a 
“ discontmuous spectrum ” of values of k In the case of the unlimited 
region we can talk of a contmuous spectrum 
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We next show that our proper function (14) is essentially a Bessel 
function, namely that 

E = Aj„ + j(p) (15) 

JP 

If, actually, we mseit this in (13a) we get foi J aftei an easy calculation 
the differential equation 

r + 1 r + A _ = 0 

p \ p- J 

This IS the well-known diffeiential equation of the Bessel function of 
index w -h -J The fact that in (15) we can bo deihng only with the 
solution of this function which is finite in a finite legion, and not witli the 
so-called Hankel solutions H, follows fiom oui postulate of continuity at 

p = 0 

Whereas in the sequel we shall continually meet with sjilioucal 
harmonics, we shall not need the Bessel functions diiectly But the 
method will in many cases be usetul foi obtaining asymptotic lepiosenta- 
tions such as we worked out in this example 

^ 3 Oscillator and Rotator Their Proper Values according to Wave- 

Mechanics 

In this section we first coirect I, Chap IV, J? i, b^ leplacing the 
foimer quantum condition by the postulate of continuity ot the pi open 
functions concerned 


A The Lmem Ilainmiic Osodlato} 


When displaced a distance % it has the xiotential eiuu gy 


V 


. a?- 


‘ 2 ^ 


(1) 


0 )^ = is the cuculai ** frequency (Ki enfrequenz) ot its inopen \ibia- 
tion (m the sense of classical mechanics) This is calculated fioin the 
constants h m the expression for the elastic restoring foice (- kr) and 
the mass m of the oscillator wq-* « him By eqn (11) of 1 the 
wave-equation of the oscillator becomes, fox the given value of V, 

^ + (\ - =. 0 (2) 


X and a are abbreviations for the following quantities 


87r2 


mB, 


a 




(2a) 


The range of the co-ordinate is from - co to£i:«»+oo These 
limiting points of the range are essential singularities We recognise 
this if we enquire into the asymptotic behaviour of \{/ for large values of 
We may then strike out X in comparison with and (2) becomes 
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« (x?x^tlf This equation is then asymptotically integrated (cf eqn 
(13b) of the previous section) by 

^ (3) 

For it gives 

^' == ± ar0, ip" = 

(m the latter we have neglected a term which is of lower order in x) 
We can use only the lower sign in equation (3) since xj/ is to remain finite 
for X = ± CO We therefore set 

\f/ =, e~“ V ( 4 :) 

(similarly co ^ 7 of the preceding section) and determine v (without 
neglecting any terms) from the differential equation (2) Writing 

p e ■" 2^^ we get from (4) 

if/' = FCv' — OLXV) 

Ip" = — 2(x.xv' — a.v + cc^x^v) 







Fia 3 

The first five Proper Functions of the oscillator 

H„ = 1, Hi = 2f. Hj = 4i= - 2, Ha = 8 ^ - 12«, H^ = 164* - ^84 + 12 
Oonoermng the normahsation here chosen for tl/ ct § 6 A 

So, noting that the term m cancels in virtue of our choice of the factor 

F, we get ^ ^ 

v" - 2«xv' + (A. - x)t> = 0 (5) 

We divide by a and use as the independent variable the dimension- 
less quantity 

i= J«cc {5a) 

Denoting differentiations with respect to ^ by dots we get from (6) 


2^ + (^ - = 0 


( 6 ) 
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We inte^iata this equation by means of the powei senes 

(6a) 

and obtain fiom (6) by equating to zero the member with the two-t*^ i med 
recurrence formula 

(v 2)(r + l)^h + j “h ~ I — = () 

We shall make the povvei seiios end with the teim v = n To do this 
we need only equate to /eio the lactoi oi a^j in the loomumco foimula, 
wheieupon all the latei coeflicients itn + >, (tn + p vanish * 

Theietoie 


a 

1 

(7) 

01 , on account of (2a) 





(7a) 

In the eailiei treatment by moans of the 

quantum condition 

JprZq = 71 h 


we obtained 7lJlv^^ = 7ih(i>J27r ioi the 7iih eneigy-lovel Thus the (hai- 
aoteristic d%fle7e7ice hckiwe7i ike old cmd the rmv Jot7mila (7a) co?/s/s/9 iii the 
appea7a7ice of / 17 / 7 -/;/^^^ %7istead of mteqe7^ 

Concerning the expenmental confnination oi this lesiilt cf the lesults 
quoted in ^ 3, D, 111 pii titular the lootnotes (*) and (i) on page 24 
The polynomials (6a) which we get ait exiled Her m dean 
(when appiopiiately noimalised, which is discussed in 6) Wo wiiie 
V = n,i and get foi the 9 ttii piopci tunction ol the oscillator, by (4), 

lAn = n?i(^) (H) 

The i^/nS aie even or odd in i, according as 7i is even 01 odd is 
identical with Gauss’s Euoi Ouive since =» const Fig 3+ lepie- 
sents graphically the first fi.ve propei functions The fact that the xf/nH 
actually fulfil the postulate of continuity m the lange - 00 ^ f ^ + co 
ensuied by their expiession as polynomials in (8) 

B The Rotator in S^pace 

As m I, Chap IV, p 198, we imagine a point-mass m 1 evolving lound 
a fixed centre at a given distance a, but here we shall not assume the 
motion to be m a circle, that is, in one plane, but shall from the outset 
consider the motion to take place on a sphere, that is, we shall consider 
the case of two degrees of freedom We shall return to the case of 
the rotator m the plane presently For a fixed value of a the potential 

The form of the recurrence formula shows directly that m general either the 
even or the odd coefficients may difier from zero, but not both 

t According to Sohrddmger, Haturwissensohaften, 14, 664 (X926), 
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energy is constant and may be set equal to zero The expression A 
which represents the kinetic energy m the wave-equation, is 

sin 0 ^ "dOj ^ a^ sin^ e 

in three-dimensional polar co-ordinates r, 6^, by eqn (1) in § 2, if 

we set ^ = 0 and r = a 
or 

Hence we have the following wave-equation with V == 0 and J = ma^ 
(moment of inertia of the point-mass m about the fixed centre) 


sm & c)(9V®^° ^ sm^ & 3.^2 


Stt^JE , 
-IX— /' = 


0 


( 9 ) 


This is the differential equation of the spherical harmonics, which weie 
integrated in § 2 by assuming the solution @<l> The proper value para- 
meter there designated by X is here represented by 


87r2JE 

“P“ 


Accordingly it follows from eqn (11), § 2, that 

— p — = m(m + 1), = gpj m(m + 1) (10) 

Compare this result with that obtained by the earlier method in I, 
Chapter IV, p 198, or more directly, with I, Chapter VII, p 414, eqn (1) 
The difference is that m(m 4- 1) has taken the place of Since 

m(m -f 1) = (m -H — -J, we see that the essential difference in this 
case, too, as in that of the oscillator is that half-integers have taken the 
'place of integers For if m order to apply the result to rotation-band 
spectra we form the difference of the proper values (energy-levels) for the 
transition rn-^, the constant \ cancels out and we get 

^ 2(^2 + 1) “ mfm-^ + 1) = {^h + i)^ “ + i)^ 

in place of the mf — obtained by the earlier treatment And we 
need the system of half-integral enumeration, as was remarked in § 1, if 
we are to account adequately for the observed rotation bands t The 
proper function 

= I’m (9)e±»^ 

belongs to the proper value (10) [cf § 2, eqn (12b)] In contrast 
with E it depends not only on m but also on /a We have therefore not 


* In place of n and m (of § 2) we now introduce as indices of the spheiical harmonics 
m and /a, as we wish to reserve n for the oscillations of the rotator (cf D) 

t This holds both for the bands in the visible and for those in the infra red region 
For the latter see M Ozemy, Zeitschr f Phys .44, 235 (1927) , 45, 476 (1927) The 
earlier explanation ob tamed by assuming a half-integral moment of momentum for the 
electrons belongmg to the molecules has already been denounced as unsatisfactory m 
Atombau, Ohap IX, p 713 (cf , m particular, footnote 2) 

VOL TT — 2 
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one proper function, but, on account ot /x. < m, 2m 1 dithnent ones 
The proper value (10) is not simple but has a 2m 4- 1 inuliiplKii} In 
this case we speak of a degeneiate pioper value piohlcin 

The notion of degeneiacy was fust intioduced by Schw u/schiltl (cl 
I, Note 7, p 567) Schwax/schild used the tenn clegonei ite when 
rational relationships existed between the peiiods ot the oibit, that is 
when the original numbei of “quantum degioos of hoccloin ” alleged 
itself to be reduced Bohr has often expressed the McnN that sujieilluous 
degrees of freedom (supeifluous co oidmates) aio to be avouh'd incl has 
worked out a method of doing this, foi example, in the case ol tlu Keplei 
ellipse and the Stark effect (ct I, Chap IV, b, and Chap 4) b\oin 
the standpoint of wave-mechanics we must conveisely d(‘in<ind that the 
number of degrees of freedom must from the veiy outs( t not ho i educed 
We must treat the lotator as a configmation %n ^jhup, as we hut* done 
just above we shall give fuller i easons foi this holow We must tieat 
the Kepler problem not as a one dimensional problem (“ jhu iodic oil>it ” 
in Bohr’s sense), nor as two dimensional, but as a thtce dimensional 
problem (“ spatial quantising ”), as was done m I, Chap 4^ 7 Const*- 
quently, degenerate problems are the lule in %vavo mechanics Moie 
over, a new foim ot degeneiacy (*‘ exchange dogoneiacy,’ iustausih 
Entartung) presents itself, which was unknown in the oUIei tjuantum 
theory The degiee of degeneiacy can m this case alwa'ys lie incasuied 
by a finite number, namely, by the mimba oj pio})ei /unctions that In long 
to the same proper valuer by which we mean that non degeiuiac^ exists 
when there is only owe proper function ooirospondmg to tlu pi opt i \alue 
in question, simple degeneracy when there are two piopci functons, and 
so forth 


C The Botato? %n the Plane The Oscillator in the Plane and m 

Space 

We have the case of the rotatoi in the piano (motion of a point-mass 
in a circle), if in the expression for Ax/r we not only make ~~ 0, and 

r « a, but also ^ 0 and 0 « 7r/2, as m ^ 3, B , that is, wo let Axj/ 

depend only on the third co-ordinate </> Bqn (9) then liocomes 


+ Xf = 0, X = - 


(H) 


The solution of this equation is 

where m must be an integer, m order that our solution (12) may lie one- 
valued in 4> From (11) and (12) it thus follows that 


E 


(18) 


This agrees exactly with the earlier result of quantising the rotator in I, 
Chapter VII, eqn (1), p 414, and differs from the proper value (10) of 
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the rotator in space by having instead of m{m + 1), or, to express it 
less accurately, by having integral m’s m place of the half-integers 
m + I 

There can be no doubt that the treatment of the rotator as a space- 
problem is exact and that it is inadmissible to treat it as a plane problem 
both from the theoretical standpoint of wave-mechanics and in the light 
of the experimental results obtained for band spectra This leads us to 
enquire whether we have also to correct our treatment of the oscillator as 
a linear configuration and whether the oscillator in the plane or in space 
lead to propel values other than those of the linear oscillator To test 
this we replace eqn (2) by 

-{- (A - = 9 (14) 

where X and a have the same meaning as in (2a) and Ai/r now denotes 
the usual differential expression in the rectangular co ordinates oi 

^3 respectively Eqn (14) admits of “sepaiation” into these 
co-ordinates just as readily as the corresponding problem in the older 
quantum theory (cf I, Note 7, p 569) If we write X = A.^ Xg 
X = + Ag + X3, respectivelv, we get for each co-ordinate a total 

differential equation of the form (2) with X, instead of X and instead 
of X, and for X* the condition (7) with instead of n For the sum of 
the X,’s we therefore get, by (7), 

X = == CC^(272'j ■+■ 1) 

where the n^’s are integers , and for the total energy of the oscillator we 
get, by (7a), 

E = SE, = :Z{n, -1- i)/t^ 

In the case of the plane oscillatoi (^ = 1, 2), + -J) is certainly 

an integer, but m the case of the oscillator, in space (-i = 1, 2, 3) certainly 
a half-integer So we get here, just as in the case of the rotator, the 
surprising result that the oscillator is to be quantised in half-integers or 
integers alternately according to the number of dimensions used We 
shall meet with the same result in the case of the Kepler problem 

For the proper functions of the oscillator in a plane or in space we 
simultaneously get, by (8), 

fn = I I e " H„,( Vaa;,), n = 

Thus the problem is degenerate for a given n there are just as many 
different proper functions as the number of ways in which n may be 
built up additively from the integers The degeneracy disappears 
when we pass on to the anisotropically bound oscillator, that is, when we 
assume the proper frequencies coq and hence also the a’s (of eqn (2a)) 
for the different co-ordinate directions to be incommensurable The 
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possibility of separation and the mode of calculabion lemains uninip«med 
in this case also 

Instead of lectangulai co-oidinates foi sepaiatmg and integiating the 
two or three-dimensional oscillatoi we may also use poLu co-oidinates 
in two or thiee dimensions , cf the fully analogous consideiations in T, 
Note 7, page 563 

We next ask what number ot dimensions is to be taken in the case 
of the 7eal oscillatoi If we aie dealing with the oscillations ot diatomic 
molecules along the line connecting the two atoms, thi‘ answei is un 
doubtedly the oscillatoi We shall occu])y ouiselvis tiutlui with 

it in § 3, D, but in contoirnity with the analytical natuio ot tlu' piobltun we 
shaft use not rectangular but polar co-oidinatos In tht» c is(» ot poly 
atomic molecules the motion becomes lesolved into thi‘ pnnci})il \ibia- 
tions of the system, ot which each is again eciuivaUmt to a lineai 
oscillatoi 


D The OsGillatmy Rotatoj 

We geneialise the assumption made in ^ 3, B, by ic gliding the thud 
co-oidinate r as vaiiable besides the two spatial polai co oidni ites $ and 

Thus we no longer set r = a but mtioduco p - as a \aiial)le 

and imagine a field ot toice of potential eneigy J(f>) sii]hi postd, in winch 
an oscillation ot p can occui about the value p « 1 
The wave-equation then luns 

0 (i5) 


is to be taken fiom eqn (1) of ^ 2 Wo may wiitc the lust 
membei of this expiession (as in the classical tieatment of the sphoiical 
wave) 

r a^p 

If we now set 

px/r (cos 0) 


and take into account the differential equation of the spherical hai monies 
[eqn (lb) of § 2 with k = m{m -f 1)], we get from (15), using, as 
before, the abbreviation J = ma^ 


dp^ 


m(m + l)p SttSJ 

-p — ^ ^ 


0 


(16) 


As suggested by I, Note 17, eqn 6, page 612, we assume f{p) to be 
of the form 


1 1 
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This assumption automatically fullBls the condition that p = 1 (that is, 
r = a) must be a position of equilibrium of the point-mass in the field 
offeree and is quite general in virtue of the available constants A, B, &, c 
which occur in it It corresponds to an arbitrary electrostatic field of 
force such as can occur between two charged ions (of which one is to be 
imagined at r = 0 and the other vibrating about 7 = a) Bor if we 
calculate the force acting m the r-direction 

^ - 1 - - s/'W -f(- - D* 

+ 4»(p - !)■ + ) - - f - 3»(P - 1)' + ), 

we find all powers of the distance p — 1 from the position of equilibrium 
represented If we here set 6 = c = —0, we have almost (not 

quite) a harmomc oscillator, in which the restoring force - K is propor- 
tional to r — a (provided we set the denominatoi p® equal to 1 as an 

approximation) The coefficient of ? - is ^ in this case , divided by 

the mass it gives the square of the frequency for small vibrations of the 
oscillator If we call this frequency as earlier, we have 

coq^ = j or B = Jo>Q^ (17a) 


The assumption (17) is due to A Kratzer It played the decisive 
part in the older development of the theory of band spectia, and it offeis 
the same advantages in the piesent treatment of the problem by the 
wave-theory* Foi, as we shall presently see, it allows us to tieat the 
rotating oscillator by the simple method ot polynomials We disiegard 
the small coriection terms with the coefficients bj c , it we wished 

to take them into account we should have to supplement our method of 
polynomials from the theory of perturbations 

On account of (17) and (17a) our differential equation (16) becomes 


dp^ 

with the abbreviations 




T/’ti' A \ 

-p-J(E - A) a ^^“0 


(18) 

(18a) 


We have to distinguish between two cases = A >■ 0 and A •< 0 We first 
consider the second case and set 

- A = ;8^ = ^(A - B) (18b) 

/?, like a and A., is a pure number 


* It was first used m tins way by E Fues, Ann J Phys , 80, 367 (1926) , 81, 281 
(1926) 
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The asymptotic behaviour of F foi p — > co then gives fiom the 

eciuation (18) ^ 

F" = and hence F = 

Since we must demand that F shall not become infinite toi /> -» co , 
we choose the lower sign in the exponent of e and set 

Y=‘6-^v (18c) 

SO that 

F = 6-P^{v' - /?u), F" = e-P'‘{v" - 2/J«' + fi v) 

From this we get, by (18), as the differential equation foi the now 
unknown v 

- w + [.‘d - J,) - - 0 (10) 



The first four polynomials Q"*' of the oscillating lotatoi, ott 


1 > Qj° — ®o(i ■ 

a® p 

y(y + 1)- 

) . Q/ = ®o[i 

2a p / 2a' V r I 

7(7 + 2 ) Vt 1-2/ 27(27 t I)J 

r 1 8aV 

/ 2aa N 

SpO 

{ Y p* -| 

'L 7(7 + 3) 

V7+ 8. 

/ 2 y{ 2 y -1- 1) 

V7 + 3 / 2-v(27 ‘ )(’-Y ^ 2)J 


In drawing the figure we have chosen =?= 1, a ~ lO In reality a ih mostly laigor 
(up to a — 40), but for such a’s the ouives would ai)pioaoh too closely to each otliei 
In the represented we have set m = 0 , the fox small \ allies of 7 n differ only 
shghtly from the Q^’s 


We integrate this by assnnaing 

-y -= pv S cbkp^ (19a) 

By substitution in (19) we get for the exponent y the characteristic equa- 
tion (equating the factor of aQp^ ^ ||q zero) 


that IS, 


y(y - 1) == m{m + 1) + 


(19b) 


y = -J- ± + ^ (19o) 

We must choose the upper sign in order that y may be positive and v 
finite for p « 0 
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The lecurrence formula for the coefficients a* (obtained by equating 
to zero the factor of runs 


0 — l)(y+ Jc) — —m{m + l)]ajc + 1 + [“* 2/3(y + A.) + 2a2]aA; (19d) 


It IS a two-termed formula {zweighedrig) Consequently all the vanish 
for if we equate to zero the factor of aj^ for h = v then becomes 

equal to the product of pv with a polynomial Qn of nth degree We 
therefore set 


a2 


y + n 


^ 

\/(m + + n -h ' 


( 20 ) 


the latter step is due to (19c) 

Using (19b) and (20) we may write eqn (19d) in the form 


0^2 

(2y + h){k + l)ai + 1 = 2\fi{y + fc) - = -^{k - n)a*, 

y n 

Therefore 


/- 2a^\ 

h ^ 

I _ 

(n\ 

Uy 

1^0 

\y + n) 

2y(2y + 1) 


(2y 4-^—1) 


(20a) 


This solves our proper value problem m is the rotation quantum, n the 
oscillation quantum , both occur as half integers m our formula Accord- 
ing to (18b) /B contains the pioper value E The polynomial component 
Q„ of the proper functions is graphically represented in Fig 4 for the first 
values of n 

Let us now discuss eqn (20) We observe that a>>l, for oc/2 
IS, by eqns (7a) and (10), equal to the ratio of the first proper value 
ot the oscillation (71 = 0) to the first proper value of the rotation {m = 1), 
and therefore equal to the ratio of the corresponding terms The latter 
ratio may be empirically determined as the ratio of the distance between 
the edges to the distance between the lines in a band spectrum (cf , for 
example, I, Fig 106, p 429, or Fig 108, p 434), and is actually found to 
be a large numbei (of the order 20) So long as we do not assume m and 
n too large we may expand eqn (20) successively as follows, retaining 
at present only the lowest occurring power m a 




], 


^ = a2[l - 
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and hence, on account of (18a, b) 

A -w ^“oVl - _ (” + + 

A - Jli = 7rJ(Oo ^ 

B _ 0o»t + (" + (.. + »/‘£ + 

eT (Ja"^ 


Const == A - 


So we find that, except for a constant fust term, oui pio^c'iit K is 
equivalent to superposing the proper value of the pure rotation (eqn 10), 
on that of the pure oscillation, eqn (7a) The constant first teiin is u- 
lated to the work of dissociation of diatomic molecules 

We have already spoken in ^ 3B of the experimental confuination of 
the half-integral values of the rotation quanta , in the case of oscillation 
quanta we have to remark that no instance is known that contiadicts 
half-integral values H S Mulliken * pointed out that a decision could 
be obtained by comparing the band spectia of isotopes Jn the case of 
BO and MgH the evidence is decidedly m favoui of half-intogial \ alius 
In the case of other bands t (SiN, CuJ, SnCl) the decision is uncoitain 
but seems to favour half -integral values 

But eqn (20) gives more than the fiist approximation , it gives iit the 
same time in an exact form the law according to which oscillation 
and rotation disturb each other in the higher quantum numbeis Foi 
example, we find without difficulty by the method given the terms of 
the second order to be 


- + j-)^ __ 3h^(m + i)^(n + j) _ h^(m -f -1)^ 

The first two members agree exactly wrth the two correction terms of 
Kratzer given in I, eqn (24), p 616, if we set 6 = c — 0 m it, as we have 
done ]ust above, with the one difference that the nitegral quantum mun- 
bers in the eqn (24) mentioned are here replaced by the half- integers 
m + and n ^ The last correction member was omitted in the 
earlier expression as being of no great impoitance, but it is contained m 
Kratzer’s original paper t The close similarity between the calculations 
of wave-mechanics and those of the earlier quantum theory is unpies- 
sively shown by this example 

For the higher values of m and n it is of course more correct not to 
expand eqn (20) but to use it in. its original form For 7 % -> oo (and 
also w oo ) we straightway get from (20) /3 « 0 , thus X *=» 0 and M is 
equal to the limiting value A, provided, indeed, that we may extrapolate 
our conception of a nearly harmonic attachment to this extent The 


* Phys Bev , 25, 269 (1925) 

(1927)^^^^®''’ Wolderanpr. Naturwiss 15 266 

t Zeitsoh f Phys , 3, 289 (1920) 
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limiting value would form a point of condensation both for the edges of 
the band (n co ) as well as for the lines of the band of each edge 

(m ^ CD ) 

To define more closely the nature of the proper functions here intro 
duced, we follow (18o) and (19a) by writing 

F = e-^p^Q, 

where Q is a polynomial of the nth. degree, which is completely defined 
(except for a multiplexing constant) by the recurrence formula (19d) 
By substituting v = p^Q in the differential eqn (19), we easily find, 
taking into account (19b) and (20), 

4- 2(y — ^p)Q^ 4- 2/?7^Q = 0 

If instead of p we introduce x = 2/5p as the independent vaiiable and use 
dots to denote derivatives with respect to x, it follows that 

xQ 4- (2y - x)Q 4- nQ = 0 (21a) 

This differential equation may be compared with that of the so called 
Laguerre polynomial of degree h (see ^ 1 et seq ) 

xy + (1 - x)y 4 - = 0 

By successive diffeientiation of the last equation we find immediately that 
the zth derivative of y, which we shall call Q, satisfies the differential 
equation 

4- (« + 1 - ic)Q + (^ - 'i)Q == 0 (21b) 

If we make Ic — % = n and 4 4-1 = 2y, this equation becomes (21a) 
Following B Fues {Loc at ) we may therefore represent our polynomial 
symbolically as the ith derivative of Laguerre's polynomial of degree 
k = n ^ in which, however, t = 2y - 1 is not an integer 

We now turn to the other of the two cases to be distinguished in 
eqn (18a), viz A 0 By setting = 4- A, we find asymptotically 
from (18) that 

F = 

Both asymptotic solutions are here admissible, since both remain finite 
Accordingly we must assume in place of (18o) 

F = 4- e-*^V2 (22) 

and in place of (19) we get the differential equation (the upper sign 
applying to the lower to 

Investigation of the zero point gives the same value of y as in eqn 
(19c) with the same choice of signs We thus have one particular 
solution -Uj or finite at the zero point But these solutions, which are 
by the way essentially identical after multiplication by are not, as 

before, polynomials The recurrence formula (19d) which holds even 
now if we replace — yS by ± m it, cannot be satisfied by real values 
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of j8 Thus our power series do not cease at a particular tei in but are 
transcendental functions At the same time j3 remains indefinite 
the case X 0 we have no discrete spectrum of proper values, such as 
before in the case A < 0, hiit a continuous spectrzmi which at A = 0 follows 
continuously on the limit of the disci ete spectrum 

For every proper value A formula (22) furnishes a coiiosxionding 
proper function, the finite value of which is ensured at /j = 0 by oui 
choice of v-y, V 2 , whereas its finite value at p = uo has been pioved 
asymptotically 

We shall come across similai conditions again when dealing with the 
Kepler problem a discontinuous spectrum meiging into a continuous 
spectrum, the first being dominant in the hydrogen senes, the second 
more especially m the photo-electric elfect The fact that Schiodingei’s 
theory yields both spectia simultaneously and by a single mathematical 
method is its paiticular virtue The interpretation of the continuous 
spectrum according to the earlier quantum theory was given in J tomhau, 
Chapter IX, § 7 We heie go no further than showing that a similai 
interpretation is possible on the basis of wave-mechanics 

In eqn (15) B — /(p), which is the total energy minus the potential 
energy, may be claimed as analogous to the kinetic eneigy of the election 
If we insert /(p) from (17), neglecting the anharmonic correction toims, 
we have when p 00 

But in the case A>-0 we have, by eqn (18a), that E — A>0 Thus 
the electron can (m the language of the older quantum theory) leach 
infinity with a finite velocity , that is, its attachment to the molecule is 
destroyed, and we get electron-emission 

The advantages of the above assumption (of Kratisei) foi the nearly 
harmonic oscillator become particularly manifest if we compare it with 
the rather more direct assumption, also used by Schiodingoi,* loi the 
pure harmonic oscillator In the lattei we set in place of (17) 

/(p) = A + iB{p - ly 

and we get in place of (18), with the abbreviations used earlier for A and a 

^ + {x - ..(p - 1). - . 0 

Smee the asymptotic behaviour is determined, as in ^ 3, A, by the factor 
we set, 

* E Sohrodmger, Second Comraunioation, Ann d Phys , 79, p 524 Oolleoted 
Papers, Quantisation as a Problem of Proper Values, Part II 
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and get as the differential equation for v 

V ' - 2a(p “ l)v + - a - v = 0 

With the assumption (19a) we get for the exponent y at the point p = 0 
the equation 

y(y - 1) - m(m + 1) == 0, 

an admissible solution of which is y = m + 1 But the recurrence 
formula for the a^’s no longer has tzvo terms, but threBj so that the 
simple polynomial method fails For we get for the coefficient of 

pV + & — 1 _ pTn + k 

[(w + /? + 2)(m + + 1) - m{m + 1)] i + 2a(w -h ^ + l)ajfc 

+ [A - o - 2a(wj + h)'\aje - i “ 0 


Schrodinger (Zoc ctt), and Fues {loc c%i ), seek to escape by introducing 

^ = p — 1 and expanding the rotation term — m powers of i and 

P 

taking up the higher powers of $ m the theory of perturbations which 
is necessary not only here but also in dealing with the anharmonio 


oscillator 


B Diatomic Molecules^ Translation, Botaiion and Oscillation 

We now take a further step m the direction of approximating to the 
actual conditions of the molecular model, by considering two point masses 
nil, with Cartesian co-ordinates XiyiZi, and x/y 2 ^Z 2 , which exert an 
influence on each other owing to the potential energy V of their relative 
positions Then, by ^ 1, eqn (12) the wave-equation runs 

'bZi^J r (23) 

+ (E - V)>k = 0 J 

Just as in ordinary mechanics the kinetic energy of a system can be 
resolved into the translational energy of the centre of inertia and into the 
energy of motion lelative to the centre of inertia, the diffeiential expression 
of wave-mechanics may be separated into two parts by introducing the 
relative co-ordinates x, y, z, and the co-ordinates of the centre of inertia 
y, I Let us define 

X = Xi — {nil + ni^^ = miXi -f- m^x^ 

y Vi- Vi (Wh + + ^2^2 

z == Zi - Zj {mi + mg)^ = niiZi + 

and set 

^ = i/r(a^2!) 

From the scheme 

^^1 ^ A + ^^2 ^ 

*” dx nil -h 7>i "bx^ ~ 'dx mi -h m 2 Tii 
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it then easily follows that 

fWi + mg c)a; (m^ + mg)^ 

mg tJajg^ mg m^ + mg Da? cS^ (m^ + mg)^ 

In foimmg the sum the middle terms on the right cancel out and we get, 
using the abbreviation [cf I, Chap IV, § 4, eqn (5)] 


1 ^ _1 



m^vi^ 

mj + mg 


in place of (23) 

1/^ . ^ . 1 
fj\bx^ 'dy^ m^ + mgVc)^^ 

+ ^'[B - yixyz)-]^px = 




). 


(24) 


(25) 


The separation into the two components xj/ and x can now be performed 
without difficulty since, as indicated, V is to depend only on the relative 
co-ordinates xyz Tor if we imagine eqn (25) divided by \f/x, only the 
middle teim would contam the co-ordinates i, rj, ^ This term must 
therefore equal a constant If we call this constant — + m^) and if 

we define another constant Ef (energy of translation) by means of the 
equation 

E 

* Stt^ m^ H- mg* 


we get the two equations 




Y)xly = 0 


(26) 

(27) 


The second of these equations agrees essentially with eqn (15), except 
that the “ resultant mass ” fju has taken the place of m and B — Ej, that is, 
the energy remaining for lotation and oscillation naturally replaces the 
former E We therefore no longer need to concern ourselves with (27), as 
its proper values and proper functions have alieady been treated under D 
But eqn (26) is also familiar to us It is the wave-equation of the 
individual point-mass (here the centre of inertia) moving under no foices 
As we saw in § 1, it has a contmuous spectrum of propei values all 
positive values of k, that is, all possible velocities are admissible If we 
take the aj-axis as the direction of the velocity, the corresponding proper 
functions are given by e ± 

The last remarks apply, however, only to the case where the molecule 
happens to be in unlimited space If it is moving in the interior of a 
cavity (Hohlraum), restormg forces occur on its upper surface, whose 
potential energy would have to be taken mto consideration m (26) The 
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peotrum of proper values (of the velocities) would, i:^yrr6o^>le, ^ss OTei 
nto a discrete spectrum, although in the case of a dar^e 
vould be very close , the nature of the proper functions would also nave 
(O be essentially modified 

^ 4 The Oscillator according to Quantum Mechanics 

Even before the first Scbrodinger paper appeared W Heisenbeig 
ieyised a wonderful method — we follow Heisenberg * in calling it that of 
quantum mechanics — ^whicb leads to the same results as wave mechanics 
ind goes even beyond it, since it gives not only the pioper values or 
3 nergy values, but also the Rules of Selection and Polarisation and, 
generally speaking, furnishes an unequivocal method for answering all 
questions relating to intensity Through this wave-mechanics has 
received a powerful impulse and has, as we shall see in the next 
section, been able to translate these more extended results into its own 
language Eor this reason, as well as on account of the gieat theoretical 
interest of the subject, we must next occupy ourselves with the ideas of 
quantum mechanics As the simplest example we heie again choose the 
pioblem of the linear harmonic oscillator 

Let the position co-ordinate of the oscillator be q, its momentum 
co-ordinate p Its possible stationary states, which are known to us 
from spectroscopy, form a discrete series and are characterised by ceitain 
values of the parameters denoted by E*, which have the 

dimensions of energy, and, as we shall see, can be uniquely allocated to 
the classically defined energy of the oscillator Whereas these E's foim 
a single discrete series, the and p's are quantities bearing two indices 
for they are to correspond to the transition fiom the to the 
A;tii state The radiation emitted in this transition is, we assume, mono- 
chiomatic and follows the law 

= El - Efc (1) 

for which we may write 

where 

Equation (1) is Bohr’s frequency condition It is not, properly 
speaking, derived here but is implicit in the fundamental definition 
of the quantities definmg state (phase quantities) Empirically it has 
its source in the fundamental law of spectroscopy, the Combination Prin- 
ciple, which finds mathematical expression in the difference-relation (1) 

♦W Heisenberg, Uber quantentheoretisohe Umdeutung kinematisoher und 
mecbanisclier Beziehungen Zeitschr f Phys , 33, 879 (1925) , Born and Jordan, Zur 
Quantenmeohanik, loc c%t , 34, 858 (1926) Born, Heisenberg, and Jordan, Zur 
Quantenmechanik, loc c%t , 35, 657 (1926) See also The New Quantum Mechanics 
Birtwistle (Oambndge University Press) 
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Corresponding to the fact that the radiation in the tiansition 'i — > A is 
monochromatic the q's andp's are assumed in the form 

qzk = Pri = ( 2 ) 

(in this whole section j denotes V — 1) 

Whereas the time i is still treated as a continuous vaiiable, so that we 
can differentiate with respect to it, the jo*s, and all othei phase 
parameters (or state parameters, Zustandsgi os^en) appeal as disci ete 
quantities, which conforms with the natuie of the quantum theoiy as a 
theory of discontinuities We have alieady mentioned the “ netwoik 
(cf the conclusion of I, Chap IV, § 1, p 202) of states possible accoiding 
to the quantum theory, and the sizes of the meshes of this netw^oik, 
which are given by Planck's constant h, but we made oui calculations on 
a continuous basis, since we defined our phase quantities not only foi the 
points of the net but also for the inteivemng points In quantum 
mechanics, on the other hand, in the form m which it was oiigmally 
conceived by Heisenberg and his collaborators, only the intei sections of 
the net are considered and distinguished by the integers % and A The j^/s 
and g^'s are defined for them alone In the case of the oscillatoi we have 
to do with a two-dimensional net , in a problem involving sevei al degi ees of 
freedom we are concerned at first with a net of more than two dimensions 
In mathematics a network of numbers of this kind, which wo aie 
acquamted with m determinants, is called a mat<)%x The “ calculus of 
matrices*' called into action by Heisenberg, and elaboiated by Boin, 
Heisenberg and Jordan for the puipose of dealing with quantum 
problems, discloses itself in the light of the above remarks as a method 
of calculation appropriate to the natuie of quantum pioblems 

To indicate the relationship between Heisenberg's method and those 
of the earlier quantum theory we call to mind the Fourier expansion of 
the state- or phase-co-ordmate q in the ^th quantum state In general 
this expansion consists of a senes of coefficients which does not bieak 
ofi at any point , these a,* s are analogous to the a.^'s that occui in (2) 
In accordance with the Correspondence Principle these Founei coefiicients 
were formerly used as the best available means of calculating intensities 
We shall see that our present a,* s serve this puipose perfectly, so that wo 
may regard the method of matrices as a refinement of the classical theoiy 
of correspondence Naturally, the analogy with the Founei senes is 
incomplete in many respects, for example, m the manner in which the 
a^jfc's are calculated 

Consider the matrix of the g's (eqn (2)) a little more closely The 
are complex quantities which, as in optics, embrace the amplitude 
and the phase 


= I 1 


(2a) 
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By (la) we have the following relations between the 

— “ ^zk (3) 

If we desire the same behaviour for the phases that is change of 
sign when i and h are exchanged, we must have 

<^kt = <lkz = (3a) 

whereas we assume the opposite behaviour, that is egnahty of sign for 
the amplitudes which by their very meaning are positive The stars in 
(3a) denote the transition to conjugate imaginaries That is, the matrix 
of the fs (and likewise that of all other phase quantities) contains con- 
jugate imaginaries at points symmetrical to the diagonal , it is, to use the 
customary term, a Hermitean matrix 

We have now to define the rules for calculating with matrices It is 
clear how this is to be done for addition and subtraction The matrix 
a ± 5, for example, is formed by adding or subtracting all coiiespondmg 
members a^j^ and It is also clear how a matrix a is multiplied by 
an ordinary numerical factor a Each individual term has to be 
multiplied by a But what is the pioduct of two matrices to signify, for 
example, the product of the two matnces p and q represented in (2) 
We take our cue from the rule for multiplying determinants and define 

(4) 

I 

The appropriateness of this definition becomes clear if we reflect that 
the complex of vibrations given by the w^j^’s is fixed by the nature of our 
quantum mechanical problem Whatever the calculations we may under- 
take we must remain within the realm of this complex of vibrations If 
we insert (2) m (4), we get 

(F9)ifc = ^ 

I 

But by (la) we have 

+ ^(,k — (^t — -h Ej - E*)— = 

hence 

I 

Thus the product pq, in virtue of our multiplication rule (4), belongs 
to the same group of vibration states as p and q individually 

But our multiplication rule leads to a further result we no longer have 
pq = gp f Eor eqn (4) states that 

(2P).ft = ^ inPu + 03).* (4a) 

I 

As, however, in ordinary calculations, the commutative law is continually 
being used, its absence here in calculating with matrices produces a 
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hiatus This can and, indeed, nmst be bridged over by a new conven- 
tion,* which IS given by the Commutation Law ” (J" 

Eelatzon) 

M- 

where S is the unit matrix ’* defined by 

5, ri, if ^ = A; . 


But the postulate (5) is to hold in each case only for two canonically 
conjugate quantities (cf I, note 4, p 545, eqn 20c), that is, besides for 
jp and q themselves, also for any two quantities which are connected with 
the variables p and ^ by a canonical transformation {tbtd p 546) On 
the other hand, m the case of two quantities of the chaiacter of the q*Q or 
two of the character of the p's the right-hand side of (5) must be leplaced 
by zero so we may say that two quantities of the same kind may be 
interchanged or are commutative t 

These few rules are already sufficient to make the problem of the 
oscillator accessible to the calculus of the matrices To deal with other 
problems and to formulate quantum mechanics generally it is naturally 
necessary to go much further, for example, to differentiate one matiix with 
respect to another, questions into which we shall not enter here 

In the following calculations we shall take our stand on the relations 

q + - 0 (6) p = mq (7) H = (8) 

which we take directly from classical mechanics 

The first of these is the classical differential equation of the oscillatoi, 
the second the usual definition of momentum, the third the classical 
expression for the energy as a function of the p's and ^'s (H denotes 
‘‘ Hamilton’s Function,” as in I, Chap IV, p 194) As in eqn (1) of the 
preceding section <oq is the classical proper frequency 

This close link with classical mechanics is characteristic of quantum 
mechanics It is not the axioms but the methods of calculation that are 
altered and adapted to the discontinuous character of quantum problems 
The following discussion will show that these methods of calculation, 
however strange they may appear at first sight, are <m fond quite 
elementary and lead by the most direct route to the object in view 

Eqn (6) written down for a single element zk runs, if we insert q 
from (2), 

(“o^ - “d)?** = 0 


* In tins contention Heisenberg was originally guided by a ** summation law ** of 
Thomas and Kuhn, cf Chap II, § 3, C 

t An introduction to the calculus of matrices is given by M Bom, Probleme der 
Atomdynamick See also Birtwistle, The New Quantum Mechamcs (Camb XJniv Press) 
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From this we conclude that 

e^iher = 0 or co,* = ± ^ 

or, expressed differently coll the vanish with the exception of those 

for which ^ -h oiQ or = — 

It IS convenient to distinguish these two possibilities by using a special 
order in the numbering of the matrix elements, as this order is still quite 
open to choice We shall take 

=* + corresponds to the transition ^ ~ 1 

~ ^0 » >» »» ^ + 1 

that IS, in the former case let h = i — 1, and in the latter h = i + 1 
We have correspondingly for the q s 


} ( 9 ) 


0 for Zj =N 4 + 1 1 

q,; 5 . ={= 0 for A; = + 1 J 


(9a) 


With this convention for the numbering of the matrix elements, then all 
the diagonal elements {h = i) vanish in the matrix of the g^’s, and also all 
the elements not adjacent to the diagonal (for which, therefore, \h - , 

only the two series next to the diagonal contain ^*s that do not vanish 

Concerning eqns (9) it must be added that they may be summarised 
and generalised in the form 

<^tk = (^ “ (9b) 


The values of the oblique rows adjacent to the principal diagonal in 
the matrix table of g’s follow from the commutative law (5) From (7) 
we get 

Pzk = '»T'J^zk(lzk ( 10 ) 

Using the multiplication rule (4) or (4a), respectively, we obtain from (5), 
with k = ij 

^ h 

- qzi(o„qj,) = ^ 

or, written more conveniently, with due regard to (3), 

2 =■ - 4 ^ (10a) 

The summation with respect to I becomes reduced on account of (9) and 
(9a) to two members, namely, to those for which Z = ^ — 1, = + co, 

and I == i -h 1, = - coq Hence it follows from (10a) that 


— ij — ii 


9[if % + i + 1 , < “ “ 


h 

47r??la>Q 


VOL II. — 3 
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The pioducts on the left-hand side are by eqn (3a) real and positive, 
namely, equal to the square * of the absolute value of the matrix elements 
in question So, in place of the preceding equation we may write 

( 11 ) 

From this we conclude that the \q\^’s form an aiithmetic series, which is 
unlimited in the positive direction but breaks off in the opposite direction 
as it can contain only positive terms The indices at which we break off 
the series is still open to choice, as we have so far decided only upon the 
relative values of i, Jc^ but not upon their absolute values We may 
therefore agree to make ^ the last non-vanishmg membei of the series, 
and go, - i eqi^al to 0 With ^ = 0, 1, n eqn (11) then gives 


^1, 0 


h 


4^7rnio)(^ 


1 P = 


2h 

4:7rin0)r 


(Ila) 


In the sense of eqn (2a) we may say that this fixes the amplitude factoi 
|a| but leaves the phase undetermined Taking into account (3a) and 
(9) we write + 


qn n — 1 


qn, n -f 1 


V 

V 


gKV + ft, „_i) 

47rWla>0 

(n + - "o* + /3„ 

4:7rmuiQ 


n + 1) 




( 12 ) 


We now bring in the energy equation (8) In it Hamilton's function 
H IS itself a matrix but, as we shall see, one of specially simple construc- 
tion We call its elements H,* in general , so its diagonal elements 
(i = ^=i7i) are By (10) and (4) we get, when % = h ^ n, that 

I 

and so, by (3) and (3a) 

pin = 1 I** 

I 

Accordingly the second summand in H becomes 

^ "0® I ^nl P 

It therefore follows from (8) that 

^» = 1 2 + “0^) I Qm P 


* The square of the absolute value of the matnx elements is called Norm in German 
+ Of with formula (12) the formula for qmm which occurs in the earlier quantum 
theory of the oscillator and is quite similarly constructed 
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This sum also becomes reduced to two terms on account of the factor 
namely to those for which I = ± 1, and, on account of (9) and 

(11a), yields 

Hnn “ WZcUq" (I Qm n — i |“ 4- | ^n, n + i |'“) = 0^ 4" 

Before we discuss this remarkable result we shall supplement our 
previous discussion by showing that the commutative law for the g"s and 
the^*s IS identically fulfilled in the cases z ^ Jc, and that all elements 
vanish for ^ 4= ^ 

For z = A; — w + V, 1 / 4* 0 the commutative law (5), by (10) and (4), 
requires that 

i^nl^nl^h n + V “■ n + v^l n + v) 

I 

= ^ ~ w + v)^nl^U n -f r = (1^) 

I 

On account of the factor again only the terms ^ — 1 and 

Z = n + 1 of the sum come into question For Z = 7i — 1, re- 
membering that we have excluded v = 0, we find that qi n v differs 
from zero only when v = — 2 In this case, however, the first factor of 
the sum on the right hand side of (14) becomes, b\ (9), equal to 

n — 1 ~ — in “^0“ Wq==0 

For Z = 4- 1 we get correspondingly^ that gi n + v does not become 

zero only when v = + 2 (i/ = 0 again being excluded) But, by (a), the 
first factor of the same sum runs 

<^n, n + 1 — + 1, n + = — Wq -{- Wq = 0 

Thus oul postulate (14) is actually identically fulfilled for all n s and vs 
Concerning the matrix elements the same calculation that led to 
(13) gives for ^ = ^ = 7^4-v, i/4=0 

^n, n + ~ ~2 ^ ”” n + ^9.nl9.l n + ^ 

I 

On account of the factors q^i and n + v all members of the sum again 
vanish, unless Z — + 1 and simultaneously v = q: 2 But then the 

first factor vanishes For we have m these two cases, by (9), that 

n + V = ^n» n + l**^n + l> n T 2 “ ^0^ 

Accordingly all n + v s become zero for any 7i*s whatsoever and 
V 4s 0 We may also express this by saying that H a dzago^ial matrix 
But this simultaneously implies that all elements of the matrix H are 
constant with respect to the time For the dependence on time, given m 
our expression (2) by , of course vanishes for ^ smce, by (la). 
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becomes equal to 0 Our proof that H is a diagonal matrix thus 
simultaneously involves the proof of the energy law 

Further, we must convince ourselves that the initially introduced 
“ energy parameters ” E^, B&, may be identified with the elements H„, 
'SLhk of the energy matrix The following verification must here suffice 
By (la) and (9b) we have 

1-, ^ / 7 V <^(\h 

E. - Bfc = = (* - 

But, by (13), has the same value From the differences of 

the B's we may now pass on to the B’s themselves, which we normalise 
with respect to an additive constant (so fai left undetermined) by using 
(13) and setting 

= Hnn =(n + i)h^ (16) 

But this IS exactly the wave-mechanical proper value of eqn (7a) § 3 
The wave-mechamcal proper values and the quantum-mechamcal d%agonal 
members of the energy matrix a/te identical (in this example and also 
generally) In contrast, however, with the older quantum theory of the 
oscillator with its “ whole ** quantum numbers there is the repeatedly 
emphasised distinction of ‘‘ half ’^-quantum numbers 

Which of the two methods is the simpler, that of wave-mechanics, 
which is analytical, or that of quantum mechanics, which is algebiaic*!^ 
If we leave out of account the fact that analysis is our familiar weapon, 
we must say that the algebraic method of quantum mechanics uses 
fundamentally more elementary operations , calculating with a finite 
number of discrete elements is easier, in principle, than calculating with 
a contmuum On the other hand, when dealing with problems involving 
several degrees of freedom the indices m the calculations with matrices 
swell to such a number that it is difficult to keep a clear view and the 
formulae become unmanageable In general, moreover, difficulties arise, 
such as have been overcome in only the most recent accounts by Hilbert 
and Weyl * In actual fact the most important problems (Kepler motion, 
Zeeman effect, Stark effect) were first fully solved only by means of 
wave-mechanics The state of affairs is much the same as in the theory 
of functions, where the specifically elementary methods df Weierstrass 
are more cumbersome than the infinitesimal methods of Oauchy and 

* We are leferrmg to the so called “ symmetrising ” of the aggregates in p and q 
that occur in the Hamiltonian function Smoe m classical mechanics, from which the 
Ham i l toman function was taken over, products such as pq and qp denote the same, 
whereas m quantum mechanics they do not, the method a^pted in quantum 
mechamcs is to replace pq hy the symmetrical and therefore one>valued expression 

+ TP) ^ corresponding method may be defined for any powers of pq and also 
for any arbitraiy functions In the case of the oscillator, for which the Hamiltonian 
function (8) contains only the squares of p and q which are, of course, in themselves 
symmetrical, this difdculty did not occur 
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Biemann We may perhaps express this by saying that the method of 
matrices has the advantage of being simpler in principle, but wave- 
mechanics IS simpler in practice and keeps the problem under clearer 
survey/ 

We further ask which of the two methods approaches completion the 
more closely ^ Here too we must give quantum mechanics the prefeience, 
for it has given us not onl;y the pioper values of the oscillator, but con- 
currently, by a uniform method, also the selection rules [eqn (9) and (9a)] 
and the amplitudes of emission [eqn (11a) or (12)] This proves quantum 
mechanics to be a reallj^ sufficient, logically complete method of calculation 
and so distinguishes itself essentially fiom the earliei quantum theory , m 
which, in order to airive at statements about intensities, we had to enlist 
the aid of assumptions which accoided with the correspondence pimciple , 
these assumptions had come from a realm quite diffeient fiom that of 
quanta The wave mechanics that we have so far developed does not go 
beyond the old quantum theory, m that it furnishes us with the proper 
values and proper functions but says nothing about intensities W e shall, 
however, see in the next section that it is able to match this advantage of 
quantum mechanics The correct standpoint is to lecogmse the n\al 
natuie of these two methods which gi-ve identical results, and to see in 
them a reflection of the two rival methods of optics, that oi light-quanta 
and that of wa\es 

As stated at the begmning of this section the matrix q represents the 
transition fiom one state to another accompanied by the emission of radia- 
tion We are, however, also deeply interested in the states themsehes, 
concerning which w^e can get considerable knowledge by experimental 
means, such as, by the method of Geilach and Stem In classical 
mechanics and electiodynamics theie is no antithesis between states and 
transitions The oscillator radiates classically accordmg to the measure 
of its present state Quantum mechanics, the premises of which link up 
closely with classical mechanics, associates the emission with the tiansitions 
For the states themselves quantum mechanics is left only with the 
diagonal elements q^n But these vanish by eqn (9a) Conceinmg these 
states quantum mechanics makes only the assertion (tiue in itself but not 
sufficient) that they are radiationless In this respect it would be at a 
disadvantage compared with wave-mechanics, which through the proper 
function provides us with a detailed description of the states But we 
shall see in § 6 that in this respect also the two methods can exist side by 
side The description of the states by means of matrices is, mdeed, a little 
more cumbersome than that given by the proper functions, but in essence 
IS equivalent to it 

Finally we must touch on a general epistemological point The avowed 
object of Heisenberg’s first paper on quantum mechanics was to develop 
a method ‘‘which would be based exclusively on relationships between 
essentially observable quantities ” Ideas such as the position of the 
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electron, the time of revolution, the form of the orbit ” were to be excluded 
from the discussion This limitation to what is directly observable is 
ultimately based on Mach’s philosophy and, directly inspired by Mach, 
led three decades ago to the propagation of the so-called theory 
of Energetics,” which sought to recognise only quantities of energy 
as physically given and observable quantities But to this theory of 
Energetics there could be opposed the very fruitful kinetic theory of gases, 
in wbach the positions and velocities of gas molecules, although they 
cannot be observed mdividually, could not be dispensed with as phase- 
quantities In the same way we may oppose to Heisenberg’s view-point 
wave -mechanics, of which the proper functions can be individually con- 
trolled by experiment just as little as the individual electronic oibits 
of Bohr s theory Doubtless the philosophic starting-point played a 
considerable part in the success of Heisenbeig’s reasoning But we 
legal d the real merit of quantum mechanics as consisting not in this 
intentional lestriction to observable quantities, but in the uniform fusion 
of classical assumptions with the requirements of the quantum theory 
The limitation to a discontinuous net of values of the co-ordinates and 
momenta, and s, which we particularly emphasised above, has 
been given up by Heisenberg himself in the later elaboiation of his theory 
(cf Ch II, ^ 9, concerning the “ Law of Uncertainty ”) 

§ 5 Completion of Wave-mechanics Frequency Condition Questions 

of Intensity 

Whereas the quantum condition (1) in § 1 could be replaced and 
formulated more precisely in wave-mechanics by means of a simple 
postulate of continuity, we have so far not been able to fit the fiequency 
condition, equation (2) of § 1, into wave-mechanics To accomplish this, 
it IS necessary to extend the spatial wave-equation into a “ time-equation ” 
As a prelimmary to this we shall tieat de Broglie’s problem of a point 
mass moving undei no forces (cf the end of § 1) 

De Broglie assigns to every system with energy E or the equivalent 
mass m a vibration number v by means of Einstein’s double equation 

E = mc^ = hv (1) 

Of the two assertions contained in it the first is the law of inertia of energy 
(I, Chap 7ni, p 464), the second is Einstein’s photo-electric equation 
(I, Chap I, p 45) m a form simplified in principle We extend our plane 
wave, eqn (14) of § 1 of this chapter, into a vibiation phenomenon in 
time by using the complex expression 

U = Ae§ **'® “ (2) 

Smce, according to (1), <0 = ^ttv == this signifies that we supple- 

ment our previous spatial wave-function i/r by converting it into a 
space-time event 


( 3 ) 
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By setting the exponent of (2), the “ phase ” of the wave, equal to a 
constant and differentiating with respect to t, we obtain the “phase- 
velocity,’’ which as in eqn (5), § 1, we shall call a 


dx CO 
^ dt k 




If we insert in this the value of co from (1), a> =« = 2ir77ic-lh and use 

for the value of h that obtained from eqn (15) of § 1, we get 


Since < c, it follows from this that a> c 

Thus the phase of the de Broghe waies ^s propagated u%ih a 'velocity 
greater than that of light 

Whereas we just now referred to § 1, that is, to Schrodinger’s wave- 
equation, de Broglie derives eqn (5) in a very general way from a Liorentz- 
transformation between the refeience system moving with the point mass 
and the system of the observer 

We shall now show that v plays the pait of a group‘%elocity foi our 
wave-phenomenon (2) If we call this group-'v elocity h, we assert that 

•u = 5, ah ^ (6) 

For defining the group -velocity we have, as a counterpart to eqn (4), 

‘-a 


As group-velocity is usually explained in a rather specialised and unsatis- 
factory way, and as we shall come across it often in the sequel, we here 
give a method of deriving it based on ver^' geneial assumptions Instead 
of using the single wave (2) we start out from the wave-group 

XJ = p 

J*0 - € 

that is, we imagine a continuous series of single waves superposed on 
each other and of amplitude Kdh^ in which we suppose A and w to \ arj- 
continuously with k in some way But we shall call such a senes a 
“ group ” only if the wave-numbers contained in it are sufficiently near 
one another , we have indicated this in the choice of the limits of integra- 
tion kQ± € We re-write the exponent of e in the following form 

lex - fJit — JCqX - -t- (^ - - (<U - CiJ<j)^ 


This gives us 

XJ = " "0^), 

J fco — « 


( 8 ) 
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We now look for such points Xy t, for which the mean amplitude |C| of 
the group (not, as previously, the phase) has a constant value Since 
X and t occur only in the exponent of (8) we must set 


that IS, 


{k - Jcq)x — (o) — = const 

dv Q) — Ct>0 

dt Tc — “ 


But for a sufficiently narrow group this quotient has a limiting value 
independent of k and depending only on k^, namely 


^ _ /dcD\ 

This proves equation (7) 

h gvoes us the velocity with which the mean amplitude jC] o/ the group 
IS propagated The propagation of the mean phase or, respectively, of the 
phase of the mean pomt k^y wq of the group is different from this and is 
given by eqn (4), as before 

From our expiession (7) we easily arrive by means of the relation 
oi ^ ka = — ^ at the formulae usually given for the group-velocity, namely 


b 


, 7 da 

a 4- k^ = a 
dk 


da 

^5X 


(7a) 


or to the form used by de Broglie 

1 

b " 



(7b) 


but foimula (7) is obviously simpler and, on account of its analogy with 
formula (4), more instructive 

We have next to prove equation (6) By (1) we have 





( 



) 


(9a) 


The dots signify that to the term written down there is to be added a 
constant term which denotes the rest-mass, and also further correction 
terms which take into account the relativity variation of mass On the 
other hand, we have, by ^ 1 (15) of this chapter, 


mv 


From (9a) and (9b) we foim 
d(D - 

From this it follows that 


k = ^TT 


j %Tm , 27rm, 

aw = -r-vdVy dk = — ? — dv 
h h 


, dco 


(9b) 


which was to be proved 


(9c) 
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In this method of denying the foimula our lesult seems to be only 
an approximation for small velocities, since in eqns (9a) and (9b) we have 
neglected the variation of mass with velocit j Actually , ho we\ ei , eqn {9c) 
IS correct m the foim in which it is written This is at once recognised 
if we follow de Broglie and use relativity from the very outset 

We take this opportunity of stating that in other respects de Broghe’s 
original method has been abandoned in the later developments of his 
theory and he himself no longer maintains it * De Bioglie origmallv 
allo’wed the wave-function to have an infinity which served in a way as 
the material nucleus of the wave-sjstem In this manner one would 
lose the mathematical uniqueness which permeates Schrodinger*s later 
theory We regard de Bioglie*s theory, as does Schrodinger himself, m 
the light of an impoitant precursor of wave-mechanics but not its final 
form 


The fact that the group -velocity h is less than the velocity c of light, 
becoming proportionately smallei as the phase- velocity a becomes greater, 
in itself shows that the dispersion of the de Broglie waves is normal For, 
since h a, eqn (7a) states that dafdk^O Consequently the inequality 


a 71 

(i\ 


<0 


( 10 ) 


holds for the refractive index n = c/a as is the case with visible light for 
bodies that dispeise normally The expression of n = c/a as a function of 
the de Bioglie wave length is by eqn (5) of this section and eqn (16) of g 1 


^ 

c “ mck 


(10a) 


More general significance attaches to the tact that the veloci^v t of 
oui point-mass does not correspond to the propagation of a monochromatic 
wave but to that of a wave-group It is not the monochzoma ic wa’te 
that IS the physical pictuie of the moving point-mass, but the uaie-gioup, 
oi, as we also sa} , the nave packet 

We now pass on from the point-mass under no foices lo the general 
pioblem of wave-mechanics Here we likewise supplement the spatiallv 
defined Schiodinger «/r-function and expand it accoidmg to the assumption 
(3) into a space-time function which we shall call 2 i 

—E? 

u ^ \J/e^ ( 11 ) 

We here interpret E as the energy parameter that occuis in the ditfeiential 
equation of the 0-function and we take E m its lationallv normalised form 
(cf footnote, p 1) We have therefore to include m E not only the 
kinetic and potential energy of the state in question but also the rest 
energy {Huli-energ'te) contained in the masses, which is represented in the 
case of the individual point-mass by Eq = For only when E is 

regarded m this way is there any sense in the definition of the vibration 
number v in eqn (1) It need hardly be mentioned that the factor 

* Of tlie introductioii to ins book on wave mechanics published this year 
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of 27nt in the exponent of eqn (11) denotes this particular vibration 
number v 

From the remarks just made about the way m which E has been 
normalised it follows that V must be normalised in the same way So we 
may write V more clearly as 

V == Eo + U, Eo = (12) 

where U denotes the “energy of position” calculated m the oidinary 
way 

The question now arises whether we can le- write Sohrodinger*s equa- 
tion for t/r in the form of a “ time-equation ” We shall have to postulate 
this in accordance with the optical analogy m § 1 For then the t^-equation 
(5) which contains the time was the primary and physical datum , the 
spatial i/^-equation (6) arose out of it only when the monochromatic 
assumption (5a) had been added But this time equation may contain, as 
in the optical case, only general matter constants and no special constants 
defining state Our parameter B, which is a characteristic value 
(Eige7iwert)j is a state-constant (Zustands-konsiante), since it varies in 
passing from one characteristic state {JEzgenzustand) to another It must 
not therefore occur %n the required time equation Or, expressed in other 
words, the jgurpose of passing over to the time equation is to eliminate the 
parameter B out of the wave-equation We write Schrodinger's equation 
in the form (11) of § 1, but remark that everything that follows also 
applies to the pioblems of many elections (of many bodies), for example, 
m eqn (12) of § 1 So we start, say, from 

7,2 

“ 8^^ Ai/f + (12a) 


and observe that in virtue of the assumption (11) this equation is 
identical with the time-equation 


h 'du 

- Q— r— Aw + Yu == ^ — — 

OTT^m ^TTl c) t 

We couple with (13) the conjugate equation 


h^ 

S-TT^m 


. * TT * ^ 


by defining w* as 


u* = xfr*c 




(13) 

(13a) 

(11a) 


and assume \}/^ as the conjugate imaginary to \f/ Of course xj/^ = \f/ if, as 
in the example of the oscillator, xfr is real In other cases, however 
(ef the Zeemann effect, § 1), if/ is essentially complex 

This would bring us to our goal to eliminate E oud- of the wave- 
equation and to mtroduce the time into this equation instead But the 
result does not qmte meet our expectations For, following ton from (5) 
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(E^ - Y)\l/m respectively, and from (14) we get (the V term going out) 

(Etji = 0 

If the E’s are all different from one another and if m #= n, the integral 
must vanish This is the condition of orthogonahty of the prope? 
fU7ictions For m = n the integral does not, of course, vanish We set 
it equal to 1 and so normalise the proper function, whose definition 
hitherto contained an undetei mined multiplying constant This gives us 
the general coiid'ition of noimalisaUon^ which differs from the occasionally 
mentioned special normalisations (cf , for example, eqn (12a) in ^ 2) 
Making use of the unit matrix (5a) in ^ 4 we embrace the conditions 
of orthogonality and normalisation in the one formula 


I' 


^n^m,dr — ^7im 


(15) 


If ^ IS complex we shall take the reality of hnm luto consideiation by 
writing in place of (15) 


= ^^m^ndr = 

and, in particular, for n ^ m 

^\}fn^*ndT = 1 

By (11) and (11a) the i elation 


1 


dr ^ 1 


(15a) 


(15b) 


(15c) 


then also holds 

It IS at this point that the essential physical hypothesis of Schrodingei’s 
theory enters, which fiist allows a comparison between theory and experi- 
ment the positive quantity 

P = (16) 

continuously distributed throughout all spaces is to denote a density , when 
multiplied by m, it is to denote the density of mass , when multiplied 
by e the density of charge (if our point-mass is an electron) This asserts 
that we get the correct electrodynamic actions (forces and emission of 
radiation) by calculatmg as if the charge of the electron is continuously 
distributed with the density ep in space We shall discuss a possible 
physical meaning of this somewhat unattractive hypothesis later (^ 8) 
Here we shall straightway draw inferences from it 
If p IS a density, then 


M « Jgrpdr 


(17) 
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IS the moment ” of this distribution of density with respect to the 
co-ordinate 

Thus M, when mnltiplied by e, denotes the electric vwTnent, foi 
example, for q ^ x, it denotes the a:-component of the electric moment 
of our distribution of charge Now we know that the amount and 
polarisation of the emitted radiation is determined electrodynamically by 
calculating the time late of change of the electric moment eM Hence 
in the part of M that varies with the time we have a measure of emission 

But we must first take up a more general and more formal standpoint 
Bor we must speak not only of one state and of the corresponding 
density p, but also of the transition from one state 7z to another m and of 
the “ density ” corresponding to this transition 

Pnm “ 

In a manner formally analogous with (17) we form the “ moment 
associated with this transition 

In making these generalisations we, of course, lose sight of the original 
sense of the ideas density ” and “ moment,” so that these terms now 
serve only as guides to the analytical definitions contained m (18) 
and (19) 

In (19) we substitute the expression of u given b^ (1I)» by appl^ung it 
to two different proper functions n and m We get 


= (20) 
Qnm = J (21) 

We call this quantity qnm fihe “ matrix element ” of the co-ordinate q and 
so hint at its origin in the matrix-calculus In the next section we shall 
show that the system of quantities q^m introduced in (21) is identical with 
the g- matrix treated in § 4 

We first consider the individual state by setting m n Then, clearly, 
(18) becomes identical with (16) and (20) with (17) The density p and 
the moment M are m this case constant m time and the emission of 
radiation is ml The proper states (the stationary orbits of the old theory) 
are radiationless 

We next consider the transition The density pnm and the 

moment are then variable m time The vibration number of the 
moment and hence also of the emitted radiation is, by (20), 


V 


En - E, 
h 


( 22 ) 


Here we have Bohr^s frequency condition^ which (cf the begmnmg of this 
section), like the quantum condition, fits into wave-mechanics We do 
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not pietend in this way to have derived the frequency condition, say 
on the basis of classical mechanics For we had already included it 
essentially in the assumption (11) which expresses the dependence of the 
individual state on time But it is important that we have now a scheme 
of calculation, moulded on the lines of the classical theory, which enables 
us to form judgments about the details of the radiation emitted, its polarisa- 
tion and its mtensity For we conclude from (21) that if q^m vanishes 
for certain members n and m and for a certain co-ordinate direction, for 
example, g; == a;, we have a rule of polarisation the transition yields 

no radiation corresponding to a vibration in the a;-direction 

If for given values of n and m qnm vanishes for every choice of 
q{q = X, 2/, ^)> then the transition is radiationless We interpret 

this as meaning that this transition is forbidden This gives us a 
selection lule 

If qnm differs from zero, we regard \qnin\ as a measure of the intensity 
for the transition m question and for the direction of polarisation The 
iJ/nS and i/r^’s are, of course, to be imagined normalised in the sense of 
the general condition (15) 

What holds for the transition w also holds for the transition 
m^n By (22) the latter transition is characterised by the quantity 
conjugate to qnm 

qmn = J q\{/m^ldT = qhm (^3) 

so that 

1 q-mn 1 = 1 qnm | 

Our measure of intensity depends in a symmetrical way on the initial state 
n and the final state m — a very remarkable law which reflects itself in the 
summation rules of Burger and Dorgelo {Atomhau, Chap VIII, § 5) 

The fact contamed in eqn (23) means in the language of § 4, eqn (3a), 
that the matrix of the q's is Hermitean 

In introducing the pseudo-moment Mnm ai^d the matrix element 
qnm we have left the original ground of wave-mechanics Schrodmger, 
to whom we owe the representation given m (21) of the g-matrix, has 
attempted to account for their introduction by adapting them to his 
origmal ideas He assumes that m the transition n^m both proper 
states n and m are to coexist in certain proportions which may be 
measured by the coefficients Cn and c<m The state due to their super- 
position IS then represented by 
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and we get from the original definition of density in (16) 

— E 


+ (25) 


Thus this density is composed of parts that are constant in time — ^these 
do not interest us — and of t\\o parts varying with time, that have the 
common vibration number (22) 

Sohrodinger then forms the moment of the density distiibution (25) 
by the original rule (17) 

M = CnO* [g<A»0n dr + + 2Ec„cr„?„«eT(®” - (26) 


Here R denotes “Real part of” (that is half the sum of the complex 
quantity which it precedes and its conjugate) and qnm denotes the 
matrix element defined in (21) , introduced in this way qnm appears 
as a quantity which is characteiistic for the state arismg out of the super- 
position of the two pioper vibrations The further deductions regardmg 
polarisation and intensity of emission are then the same as above 

We have chosen an abstract and formal representation of the rules of 
emission in preference to this apparently more picturesque * (anschaziltch) 
introduction of qnm the following reason 

The assumption for -w, which led to (25) and (26), contains the arbitrary 
coefficients Cn, Cm These must reasonably be interpieted as excitation in- 
tensities {AnregungssLarIcen) of the states n and w It is clear that the 
emitted intensity depends on the number of atoms in which the initial 
state n is excited, that is, on the coefficient Cn But by eqn (26) it would 
also depend on the coefficient Cm, that is, on the number of atoms m 
which the final state is realised This seems meaningless and contradicts 
the results of experiments, for example, those in which the energy of 
electrons is transferred to atoms oi molecules by collision (Elektronmstoss) 
It surely is not true that for Cm = 0, that is when the final state is not 
excited, the intensity of the transition n^m must vanish Rather, there 
are “ spontaneous ” transitions also to non-excited states We aie there- 
fore compelled to regard the necessity for introducing mdefinite co- 
efficients Cn, Cm, as a weak pomt in Schrodinger's representation of 
questions of mtensity 

A really satisfactory treatment of these questions can be expected only 
when radiation has been fixed into the foundations of the new theory t 
Following Sehrodmger (and also Heisenberg) we have considered it 
sufficient to derive the radiation externally, as it were, from the moment 

* Adopted fiXDin H F Biggs, Wave Mechan%cSy p 15, footnote (Oxford University 
Press) 

t Of an important paper by P A M Dirac, Proc Roy Soc , 114, 243, 1927, in 
which, although by quite different methods, the spontaneous transitions have b^n 
successfully treated 
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M or Mnm Our only basis for this is the general correspondence with 
classical electrodynamics 


§ 6 Intensities m the case of Oscillators and iRotators 

A The Linear Harmonic Oscillator 
We can now supplement our wave-mechanical tieatment in § 3, A, 
so far that it becomes of equal value with the quantum mechanical 
treatment in § 4 

Since in the case of the lineai oscillator we have only one co-ordinate 
q = ar, we write Xnm place of qnm, so that by eqn ( 21 ) of the preceding 
section (the ^’s are leal) 

/•QO 

^nm “ j XxJ/ijfiiifyidx (1) 


Instead of x we use the more convenient dimensionless co-ordinate $ 
from eqn (5a) in § 3 

( 2 ) 

We then get 

(3) 

We show that differs from zero only if m ^ n ± 1 

With this purpose in view we leeali the analytical representation of 
the proper functions tpn By eqn ( 8 ) in ^5 3 we have 

^„ = (4) 


H»(f) denotes the Hermitean polynomial of the degree, which was 
defined in § 3 by the recuirence formulae of its coefficients is a 

normalising factor which is to be chosen so that tp satisfies the general 
condition of normalisation (15) in § 5 Consequently [cf (4) and (2)] 


J— 00 J — e© J»so 

We next assume that 

n<im 

and write in place of (3) 

p 4 * 00 

= I 4- 

J — 00 

»«4.l(f) = ^H4^) 


n/^ 


in which we have set 


(5) 

( 6 ) 


Thus Gn + 1 IS a polynomial of the (n -H l)tii degree But we can build 
up any polynomial of the (n + l)tii degree out of the successive poly- 
nomials H in the form 

M + l 

Gn4-i(^) = ^ CvHy^i) 

0 


(7) 
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]ust as well as onfe of the successive powers ^ The 

coefficients Cy are to be taken from it m such a way that all powers, 
from ^ to aie set equal to each other Some of the coefficients Cy 
can vanish (for example, m our case all with an even v vanish if 7i is 
even) We insert the form (7) in (6) and get 

0 J — 00 


But from the condition of orthogonality (15) of the preceding section 
eveiy term of this senes vanishes, with the possible exception of the last 
one, namely in the case 

w = 4“ 1 (9) 

In this case we have, on account of (5) 

ln.n + 1 = + (10) 

The converse case 

m <Z 71 


is dealt \Mth by interchanging m and n In place of (9) we thus find for 
the condition that inm may not vanish 


n 

and in place of (10) 


Only the trivial case 
remains, in which 


m 4- 1, that is, m = — 1, 


n — 1 



-Cn Jcr 
i 


m — 71 


(9a) 

(lOa) 


^7171 — 


+ XJ 

— » 


= 0 


(10b) 


since IS even, that is, f is odd in f 

This pioves the selsctton rule for the harmonic oscillator We find as 
m § 4, takmg into account the leflections at the end of ^ 5 all traiisitiojis 
n^m are forbidden with the exception of m n ±1 

Passing on to questions of mtensitj^ we have to calculate the co- 
efficients Cn+ I and Cn by means of (10) and (10a) Let a*, be the 
coefficient of the highest power in Hn A compaiison of the powers 

^ ^ on both sides of (7) at once shows that 


that is, 


an — ^n + lOn 4- 1, 


1 


On On — 1 

fln + 1’ ” On 


(11) 


To calculate the a^s we require a formal representation of Hermite’s 
polynomials 
von Ti — 4 



50 


Chapter I Introduction to Wave-Mechanics 


We now assert (the proof is given just below) that 

H„(^) = (- (12) 

This method of representation shows that the highest coefficient 
which is obtained by successive differentiation of e “ 


^ = 2^ (13) 

It also shows that the integral 

rr = (14) 

J — CO 

which occurs in (5) has the value 

a; 1 (15) 

This IS proved as follows if we substitute for one of the two factors 
H in (14) the form (12), we get 

C 

® = (- 


and by integrating by parts n times, noticing that all derivatives of 
e “ ^2 vanish at the limits f = ± co , 


If, as before, we insert 
we get 


X = 





+ 


X = ann • 


*+00 
- 00 


OCnn * 






and hence, on account of (13), x =* 2^n ^ Vtt, which was to be proved 
We have yet to add the proof that the polynomials H introduced in 
eqn (12) satisfy eqn (6) of § 3 Taking (7) of § 3 into consideration we 
may write this equation in the form 


- 2iHn 4 - 2nHn = 0 


(16) 


The following simple proof may also be applied to other cases (spherical 
harmonies, Laguerre polynomials) We set 


and form 


u = 


du 


- 2tu 


(16a) 


!By successive differentiation it follows from the formula for such 
differentiation in the case of a product that 

+ n + - 2(n + l)-w<") 


(17) 
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But by (12) 

(- l)HiM = e“-r2H^ 

and so we get 

(_ l)nu(n + l) ^ - 2fH^) 

(- l)^u(^+ ) = + (4^2 - 2)H^) 

If we substitute these expressions m (17) we get (16), which we -fished 
to prove 

The value of the normalising factor now follows out of eqns (14), 
(15), and (5), and is found to be 

Jx, * (18) 

And so 

-LNn — 1 

Further, it follows from (13) and (11) that 

== 'i 

By (10a) we therefore have 

. In^ 

n — 1 — y ^ 

To return to our original measure of intensity ccn, m we use eqn (3) 
with m = n — 1 and take eqn (2) into account We find 

a“„, (19) 

and, of course, simultaneously 

Xn n + 1 = + 1 „ = (19a) 

But these values are identical with the values |^n,n — il and \qn, n ^ i| m 
eqn (12), § 4 In the same way our eqn (10b) which we may also write 
in the form 

^ = 0 (19b) 

IS identical with eqn (9a) of § 4, with % ^ h — n 

We thus demonstrate in our example what was generally established 
by Schrodinger* and Bckart,+ namely that the methods of quantum 
mechamcs and wave~mechamcs lead to the same res^ilts not only for the 
energy vakces a/nd the proper values but also for the intensities 


*E Schrodinger, On the Relation between the Quantum Mechanics of Heisen- 
berg, Bom, and Jordan, and that of Schrodinger, pp 46-61 of Collected Papers^ 
Blackie & Son, Btd The original German paper is Ann d Phys , 79, 734, 1926 

t 0 Eckarfc, Operator Calculus and the Solution of the Equations of Quantum 
Dynamics Phys Eev , 28f Vll, 1926 
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We now fill in a gap which was left at the end of 4 It seemed 
theie as if quantum mechanics could giasp the transitions but not the 
siaies of the oscillator The states are fiist described in quantum 
mechanics by the diagonal elements gn, n of the matrix, which vanish in 
the case of the oscillatoi In wave-mechanics these elements denote the 
‘‘ moments of the first order ” of the charge distribution xjs^ But in 
wave-mechanics we may also foim the '' moments of higher order,” for 
example 

{p?)n » = « " ' ( 19 o) 

This quadraHc moment and all other moments of even older do not 
vanish Correspondingly, the diagonal elements of the matiix of all even 
powers of q do not vanish The totality of these moments can exactly 
serve to characteiise the state in question in the language of quantum 
mechanics [By a famous theoiem due to Stielt-jes any arbitrary dis- 
tribution of masses i}j{x) can be uniquely determined by the totality of 
their moments ] For example, we find for the integral m ( 19 c) by the 
simple method given at the beginning of this section 

71 = n + 

where Cn denotes the coefficient of m the expansion of + 2 = 
in terms of the pol;^nomials This coefficient Cn may easily- be 

calculated fiom the highest coefficients of the polynomials H„, 4. and 

4. 2 It IS obvious that this analytical method of calculating the 
quadratic moment is much simpler than the corresponding calculation of 
the matrix calculus It is also clear that the description of a state by 
means of a single continuous function of state (phase function) xjj gives 
a clearei view than the desciiption by means of the infinite series of 
moments to which quantum mechanics leads 

B Tlie Botator m Space 

Let the co oidinates of the rotator be 0 and as in § 3, B , the 
rectangular co ordinates of the lotatmg point-mass — ^which we shall call 
77, ^ and at once connect them as complex vaiiables — are then expressed 
as follows 

^ + j7} = a Bin 6 e^<*, ^ — a cos 0 ( 20 ) 

We have written j for ± i in order to distinguish the indefiniteness of 
sign that occurs here fiom one that occurs later The proper functions are 

The “associated spherical harmonics*^ are taken as normalised in 
the usual way, namely m accordance with the eqns (12) and (12a) of § 2 
On the other hand we take our iff as normalised in a rational way “ to 
umty,” according to eqn ( 15 b), ^ 5 , on account of which we added the 
normalising factors in (21) We determine and in such a 
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way that we noimalise the and the separately to unity, that is, 

we not only demand that 



J ’pm, n ’Pm ^ 

(22) 

but also that 

= N^, a; = cos 6 

(23) 

and 

p2,r 



1 = N| = 2i- 

(23a) 


The conditions of orthogonality lequiie [cf (15a) in § 5, where now 
the simple indices n and m are to be replaced by the double indices m, jx 
and on\ fx] that 



0 , 


except when jx = jx' and at the same time m — ni For p. ^ p! this 
equation, in virtue of the integral over <^, is fulfilled , for p p it 
requires that 




m m 


(24) 


It must be particularly emphasised that we do not need to prove this 
equation by means of special calculations with spheiical harmonics, but 
that it follows immediately from the general theorem of the previous 
section on the orthogonality of proper functions 

To calculate the normalising factor Ne we must have a formula to 
express the s The following is best suited to our purpose 


- I)™ 

from which, by (12) of § 2, it follows that 

_ (1 - _ 1 ^. 


(25) 


(2oa) 


It is immediately clear that (25) fulfils the normalising condition (12a) m 
§ 2, but we must also show that (25) satisfies the differential eqn (2) of 
§ 2, which, with y = P^, runs in our present symbols 

(1 - x^)y" - 2xy' + m(m + 1)^/ - 0 (26b) 

Similarly as in (16a), we set 2 ^ «= (x^ - 1)^^ By a smgle differentiation 
we get 


(x^ - 1 ) 2 *' = 2mx2i 
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and by successive differentiation m + 1 times 

(x^ - + 2 ) ^ 2(m + l)xu(‘^ + 1 ) + m(m + 

= + 1 ) 4 - 2m{m + 

If we collect terms and write = y, by (25), then (26b) actually 
results 

To calculate the integral that occurs in (23), that is, the squaie of the 
normalising factor Na, we form, by (25a) 

NS - (2’) 

in which 

+ = (1 - - 1)’", 


the highest term in G is ax^ + ^ with 

a = (- - 1) (m - /X + 1) = (- (28) 

By successive integration by parts we get from (27) 

N| = ( - 1)- + ^ - '^rdx (27a) 

[The factors 1 ± x that occur just suffice to make the terms without 
integral signs vanish ] 

Now 

— j - ly^dx = j* - l)’^ ~ - I (x-^ - 1)^^ " '^dx 

1 P ^ ^ d I 

= 2m\ - 2n. - 1 = - - qm-i 

satisfies the following recurrence formula 

_ 2m 
2”* ~ " 2m + 


On account oi = 2 it follows from this foimula that 


- _ / 2m(2m - 2)(2m - 4) 2 

^ (2m-}-l)(2m-l)(2m-3) 3 

and hence fiom (27a) and (28) that 


2=(-l)«*2 


(2"*m i)‘‘ 
(2m + 1) 1 


N2 = ^ + m ) ' 

® 2m + 1 (m — I 

and, in particular, for ^ = 0 we get the well-known formula 


( 30 ) 
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The total normalising factor, which is equal to the product of and 
Nfl and is to be denoted by ^ is given, by eqns (30) and (23a), by 


2 

2m + 1 {m - /x) » 


(31) 


We now come to the question of intensity and polaiisation in the 
case of the rotatoi The basis is again given by the matrix elements 
of the co-ordinates, namely of the rectangular co-ordinates ( 20 ) 
Logically, we should now write these with four elements 

Tn’fx* and (^ Tn'tx’ 

But we easily show that the former and the latter diffei from zero only if 
/jL = fjL or yx' = /A ± 1 , respectiveU (32) 

so that after the respective \alue of yx' has been inserted we may adopt 
the abbreviated notation 

Smm = /a) and (^ + (fjf = jm ± 1 ), (32a) 

in which the two values yx' = yx ± 1 may be associated with both signs of j 
The proof of (32) consists m the fact that the matrix elements for 
^ or ^ -f ^77 contain the following integrals of (f> 1 especti-v ely 

± or j" ± 

They do not vanish only if 

yx — /x' = 0 or yx — yx^=±l 

respectively, and then their value is 27r This proves the selection 
rule (32) 

But this has simultaneously furnished us with a “ rule of polarisation ’ 
in the following way The case yx' = yx corresponds to a vT.bration 
parallel to the ^-axis (a variable electric moment M in this duection, 
cf § 5) the case yx' = yx ± 1 denotes a right-handed or left-handed 
circularly polarised vibration m the 77 -plane (corresponding to an 
electric moment in this plane variable in diiection but not in magnitude) 
Moreover, we must lemark that the ^-axis can be empiricallv dis- 
tinguished from the othei directions only if it is ph\ sically distinguished, 
for example by a magnetic field Our rule of polarisation would accord- 
ingly come into action only in the case of the Zeeman effect, which, 
however, foi the lotator consisting of the diatomic molecule, as realised 
m band spectra, becomes so small that so far it has not been observed 
For the rest, our present rule of polarisation is identical with that 
which applies to the normal Zeeman effect of the electron (I, Chap V, 
§ 6 , p 294) Cf also the treatment of the Zeeman effect by Wave- 
Mechanics in § 10 
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and by successive differentiation m 4* 1 times 

+ 2) ^ 2(m -h l)xu<^ + 1) + m(77i + 

= 2mxu^'^ + 1) -I- 2m{m + 

If we collect terms and write = y, by (25), then (26b) actually 
results 

To calculate the integral that occurs in (23), that is, the squaie of the 
normalising factor N^, we form, by (25a) 

= 2^»(m ')^| _ (2'^) 

in which 

= (1 - - !)«, 


the highest term in G is ax'^ “*■ ^ with 

a = (- ir2m(2m - 1) (^ - ^ + 1) = (_ (28) 

By successive integration by parts we get from (27) 

Ns = (- (27a) 

[The factors 1 ± a? that occur just sufiSce to make the terms without 
integral signs vanish ] 

Now 

= J - l)'^dx = 1 (x^ - 1 )’^ ^ ^x^dx - I (x^ — 1 )^ ““ ^dx 

= - 2™ - 1 2)ri7”* - e-m - 1 

satisfies the following recurience formula 

2m 

2”* 2^ ■+ 1^™-! 

On account of = 2 it follows from this formula that 

_ f 2\m 2>»(2m - 2)(2m - 4) 2 Q-f-M (2”^')^ 

'■ '' (2TO+l)(2m-l)(2TO-3) 3 ^ (2 ot + 1)! 

and hence fiom (27a) and (28) that 

;N2 _ 2__(w— 

2m 4- 1 (m - /r) I 

and, in particular , for /r = 0 we get the well-known formula 

N2 = 2 

» 2wi+ 1 


(30a) 
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The total normalising factor, which is equal to the product of and 
N« and is to be denoted by N*, ^ is given, by eqns (30) and (23a), bv 

“ 2m + 1 (to - /i) I 

We now come to the question of intensity and polarisation in the 
case of the rotator The basis is again given by the matrix elements 
of the co-ordinates, namely of the rectangular co-ordinates (20) 
Logically, we should now write these with four elements 

CmfjLi mV' and {i + 

But we easily show that the former and the latter diffei from zero onl^^ if 
jul' = jx or fx fjL ± 1, respectively (32) 

so that after the respective value of /x has been inserted we may adopt 
the abbreviated notation 


a + ]V)71 


1), (32a) 


in which the two values fx = fx±l may be associated with both signs of j 
The proof of (32) consists m the fact that the matrix elements for 
^ or ^ 4- ^->7 contain the following integrals of <j> lespectively 

f“"e + KAi - or f ' ± 


They do not vanish only if 

fx — fx' = 0 or 


JX - fX 


respectively, and then their value is 2^7 This proves the select on 
rule (32) 

But this has simultaneously furnished us with a “ rule of polarisation * 
in the following way The case jx — fx corresponds to a vibration 
parallel to the ^-axis (a variable electric moment M in this direction, 
cf § 5) the case jx' = jx ± 1 denotes a right-handed or left-handed 
circularly polarised vibration in the 17-plane (corresponding to an 
electric moment in this plane variable m direction but not in magnitude) 
Moreover, we must lemarh that the ^-axis can be empirically^ dis- 
tinguished from the other directions only if it is physically distinguished, 
for example by a magnetic field Our rule of polarisation would accord- 
ingly come into action only in the case of the Zeeman effect, which, 
however, for the rotator consisting of the diatomic molecule, as realised 
in band spectra, becomes so small that so far it has not been observed 
For the rest, our present rule of polarisation is identical with that 
which applies to the normal Zeeman effect of the electron (I, Chap V, 
§ 6, p 294) Cf also the treatment of the Zeeman effect by Wave- 
Mechanics in § 10 
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We come to the selection rule for the w’s and show that it runs 

m' ^ m ± 1 (33) 

To do this we must actually work out the quantities and m 

Eeplacmg the integrals over by 27r, we obtain by (20) and (21) 

= 27raJ, ft ± i(^ + 3'n)mm' = ^iroK (33a) 


J COS 6 (cos 0) (cos 6) sin $ dS 
K = I fain ^ PJ^ (cos B) (cos 6) sin 0 dS 


(33b) 


We inseit the variable x = cos ^ in J and K, and note that by (25a) 
the P,^j*s are equal to (1 - multiplied by a polynomial of the 

{m - degree in x, which we shall call furthei, we introduce 

two polynomials F and G, of degree indicated by the lower index Thus 
we set 


ps,(cose) = (1 

sm 9 Pr„±^(cos d) = (1 - ccyf^a - ± 

^ G™. _ ^ 1 = (1 - ± 


(34) 


This leads to the expressions 

j = pr»-^(i - xYdx, K = G - x^rdx (35) 


The somewhat artificial definition of G in (34) is due to the fact that 
in the integral K we had to extract the factor 1 — x^ raised to the 
power indicated by the upper index of the preceding P 

We can now use exactly the same line of argument as under A in 
eqn (6) Build up F and G from the polynomials P, instead of from the 
successive powers of x, thus 


and assume 





(35a) 


By substituting (35a) in (35) the condition of orthogonality (24) shows 
us that J = K = 0 unless 

m — 1 


This proves one part of our selection rule (33) At the same time we 
have, on account of the normalising condition (23), 


J = 


Cm 

27r 


■pf — f^Tsj 2 


Similar to the notation used by E Heme, JELandhuch der Kugelfunkt%onent 
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and hence by (33a) 


w — 1 — ^ 


N, 


TVJ — H-i 

— 1 u. 


(.€+Jv)n 


t — 1 ^ 




X ‘ 

w — 1 j X 1 


(36) 


Flora (34) and (35a), ho-wevei, dpm. ^ denotes the coefficient of the highest 
power in namely in consequence of (25a) 


_ (2m) ' 

~ 2™»i t (m - /i.) I 

pm — 1 /i, ^ 

“ iJm, M ~ 2m - r I 

J -(m - yti -l)(m-/Li) 1 j 

nm-^-+ - 2m - 1 ’ 2m - iJ 


(36a) 


If we substitute fiom (36a) and (31) in (36), calculation gives 


tm m — 1 
+ jV)m m — 1 
m — 1 



{m + /^)(^ — fJi) 

{2m 4- l){2m — 1) 


^ j (m - fx- l)(m - /x) 
V (2w 4- l){2m - 1) 


(2m 4- l)(2m 


(m' = H') 


(/£,' =/x 4- 1), 

I 

(/i' = /I - 1) I 


With the converse assumption 

m < m' 


(37) 


we find foi the condition that J and K should not vanish b} inter 
changing m and m' 

m' = m -f 1 


as the second pait of our selection rule (33) The expressions (37) then 
become changed in that m, m 4- 1 now take the place of 7n — 1, 7?i 

To make the construction of the foimulae (37) intelligible we shall 
divide the transitions in question into ‘ parallel,’ ‘‘ anti-parallel,” and 
“ neutral ** transitions i ^ » gegensinnig und neutrat), analogousH 

to Atomhau, p 580 A transition is to be called parallel when both 
numbers m and /x change in the same sense, for example, m m — 1 
and fx fji — 1 , they are to be called anti-parallel when their values 
move in opposite directions, foi example, m ?7i — 1 and /x ju, -r 1 , 
a neutral transition occurs when /x remains unalteied The transitions 
m ^ m - 1 in (37) are then respectively neutral, anti-parallel and 
parallel Just as in I, Chap YI, p 367, the parallel tiansitions are 
“ stiong,” the anti-parallel “ weak,” and the neutral “ medium (less 
strong) In our formulae (37) this is expressed in the fact that m 
the strong tiansition (third row) 4-V> + weak transition 

(second row) /x, - /x and in the medium transition (first row), 
4- jx, - fx occur under the root sign 
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Since the individual ju,- components, on account of their insufiBicient 
resolution, do not interest us, we shall sum up over all the /I’s, taking 
the sum for the vntensities and not for the amplitudes, with due regard 
to the fact that the proper states distinguished by the values of /a must 
be considered as incoherent among themselves Thus we sum up the 
squares of ^ and of the absolute values (Normen) ot ^ + jt] In performing 
this summation it is convenient to let jjl go from - m to + m,* and then, 
strictly speaking, [ fx | should be written for fx in the upper index of the 
spherical harmonics and in the formulae (37) 

By the formula 

+ m 


^ + l)(2m + 1) 


we get from (37) that 


m 


m? - fx^ oP^ 

(2to + l)(2m - 1) “ 


(38) 


(38a) 


and, taking together the two formulae (37) for ^ + ;i 7 


^\^ + JV P 


+ m. 


2^2 


m(m - 1) + f(>2 
(2m -h 1)(2?72. - 1) 


4-/7 ^ 

= (38b) 


The sum t of (38a) and (38b) gives 

a2 


J = 771 


(39) 


J IS the total intensity which is observed foi the transition m m — 1, 
that IS, of a definite line in the spectrum of our rotator In the same 
way we should obtain for the transition m + 1 m, which gives rise to 
another line of the spectrum 

~ J == 4 - 1 (39a) 


The sum of (39) and (39a) gives 2m -H 1 + 1 is the “ weight ” of 

the state m (Atomhau, Chap VIII, ^ 5, p 651), that is, the number of 
different states (jx = — m to [x = 4-m) that belong to the same m, or 
we may also express the same thing by saying the number of spherical 
harmonics (cf § 2, p 13) that have the same lower index m The 


* Calculating witb negative /x’s means nothmg more tnan that e “* is to be 
considered ec^ually with e + Later on, the simplification effected by counting up 
the negative ^t’s as well mil agam be found useful 

fThe reason for counting only one half of (38b) and not the full amount, as might 
suggest itself by (37) on account of the two possibilities of transition /* + 1 ^ /4 and 
M “ 1 — > /i, IS that of the two circular vibrations m the j^rj plane, m each case only half 
the mtenaty is observed if, for example, the Ime of vision hes in the f plane 
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appearance of the eight 2m + 1 in the sum of the intensities of all 
transitions is in agreement with the summation rules of Burger and 
Dorgelo {Atomhau, Chap YIII, § 5) Our formulae (39) and (89a) have 
been derived by Fowler* for the somewhat more general case of the 
rotation-vibration spectrum by means of the correspondence principle, 
and have been extended by Honl and London + to the band- spectra with 
zero blanches, wbeieas oui treatment is lestricted to the case of the pure 
lotation spectrum We wish to point out agam, however, that our treat- 
ment on the basis of wave-mechanics renders superfluous the introduction 
of the classical theory, by way of the coriespondence principle, even m 
questions relating to intensity 

The oscillating rotator would naturally follow on the rotator at this 
pomt We investigated its proper values in § 3, D Its spectrum forms 
the type of the rotation vibration spectra just mentioned But the 
investigation of its intensity conditions would diverge onl% little from 
those appertaining to the rigid oscillatoi, so that we mav omit the 
discussion here and refer to the detailed m\estigation of Pues I 

§ 7 The Kepler Problem 

We now come to the central problem of wave- mechanics — ^the problem 
of the hydrogen atom This formed the test of the method of wa\e- 
mechanics m the first papei on the subject by Schrodinger, published in 
1926 In comparing it with the working out of the hydrogen atom b\ 
quantum-mechanical methods, carried out b} Pauli ^ a"- the same time, 
the superiority of wave-mechanics as regards mathematical simplici'^y and 
clearness becomes manifest We hope m the sequel to enhance the 
lucidity of treatment still furthei 

A Proper Values and Proper Punctions Discrete ana Contamcus 

Spectrum 

The potential energy between an election and a nude as carr\*ing a 
charge Vie is, if normalised in the usual wa}- (V = 0 for r == ac ), 



The wave equation (11) of § 1 becomes, if E is similarl;^ noimalised, 

, Ze“\ , ^ /-IX 

—j’P = ^ ( 1 ) 

We treat the equation in spatial polar co-ordinates r, 9, ^ and assume a 
solution in the form 

^ = EPr fcos (2) 

* R H Fowler, Phil Mag , 49, 1272 (1925) 
t H Honl and F London, Zeitsohr f Phys , 33, M3 (1925) 

Z B Faes Arm d Phys , 81, 281 (1926) 

§W Panh, jr , Zeitsohr f Phys , 36, 336 (1925) 



60 


Chapter I Introduction to Wave-Mechanics 


K IS a function of r alone As the lower index of the spherical haimonic 
P we ha\e chosen Z, foi reasons connected with the mapping out of 
spectra (instead of the in § 2 and the m in § 6) Z must be an integer 
^ 0 and m must likewise be an integer, m order that (2) may represent 
a proper function (cf ^ 2) If we use the differential equation of spherical 
harmonics in the form (1 &), ^ 2 with the piopei value A of eqn (11), § 2, 
and derive the expression from eqn (1) ^ 2, then we get for P the 
differential equation 


2 dE 
dr- r dr 


(a + 2? + ^)e = 0 


(3) 


where, for brevity, we have written 


A = 


h- 


E, B = 


4,7r-m 

"F" 


Ze\ C = ~ Z(Z + 1) 


(3a) 


We distinguish between the two cases 

E < 0 and E > 0 


{a) E -< 0, Coriesponding to the Elliptic Orbits of the Eailier Theory 

To take account simultaneously of the sign and dimensions of A 
we set 


A = 



(4) 


and determine the asymptotic behaviour of E by omitting all terms in 

- and — in (3) We obtain 
r V / 


d'^E _ E 
dr-^ "" 


E,= e±»*/^o 


Of these two asymptotic solutions we can use only that which vanishes at 
infinit\ ^ e introduce the dimensionless quantity 


P 2— = 2^/— Ar, O^p^co (4a) 

that is, we write our asymptotic solution as 

K = 


Corresponding to this, we make the general assumption 

E = <3 -y 


(5) 


M^tipljmg eqn (3) by r*'Q/4 and expressing it in terms of p (dashes denote 
IMerentiations with respect to p) 

2, 


p \ ^ J- An 

[5) we calculate 


HI + i) \ 


E 


V-Ap 

E' = B" = e-oi\v" - v' + Ji;) 


( 6 ) 
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Substituting in (6), we get the differential equation for v 

- - c- 

The only singular point of this equation situated m hnite regions is the 
limiting point p = 0 by criterion (5) of ^ 2 it is a pole We theiefore 
make the assumption 

V = pyto, ^ (7a) 

V = 0 1, 2 

To find the characteristic exponent y, we substitute (7a) in (7) and look 
for the factor of a^py ” ^ It is 

y(7 - 1) + 2y - l{l + 1) = 7(7 + 1) - l{l + 1) (7b) 

Equated to zeio, it gives the two values 7 = I and 7 = - Z - 1, of which, 
however, we can use only the first if our solution is to be a pioper function 
of the problem So we replace (7a) by 

V = phv = ^ ^ (7c) 

012 


On substitution in (7) the factors of all powers of p must vanish This 
gives a recurrence formula for the coefficients namely, one consisting 
of two members For we get from the factor of p*' + ^ ^ 



We now wish to arrange that w becomes a polynomial, that is that the 
series (7c) ceases, say, at 

V Thr (9) 


in which the notation Ur may suggest “ radial quantum number We 
accomplish this by making the factor of m (8) zero for v — by 
setting 

IB 

= 9Z,- + Z + 1 = ?z (9a) 

J - A 


whereupon obviously all the later coefficients a„ vanish for v>nr The 
symbol n is to hint at the principal quantum number ” From (9a) we 
-now get, by squaring, 

B2 


A 


n‘ 


But in view of the meaning of A and B in (3a) this is the Balmer term 
and includes the correct definition of the Bydberg constant 


^TT^me'^W 


( 10 ) 


Thus the discrete spectrum of the hydrogen problem has been found 
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We have next to make some obsei rations about the significance 
of our definition of Z The old principal quantum numbei 7i was com- 
posed, according to eqn (9a), of two positive integeis 7?, and Z, both of 
which could assume all values between zeio and infinity , n,, as aheady 
mentioned, corresponds to the radial quantum, Z is our piesent 
azimuthal quantum/’ such that Z + 1 equals oui eailier numbei k 
Thus for k wave-mechanics gives all the positive integers except ^ero If 
we interpret h in the sense of the old ideas of oibits, this means that the 
pendulum orbits ” (Pendelhahne7i) h = 0, in executing which the election 
would come infinitely near the nucleus, are excluded in the new theory 
quite automatically as being incompatible with the ‘‘boundaiy condi 
tions ” For the old quantum theory the reason foi the exclusion of Z, = 0 
offered an essentially insoluble problem,* for the exclusion of pendulum 
orbits m the case of the relativistic Kepler problem and of the Staik effect 
led to difficulties in the case of the Zeeman effect, accoiding to the adiabatic 
principle (cf Atombau, Chap V, p 405), wheie the coiiesponding oibits 
cannot be logically excluded Particular disagreement was found to 
occur in the case of crossed electric and magnetic fields Wave mechanics 
overcomes these difficulties in the simplest fashion by not yielding those 
states which would conespond to the pendulum oibits They do not 
come into consideration at all and so cannot conflict with the adiabatic 
principle We may also point out that an appropiiatc lepiesontation of 
the facts offered by the anomalous Zeeman effect compelled us even in 
Atomhau, Chap VIII, to adopt measures which conespond exactly to the 
introduction of I k — 1 which has its logical foundation m wave- 
mechanics t 

Further, we see that m the sense of the definition on p 18, the Keplei 
problem is degenerate, for to the proper function with the quantum 
number n there correspond all pioper functions 

ijs = En^(p,,)Pf (cos 

wheie for the present we denote the degree of K by tho lower index n-r 
Now the quantum numbers ti, Z, m, are bound together by the following 
relationships J 

Z ^ - 1, I m I ^ Z, 

as may be seen directly fiom the definition of PJ*^ and from eqn (9a) , by 

* See m particular the remarks by W Pauli in Vol XXlll of tho irandbuch der 
I^hys%h (Geiger Soheel), especially pp 169 et and 164: 

t For in Atombau, p 587, eqn (5), we defined ja « - 1, and saw in eqn (18), 

p 622, that the Xjandd g formula, if the symmetry of its structure is not to be 
destroyed, demands the use of the in place of h We shall of oourae in future drop 
the rather unfortunately chosen symbol and write I instead 

4: Concerning the possibility of m having the negative sign see footnote, p 68 In 
the sequel we shall as a rule calculate on the assumption that w* takes all values from 
— Z to -f- Z 
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(9a) nr IS determined by Z, if n is known So for one and the same n we 
have the following number of proper functions 
— 1 + z « — 1 

^ ^ m = ^ (21 Jr 1) = v? (10a) 

Z 0 m= — iJ 1 = 0 

that IS, every prosper value is - lyfold degenerate 

We wish to study the proper functions belonging to the pi oper values 
(10) more closely By (5) and (7c) their radial component is 

R “ ID 0 ~ 

where iv is a polynomial of degree Ur Although this polynomial is com- 
pletely determined by the recurrence formula (8) (except for a multiplying 
constant), we shall set up the diiSferential equation for tv Por this 
purpose we calculate Irom (7c) 


V = "f 


2lw' 

P 


m - 1 ), 




and by substituting in (7) and reducing simply with the help of (9a) we 
get 

pw’^ + [2(Z + 1) - p]w;' + (n - Z - l)^^? = 0 (11) 

We have already encountered this equation in § 3, eqn (21b) As 
worked out there, it arises through successive differentiation fiom the 
differential equation of the '' Laguerre polynomial ” 

xy” + (1 - x)y + ky = 0 (12) 

Por if we denote the differential quotient of y by w, then 

xw" + (^ + 1 - x)w* + {k - i)w = 0 (12a) 

holds Comparison with (11) shows that in our case 
-z.=:2Z-f-l, k = n + I, X — p 

Denoting the Laguerre polynomial as usual by L, its degree by the 
lower index and the number of successive differentiations by the upper 
index, we write 

■>v = R = e-'-W (13) 

Nr stands for a normalising factor that we shall presently calculate 
Accordingly, the degree of w is 

+ Z — (2Z + 1) = n — Z — 1 = Wr 
in agreement with (9) and (9a) 

Next we shall derive a method of representing the Laguerre poly- 
nomials which IS convenient for our purpose We assert that if we 
again denote the degree by k 

L*(a3) = e»^(x*’e-») 

To prove this we set u = x^e “• ^ 

By differentiating once with respect to x we get 

xu' ^ (k ^ x)u, 


( 14 ) 
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and from this by dififerentiating {k -h 1) times and appl 3 nng the product 
rule 

+ 2) ^ + 1) ^ _ x)u^^ + 1) _ (A; + l)u^^) ( 14 a) 

If we now set Ljt = ^ and, linking up with (14), -z#) ^ ye- ^ and work 
out 

+ 3} = (^* - y)e — + 2 ) — (^" _ 2y' + y)e “ * 

we get b\ substitution in (14a) 

a:(y" - 2y' + y) + (k + l){y' - y) = Qs - x)(y' - y) - (k + Tjy 

and this is in fact identical with (12) 

By (13) the coi responding foimula foi our polynomial w is 

4* 1 / + Z \ 

We now wiite down the condition of orthogonality^ for any two proper 
functions itr^aTn and if/n'i’m' according to eqn (15a), § 5 

f , ^ fexcept when n = n\ I ^ V and m = m' 


r • , ^ / except when n = n , I ^ I i 

^ 1 Simultaneously 


Since by ^ 6, B this condition is already fulfilled by the <j>- and 6 
components of the ^*s, unless m = vt! and Z = T simultaneously’', in order 
to find the additional condition for the 7 component we must set m' = m 
and V ^ I We get (by definition, B is real) as the rad%al cond%tion of 
orthogoyvality 


0, 71 ^ 7b 


FinaUv, foi 7i = n, V = I and m = m we get fiom eqn (15b) of § 5 a 
normalmiig cmidition for the functions B Takmg into account the method 
of representing B m (13) and the changed notation for the quantum 
number, we get for it 

(?)’j - n; (17) 

J - (17*) 

(17) determines the normalising factor Nr , the factor , which arises 

through the transition (4a) from r to p is due to the circumstance that our 
normalismg condition refers to the variable r while we have obviously to 
effect our mtegration m the variable p 

To calculate J we express one of the two factors L as a differential 
quotient and combine the other with the power of p into a whole function G 

J-JoGn+Z + i e 

+ z 4- 1 = = ap" 4- ^ + 1 + ypfi + I + 


(17b) 
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Integrating {21 + 1) -times by parts and again writing down only the 
highest powers of p we obtain (the factors and /) 2 ( 2 +i) make the terms 
not iindei the integral sign vanish) 

1 = 1 {ap^ + ^ + 1 -i- hp^ + ^ ~ a{2l -f 1) (n Z + 1) ^ ““ ^ idp, 

that is, if we use the form (14) for ^ i 


J == r + 

+ [6 - a(2Z + l){n + Z + l)]p-+ ^ + ^e-^)dp 

Integiating by parts {n + Z)-times more we get 


( - 1)” + ^ J = a{n H- Z + 1) J J p^ + ^ “ ^^Zp 

+ {6 - <x(2Z + l){n -f Z -I- l)}(n -f Z) » p^ + - ^dp 


(17c) 


while all the later teims of the expansion vanish in the mtegiation by parts 
(17c) is equivalent to 

( i)n+ij = a[{n + Z -H 1) »]^ + {Z> - a{2l ^ l){n-h I + l)}[{n + Z) (17d) 
By (17b) and (14) the values of a and b are 


a« (- 1) 


n + l. 


(n H- Z) t 
(71 - Z - 1)1 


b « (- 1)^ 


t + ?~1 


(71 4- Z) 


(71 -h Z) ^ 
(tz - Z - 2)1 


Substituting in (17d) we get 

^ _ 2 jz [(7 z 4- Z) T 
“ (w - Z - 1) » 

This determines our normalising factor Nr For by (17) 

— - /2y (7^ - Z - l)t 
NJ ~ 27^[(7^ 4 - Z) 1]^ 


(18) 


(18a) 


(&) E 0, Correspond%7ig to the Hyperbolic Orbits of the Earlier Theory 
We now set 

A = + A (19) 

and get asymptotically by (3) 


dr^ 



E = e ± 


It is not possible to make a choice between these two solutions, as 
neither becomes infinite for r == 00 (mdeed, they both vanish, as a more 
accurate estimate will show) This already shows the greater mamfold 
of solutions compared with the case {a) and expresses itself in the form of 
a contirmous solution Analogously to (a) we now set 
VOL IL — 5 
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± 

p = 2r/ro = 2 ^/Ar, E = ^ 

E' = e ± ^vj, E'" = e 


(20) 


and find for ^ the differential equation 

”'■ + 0 * •)»' + [(^ - » 


( 21 ) 


which IS analogous to (7) The assumption (7a) gives, as befoie, y = Z as 
the only possible characteristic exponent at the zeio point But the 
“ polynomial method ” now fails on account of the imaginary coefficients 
in the differential equation Nor would it lead to the desired end, since 
a polynomial, when multiplied by 6 ± would become infinite for p = oo 
If we actually insert the assumption (7c) in (21) and equate the coefficients 
of pv-i-i-i to zero, we get the recurrence formula 


{(v + Z + l)(v + Z) + 2(v + Z + 1) - I(l + l)}a, 

= |+»(v + z + l) I (22) 


If we wished to force the senes to end, we would obtain an 
B 

imag%nary value foi — which would contradict our present assumption 
V A 

about A and B, respectively Consequently A and hence aUo B remains 
indeterminate We now have a continuous spectyvm of proper values 
E > 0, which follows continuously on the limit of E = 0 of the discrete 
spectrum 

It IS a particularly beautiful feature of Schiodmgei’s theory — and 
surprising fiom the mathematical point of view — that it connects the 
continuous spectrum by an uniform analytical process with the line 
spectrum of hydrogen The older theory (cf Atombau, Chap IX, ^ 7) 
required special though quite plausible physical assumptions to achieve 
this 

By (20) the radial component E of the proper function now becomes 
00 « 

E = 6*^/“ ^ OpP'' + « + e - ^ aV ' (23) 

0 0 


The a„’s are here to be calculated from (22) , the fact that the coefficients 
m the second term of the summation are conjugate is directly clear by 
(22), if we choose to be real and equal m both terms The appearance 
of the infinite series in (23) introduces no difficulty, and cannot affect the 
postulate that the proper function must remain finite for p « oo Bor 
we saw above that the two asymptotic particular solutions of E remain 
finite for r — GO , but the particular solution implied in (23) which is finite 
at the zero pomt is Imearly composed of these tw, The present case is 
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different from that treated under (a), in which one of the two asymptotic 
particulai solutions went to oo like e + 

It is easy to estimate the asymptotic behavioui of E to a second 
appioximation Por if we set 


E = ae ± (23a) 

and treat a, according to method given in eqns (13c) of § 2, as a slowly 
variable quantity, we get from (3) the asymptotic differential equation 


da Iq; 1/3 

■j — h a = 0 

dp p 


with the abbreviation 

/? = Bro = 

and obtain from it by mtegration 

log a = - (1 qp )S) log p 4- const 


B 

^/A 


const , a , « 

a = e db log ^ 


(23b) 


So we see infinity is, indeed, an essential singularity tor the pioper 
function E, but if we move towards this point along the real axis, E 
certainly does not become infinite , lather it approaches the value zero 
with decreasing oscillations, as already remarked above 

Eevertmg to the original variable r we wiite the two asymptotic 
solutions contained in (23a and b) m the form 

Q 

E = -e ± + “) ( 24 ) 


which IS usual for a spherical wave (moving outwards or mwards) 
we have set 



^0 


a = log r 


In it 
(24a) 


C IS a complex constant, a a slowly variable real quantity 

We shall require this method of representation later in a more 
iigorous form to explain the photo-electric effect 

We have here limited ourselves to prove the existence of the continuous 
spectrum and of its proper functions This proof, in spite of its elementary 
character, seems to us convincing We have not needed the more ad- 
vanced analytical devices whion Schrodinger calls into action for the con- 
tinuous and the line spectrum, namely complex integrals and Laplace’s 
differential equation But we shall explain these methods in Note I at 
the end of the book 


B Two- and One- Dmiensional Kepler Problem 
If we treat eqn (1) in plane co-ordinates r, that is, set 
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for example, the angular eo-ordmate (corresponding to the circular 
oibit of the oldei theory * Bqn (1) then assumes the form 


5-3 


HT' 




0 


Its solution, peiiodic in is 

ify = 

if we take n as integral and make it subject to the condition 






(27) 


We are troubled with the indefinite denominator r We can eliminate 
it by making use of the rule of the older quantum theory that the mean 
value of the potential energy is equal to twice the total energy We shall 
elucidate in Chap II, § 9, what this rule signifies in wave-mechanics and 
on what it is based In our case, foi which r is constant, it states simply 


that 



2 E 


If we substitute this in (27), we get 




that is, 


E - - 




- 0 , 


(28) 


This IS again the Balmer term, and in this case n is integral We thus 
find the same remarkable change from integial to half-integral and back 
again to integral quantum numbers in passing from one dimension to two 
and three dimensions, as we found earlier in § 3, C, for the oscillator, and 
likewise for the rotator 

G Numerical and Graphical Bepresentatwns of Propei Functions Meaning 
of the Quantum Numbers in Wave-Mechanics Comparison with the 
Earlier Ideas involving Orbits Spherical and Axial Symmetry of the 
Charge Cloud 

We next give a tabular summary of the proper functions of the Kepler 
problem in the case of discrete states As a preliminary step we represent 
in Eig 5 the series of Laguerre polynomials , the expressions given in the 
figure foUow directly from (14) The general formula is 

l^icc) = ( _ l)«(a5» - ^33" - 1 + ( - I)«n i) (29) 

* We might also mtroduce elliptic co ordinates and, as an analogy to the periodic 
elliptic orbit, work out a solution of the wave equation which depends periodically on 
one of the two elliptic co ordmates 
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To explain Table 1 on p 



71, we further remark that m the ex- 
pression P7 oi the spherical har- 
monic ^ = 0 makes m = 0, since 
we always have 

\m \ ^ I, 

and that it follows fiom 7i = X 
that Z == 0 and nr = 0, since, by 
(9a), the relation 

Z 4- — 1 


Lj = -a: + 1 
I* = a- - 4a? 4 - 2 

= -a:3 4- 9x^ - 18a? -r 6 


In the figure Lo and Lg have been 


multiplied bv the factors i and — 

6(1 4- Jtj d) 

which have b^n chosen thus in order that 
the principal maxima (or minima) of L. 
and Lij become equal to + 1 


holds 

We then calculate the length 
Tq defined by (4) By taking (3a) 
and (10) into consideration we get 


2 _ 

Sir^m 27r^me^Z^* 
n _ an 
’■« “ Z~'Z 


(30) 


Here a is the ladius of the fiist Bohi circle m the oldei theory of the 
hydrogen atom (efc I, Chap IV, ^ 3, eqn 7), and so ajZ is the correspond- 
ing radius for a nucleus with chaige Ze So oui reflections based on 
the theor} of functions, in particular our method of asymptotic approxi- 
mation, which led to the definition of the quantity rQ, point directly to 
this oibital radius a 

If we measure ? m units of the radius a/Z, that is, set 



our definition (4a) for the \aiiable p becomes 


^ ^ 2 
~ n n 


(30a) 


(30b) 


Concernmg the values of we refer to Pig 2, § 2, and concerning the 
expressions for B to eqns (13) and (18a) Por example, for n = 1 and 
Z = 0 we have 





On account of the choice of sign m the case of we can always arrange 
that iff, for example, becomes positive for r = 0 The value of \j/ in 
the last column but one of the table then follows from eqn (2) The 
last column <x)ntams the usual spectroscopic notation of terms and the 


B,(p) ”■9(7) ^ noimalised w Terms and Shells 


7 The Kepler Problem 


71 



2eos2ff-5 -m^e-pli — ^e-tn - ,/s _ cob“ - g 3 d,Miy+Mv 

2 2 81^30 8V6 \2 2/ 
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allocation to the shells of the fully occupied atom (cf Atcmibau, Chap 
IV, p 280, Table XVIII), which we express in Bohr's notation The 
fact that according to this last column in many instances txvo different 
shells correspond to OQie. hydrogen state is due to our not having hitherto 
taken into account the differentiation of state due to the ‘‘ spinning 
electron ’* 

In Fig 6 we represent graphically the radial part of the pioper 

function tjj The following re 
lation of gieat generality is 
shown heie the number of 
zero points between the limiting 
points s = 0 and s = <x> is 
exactly equal to the radial 
quantum number nr The 
curves K, Ljj + Lim and 
Mjy -f My m Fig 6 have no 
zero point , by our Table they 
correspond to the case = 0 
In the case of Lj and also in 
that of Mjj -f- Mjjj there is one 
zero pomt , for then, by our 
Table, nr = 1, and the zero 
pomts in question lie at s « 2 
and s = 6 respectively At 
two zero points occur, 
correspondmg to = 2 , ac- 
cording to the Table they are 
given by - 18s 27 = 0 

and so lie at s = -1(3 ± VS) 
This leads to a simple wave- 
mechanical mterpretation of 
the quantum numbers , indeed, 
not only in the case of the 
radial co ordmate and of the 
Kepler problem but in all cases 
where, using the polynomial 
method, we can apply the 
following definition by forcibly 
breaking off an expansion in 
senes, that is, bj the degree of the resulting polynomial quantum 
numbers denote the numbers of nod^ in the proper function that lie between 
the limiting points for the co-ordinate in question This brings to mind the 
analogy of a vibrating strmg m which the ordinal number of an overtone is 
likewise measured by the number of nodes that he between the fixed ends 
of the strmg* 



Tne curves represent the normalised radial part 
of RnzI 


multiplied by the factor 

The factor n makes the ordinates 

of the curves L have twice the value that they 
are entitled to have according to normalisation, 
and makes the curves il correspondmgly appear 
three times higher 


-Kl) 
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According to O Perron the proof may be earned out as follows Let 
Pq, Pi, Pn be a system of orthogonal polynomials belongmg to the 

interval (a, b) and of degiee 0, 1, n, such that for every m<,n we 
have 

[ 'P^(x)Fn{x)p(x)dx =0 (31) 

Ja 

Heie p denotes an arbitrary “ weight-function*’ which does not vanish for 
a <C.by and may be taken e g as positive , the P’s can, indeed, be re- 
garded as defined by (31), in which ease the numerical factor would have to 
be fixed by a corresponding normalising condition Let us now assume that 
Pto has only v <,n roots X 2 , between a and &, and let us form 

gy{x) = (rc - x^{x - x^ [x - x^) 

Then gy{x)'!^n{x) is a function of uniform sign in the interval a to 6, and 
the inequality 

J gy{x)Vn{x)p{x)dx =j= 0 (31a) 

certainly holds On the other hand g^ may be compounded linearly from 
the polynomials Pq, P^, Pv 

V 

^ c^P^ 

0 

Hence by (31) the integral in (31a) would have to become equal to zero 
Consequently v me impossible 

V =s n leads to no contradiction, as then one member of the sum 
contains the normalising condition in place of the condition for orthogon- 
ality Since V >> n is excluded by the fundamental theorem of algebra, it 
necessarily follows that every polynormal P^ of an orthogonal system has 
exactly n zero po%nts between a and b If m accordance with our above 
remarks we identify the degree n of the polynomial with the quantum 
number, this number becomes equal to the number of zero points of the 
polynomial or, as we said before, equal to the number of “ nodes 

Ee verting to the Kepler problem we add that the weight-function p 
just used has the significance 

!P{p) — 

in the case of our derived Laguerre polynomial, eqn (13), as can be seen 
from the differential eqn (11) Our theorem also holds, of course, for the 
azimuthal quantum number Z, which in the case of w = 0 specifies the 
degree of the Legendre polynomial P The fact that this polynomial has 
exactly Z zero points between cos ^ — 1 and + 1 has long been known 

and manifests itself in Pig 1 of p 12 Pi = cos 6 vanishes once, 
Pg = § cos^ ^ — -J- vanishes twice In the case m 0 the degree of the 
polynomial belonging to P^ (we called it w m § 6) becomes equal to 
I — m Hence the function PJ = sin 6 that occurs m our table has no 
zero point within the interval under consideration 
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From the proper functions ifj we pass on to the associated charge 
densities eij/ij/* which we originally defined in eqn (16) of § 5 We first 
deal with the general symmetry of this distribution of charge We then 
see that in the case of the S-terms, that is, for Z = 0, the distribution is 
sphsTically syrnTnetricaly that is, independent of 6 and <j > , in the case of 
the P, D terms, that is, foi Z> 0, no matter whether w = 0 or > 0, 
the distribution becomes axially symmetrical about the polar axis ^ = 0, 
\Sihich howe\er is only mathematically distinguished Concerning the 
last remark we must add that it rests on the particular form 
which expresses the dependence on and m which il/ij/* becomes in- 
dependent of (f> In the case of the more general assumption * 



the axial symmetry is obviously replaced by an axial periodicity Furthei 
we must note that the position of the polar axis (when no magnetic field 
iS acting) IS physically indefinite, so that the symmetry or periodicity m 
question can occur about any axis m space This clearly corresponds 
to the spatially indefinite orientation of the orbital planes in the earlier 
theory 

In Fig 7,t however, we shall not plot the charge-density itself, but in 

* On acecnint of the normalisation the constants a and b here introduced are bound 
by the condition 

f These curves, hte those m 3B*ig 6, are m the mam taken from a naper bv L Pauling. 
Proc Boy Soc , 114, 181 (19^) r j 
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each case the charge integrated over the spherical surface of radius s 
[eqn (30a)], namely 


P = 


N 


(32) 


The resulting curves are instiuctive in several respects Pirstly, they 
illustrate how far the ‘‘charge-cloud’' (LadungswolJce) into which the 
electronic charge e becomes merged according to Schrodinger (cf also ^ 8), 
extends itself The fact that p vanishes for s = 0 whereas xjj itself had a 
maximum there in several of the curves of Fig 6, is, of course, due to the 
factor in (32) Starting from s = 0, p either increases directly to a 
maximum or first passes through some smaller maxima to a prmcz^al 
maximtcm, after which it decreases exponentially as far as infinite values 
of the abscissa 

We compare this distribution of charge with the shells of the corie- 
sponding w^i-orbits of the older theory According to the new view these 
shells are by no means thin, sharply defined shells, but very much 
widened regions of continuous space charge, which may e\en be sub- 
divided regions But for each of these distributions of charge we may 
define a sphere of mean radz'us Sm such that it divides the total charge 
into two equal parts The corresponding ordinate of the charge-distribu- 
tion IS exhibited m the figure and in each case lies neai the pimcipal 
maximum If we call this Sm, for brevity the radius of the shell, we see 
that the radius of the K-shell is the smallest, the two radii of the L-shell 
are greater, and those of the M-shell are gieatest, quite in accord with 
the earlier ideas 

There is a still further correspondence between the earlier ideas and our 
present view To illustrate this the dimensions of the hydrogen orbits 
according to the older theory are shown in the figure, namely for the 
K and Lj shells (circular orbits) they aie marked off along the 
ic-axis as dark lines and extend from s = 0 to the value of s that corre- 
sponds to the circular radius in question We see that the dimensions of 
the paths of the earlier theory coincide in the mam iiith those of the p'tesent 
charge-dish ibution 


D Motion of the Nucleus 

Hitherto we have treated the Kepler problem as a one-body problem 
We now pass on to the two-body problem We may deal with it very 
quickly by referring to § 3, B We start out, as in § 3, E, from the 
partial differential equation (23) in the phase space of six dimensions, 
namely m the space of the co-ordmates of the electron and 

of the nucleus, and build up from them the co-ordinates of the centre 
of inertia and the relative co ordinates xyz The wave-function ^ of the 
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whole problem splits up into the wave function ifs of the relative motion 
and X ot the “ motion of the centie of inertia ” 

X (jn + M)| = mx^ + Mx^, 

in which we ha\e called the masses of the electron and the nucleus, as 
usual, m and M The differential equations (27) and (26) of ^ 3 hold for 
0 and X, the significance of the potential energy Y being correspondingly 
altered We write the equation (24) defining the “ resultant mass ” m 
our present nomenclatuie thus 

1 1. 1 _ mM m 

+ m/M 



Eqn (26) of ^ 3 now, too, possesses the continuous spectrum theie 
described (cf also the end of ^ 1), coriesponding to the indefimteness of 
the motion of the centre of ineitia, or the arbitrariness m the choice of 
the system of reference On the other hand, eqn (27) of § S is identical 
with oui eqn (1) of the present section, except that m is replaced by fx. 
and E E — Ei (Ee = energy of the motion of translation) Conse- 
quenth , e\ ervthing that we have derived about proper values and proper 
functions can be taken over from the one-body problem and applied to 
the two bod} problem In particular, the spectral equation (10) remains 
in force, except that m is replaced by /x The Mydhe^g constant R accord 
ingly now has the \alue 




(34) 


It IS unnecessary here to do moie than pomt out the beautiful way in 
which this formula has been confirmed spectioscopically (by the small 
distances separating the Balmer and the Pickering lines, I, Chap , IV, 
p 222) The new theory accounts just as well for this and by means of 
the same formulae as the old theory But what are we to say about the 
assertion on p 223 (of the same chapter) that the differences between 
the lines (namely of the Balmei and Pickermg series) give us definite 
information to the effect that m our mtra-atomic planetary system the law 
concerning the persistence of the common centre of gravity remains in 
force ^ Can we still mamtam this assertion‘s Por we have now no 
planetary system, no concentrated masses or charges, still less m the 
case of the nucleus than m that of the electron (cf below) Yet there 
can be no doubt that our result rests on the law of the persistence of the 
centre of inertia of mechan cs It retams its place also m micro-mechanics, 
even if it does not here refer to point-masses but to mean values (cf 
Chap II, ^ 9) It IS not the certamty of mathematical statements but 
only the vividness of the mental pictures {Ansohauhchkeit deo Vorstellung) 
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that becomes weakened in micro mechanics as compared with macro- 
mechanics 

We shall now answei the question as to what “ charge-cloud ” is to be 
ascribed to the nucleus in the two-bodies problem , the charge-cloud of 
the electron relative to the nucleus will remain essentially the same as in 
the one-body problem We shall seize this opportunity to explain the rule * 
given by Schiodinger for defining in the case of several point charges the 
charge distribution to be ascribed to each individually This rule, 
specialised for our two-bodies problem, runs keep the co ordinates £r 22 / 2‘^2 
of the nucleus fixed and integrate the absolute value of the proper function 
^ over all possible co ordinates of the electron Multiplying the 

result by e, we get the density of the charge cloud of the nucleus at the 
point 352^2-^2 gives in our case 

p2 = 

= e^^^dx,dy^dz^\^(uyyz)\^\^{^0\‘ (35) 

Instead of we may now introduce a? = o?! — iCg as the variable of 

integration, where, by (33), 

^ ~ m + M.^’ 

So if we neglect the ratio i and hence also x becomes independent 
of the variables of integration x,y,z In place of (35) we may therefore write 

Pi = «lx(t> V, 

But the integral that remains in this is equal to unity by the normalising 
condition, and we therefore get 

Pi = V, 01^ 

Now, we had x = except for a constant (cf E, § 3), thus | x I == const 
Accordingly also p 2 — const 

The charge-chud of the nucleus %s uniformly distr%huted over the whole 
of space to an infinite distance^ and of course with the density zero, since 
we must postulate 



In essence this asserts nothing more than that in the absence of 
external fields every point of space is equally probable as the centre of 
inei"tia of an atom If the atom is enclosed in a cavity {Hohlraum), the 
remarks at the conclusion of E, § 3, must be observed the density of the 
charge-cloud of the nucleus becomes finite but is nevertheless still 
appreciably constant in the whole of the cavity 

E The Selection Buies for the Kepler Problem 
The quantities gn^ m V matnx elements,*’ eqn (21), § 5], which lead to 
the selection rules, must now be written with six mdices Combinmg 

* Sohrodinger, Collected Papers on Wave Mechanics, Quantisation as a Problem of 
Proper Valties, Part IV, §§ 2 and 7 (Blaokie <fc Son, Ltd ) 
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We shall now endeavour to apply the simple argument of § 6, A, by com- 
paring the integral S with the condition of orthogonality of the radial 
proper functions By (16), the same variable of integration s being used, 
this condition is 

t = 0 (38b) 

in which the “ weight-function ’’ p{s) has the significance 

p(s) = + % " (” (38c) 

For this purpose we combine the first two factors under the integral sign 
in S, after splitting off the factor to a polynomial G (of degree n' - 1) 

and write S as follows 

S = JjG(s)L|'+^i(?s)^)(s)ds (38d) 

Of course we can now also develop G m terms of the polynomials L 

n — l 

G = (39) 

0 

But the condition of orthogonality fails us, as it no longer enables us to 
carry out the integration (38d) 

For if, as a result of the comparison with (38b), we make v + + 1 

n + I, that is, 7^' == V + Z -h 1, jp becomes dependent on r, whereas in 
(38d) p is to have the same value (38c) for all members of the sum (39) 
Consequently the condition of orthogonality does not here lead to the cal 
culation of [r] and, in particular, gives rise to no selection rule for the radial 
quantum number 

F Questions of Intensity Lyman and Balmer Series 

The circumstances ]ust described also increase the difficulty of cal- 
culating intensities generally We therefore restrict ourselves to the 
simplest cases 

(a) In the Lyman series the final state is ra = 1, and hence certainly 
Z = 0 In the initial state n* is arbitrary, but by (37) V certainly — 1 So 
we have 

- - 1 [eqn (29)], 

L?4l-.‘(|*)- +.(!«) 

If we choose 2 sjn == a? as a new variable of integration and, from now on, 
omit the dash from n* then, by (38a), we have 

Ss - (I) J^a:*l4 + i(iB)e ® 



(40a) 
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To perform this integration we use a special de-9ace In the exponential 
function we tempoiarily replace i{n + 1) by an arbitrary numbei a and 
write 

+ (40b) 

Integrating by parts three times, in which process we may omit the 
terms independent of the integral sign, as they will drop out of them- 
sehes in the following diffeientiations with respect to a, we get, taking 
(14) into account 

Si = ^ .{X)dx = a* \\ - +^e--) 

Further integrations by parts lead to 

Si = a’(a - 1)" ® ~ 

Introducing 2 ^ = as a new variable of integration, 


and so, by (40b) 






(g - 1)^ + ^ 


cxr 


(40c) 


We next differentiate A successively with respect to a After three 
differentiations the factor 

(71 + lj7i(n - 1) = _ 2) I 

may be extracted Four differentiations give 

1\« - 3 


Aiv _ ' 

^ " (n. - 2) > 


(' - IT 




■ (w + 2 — 4a) , 


if we now write for a its value ^{n + 1), 

(tz. 4" 1) ^ (?2» — 1)^ ~ ^ 


Aiv r= - 2% 


and so, by (40c), 


S = + 


(w - 2) » (/^ + 1)^ + 3 
1(71 + 1) ^y(n - 1)” - s 


(w - 2) t (n + 1)»^ + s 

In our case (for which we set n = 1, Z =s 0 and n' ^ n, Z' = 1) the 
quantity C in (38a) becomes 

G--1- JL/£V 2 

^-Ni,oN„,Az; 

Hence by (38a) 

~ Ni, 0 N„, A \ZJ (n - 2) I {n+ 1)» + « 


(41) 
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To calculate the N’s we must use eqn (18a) For n = 1, Z = 0 we 
also have w = 0 and = a/Z by (30) So that for the dual term we get 

j-=4 r-v 

0 

If we restrict ourselves to the ^-component of the emission (the and 
7 ;-components must yield the same final result), then, on account of the 
selection rule (37a), we must also set m = 0 for the initial term Eqn 
(18a) then gives 


Consequently 


1 y - 2) ’ 

K 1 “ + 1 ) 


_i L_ = 4^2 Y Kn - 2) I 

Nj^, 0 1 \tt/ y (n + 1 ) 


(n + 1) > n^{7i + 1) f 


Substituting in (41), 




(n — 2) • (?2 + 1)" + * 


(41a) 


By the second eqn (36) this expression is yet to be multiplied by the 

factor [^<^] 2 » which, by § 6, comes out as -i 

Jo 

To obtain a measure of the intensity we must remember that our 
matrix elements rj signify electric moments Mg, Ma-, with the 

time factor where oj is the frequency of the corresponding spectral 
line The intensity observed in any particular direction, for example the 
positive direction of is calculated from the total moment M by 
differentiating twice with respect to t (cf , for example, I, Chap I, p 25, 
eqn (2)) in accordance with the formula 


M2 sin2 $ + M^ 


2m 


a^M? 


47rC^ 47rC^ 47rC^ 2 tC^ 

9 denotes the angle between the vector M and the direction of observa- 
tion z 

Now, for the line of the Lyman series 

— = El 1 - — ; , that is, ^ ^ 

We therefore get for the intensity * 


_ 2^ (w -h 1) 1 (7^ - 1)2^ - ^ 

(n — 2) I (n + 1)^ + 2 


or, written more simply, 


n{n ^ 


(42) 


* We have cancelled the nmveisal factor in order to get into agreement 

with Pauli’s result (cf next footnote and Schrodmger’s Collected Tapers, p 101 J 
VOL IT — 6 
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As^mptoticallj for w oo this gives 

T 1 

as can also be deduced from the correspondence pimciple foi 
arbitrary senes 

(6) In the Balmer senes the final state is n = 2 and Z = 0 oi 1 In 
the first case the selection rules (37) give Z' = 1 for the initial state, in 
the second case I' can = 2 or 0 So we ha\e three possibilities which 
have airead-* been kept distinct in I, p 336, and have been characterised 
by the senes notation principal series, diffuse senes (first subsidiary 
series), sharp series (second subsidiary senes) 

71 = 2, Z = 0 = 2, Z = 1 = 2, Z = 1 

71 > 2, Z' = 1 71 > 2, Z' = 2 w' > 2, Z' = 0 

71 p 2& I 71 2p ns 2p 

Principal senes Diffuse series Sbaip senes 

Here, too, the intensities may be calculated by the method used for the 
Lyman series, but the working is a little moie cumbersome 
We shall only quote the results 

1 Principal senes J = 

2 Diffuse senes J = 

2^nln - 2')2»i - 2 

3 Sharp senes J = ^ 2)^" + =^ 

As the sum of all thiee senes, which alone is observed in the case of 
hydrogen, one gets 

Total intensitv 

1+2+3 J = - 32n= + 16) 

The formulae for the intensity of the lines m the Lyman and the 
summed Balmer series were first calculated by W Pauli and communi- 
cated by Schrodmger * together with a general method of representing 
the corresponding matrix elements as series Sugiuia + has extended the 

calculation to the Paschen senes ”■ The component senes of 

the Balmer Imes and a great number of higher series have been 
calculated bj A Kupper t A knowledge of the component senes is 
necessary for makmg a comparison with the observed series of the 
alkalies This comparison comes out very favourably m the case of the 
ibsorption measurements of the principal series earned out by Trumpy,§ 

* CoHlecied Papers, Quanttsatwn and Proper Values, HI, p 101 
f ^aaxn de phys , s6ne 6, 8, lid (1927) , ZS f Phys , 44, 190 (1927) 
t I>iss Munchen, Ann d Phys , 86, 511 (1928) 

§ ZS 1 Phys., 4% 327 (1927) , ^ 575 (19^) 


Pimcipal senes 


2 Diffuse senes 


Sharp senes 


-{15n^ - 32^2 4- 16) 
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if the vaiious alkalies are rationally allocated to the different hj-diogen 
series (Li to the Balmer series, Na to the Paschen series, K to the 
Brackett series, and so forth) On the other hand, the emission flame 
spectra measured by Miss Bleeker"* * * § do not agiee at all with the theoij, 
nor do the hydiogen senes themselves, which seem paiticularl}- sensitive 
to the conditions of excitation t 

^ 8 Statistical View of the Continuous Charge-cloud Complete and In- 
complete Shells Magnetic Moments Spatial Quantismg Physical 
Applications (Sphere of Action in Collisions, Supposed Double Eefrac- 
tion in a Magnetic Field, Lattice Forces) 

A Statistical View of the ContiniLOUs Chaige-cloud 

We refuse fiom the outset to take literally the charge-cloud to which 
Schiodmger s theory leads Eathei we shall retain the well-founded 
view that the election is point-hke in form or at any rate is a configuration 
of sub-atomic dimensions We are led to this belief b\ all experiments 
with cathode rays, their passage through metallic films, and the in- 
divisibility of the eleotionic charge A theoretical factor also enters, which 
IS furnished by the Schiodmger theory itself in the assumption of the 
wave-equation every election is treated as a point in the phase space 
and calculations are made with definite co-oidinates x^y^Zl that is, 
the electron is not treated as a continuous region For example, in the 
Kepler problem we set the potential energy between the nucleus and the 
electron proportional to {x^ + -t- in the wa\e-equation, and we 

thus give the nucleus the definite co oidinates 0, 0, 0, and the election 
the likewise discrete co-ordinates x^y^z If deductions from the wave- 
equation lead to an apparently opposite result, no literal meaning can be 
attached to it 

Consequently the chaige-cloud can have only a statiUical meaning 
Giving up the idea of individual orbits we regard the charge cloud as the 
sum-total of possible paths of the electron and imagine the average time 
of stay of the electron in each individual position as determined the 
charge-density at that point This statistical view, first given a logical 
basis m the papers of Born,J was placed on broader foundations by Pauli, ^ 
Jordan, II Heisenbeig,** * * §§ Dirac, tt London, and others §§ x\ccording to 
them the quantum theory is rooted in the very fact that the measurement 

* According to results kindly communicated to the author by letter 

t Herzbeig, Ann d Phys , 85, 565 (1927) , cf also L Omstein, PhysiLal Zeitschr , 
28, 688 (1927) 

+ M Born, Zeitschr f Phys , 38, 803 (1926), 40, 167 (1927) 

§ Cf the quotation m Jordan’s paper, Zeitschr f Phys , 40, Sll (1927) 

HP Jordan, Zeitschr f Phys , 37, 376 (1926), 40, 809 (1927) , 41, 797 (1927) , 44, 
1 (1927) 

♦♦ W Heisenberg, Zeitschr f Phys , 40, 501 (1927) , 43j 172 (1927) 
t+P A M Dirac, Proc Boy Soc (A), 113, 621 (1927) 

tJF London, Zeitschr f Phys , 40, 193 (1926) 

§§ M Bom, W Heisenberg, P Jordan, Zeitschr f Phys , 35, 567 (1926) 
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of phj sical quantities is essentially characterised by a lack of piecision, in 
that the accurac} of measurement of one of two canonically conjugate 
quantities is conditioned bv that of the othei (Heisenberg s Uncertainty 
Belation, Ufigefiamgkeitsrelation) In apphing this idea to Schrodingei’s 
theoiy the energ% and the time co-ordinate are to be regarded as these 
two special quantities In the pioper states the energy is sharply detei- 
mined , this makes the determination of the time impossible and the idea 
of Dibits tiaversed in time falls out of the pictuie Only the aveiage time 
spent hy the electron at everv point, that is, the density of the chaige- 
cloud, allows itself to be determined 

It IS quite in conformit}^ with the sense of these general theories that 
the ^ function is itself a mathematical auxiliary quantit}^ (Hzlfsgrosse) and 
that it IS onl}r its Norm * ( multiplied by e) that has a real physical mean- 
ing, namel} the density of chaige p The i/r-f unction coriesponds to what 
Jordan calls the piobabilit^ amplitude ” in contradistinction to the real 
probabihty, which is defined as the modulus of the probability -amplitude 
and IS generalh complex Simple differential equations do not, howevei, 
hold for the moduli but foi their Imear factois, the amplitudes , — all this 
IS analogous to the state of affairs m Schiodmger’s theoiy 

We wish to go beyond this and although with less ceitainty point out 
a closer analogy^, namely one which emeiges fiom the lelationships in the 
electromagnetic field heie the physical, that is, measuiable quantities 
are the components of the energv -potential-tensor, that is, quadratic 
functions of the field intensities Simple differential equations, namely 
those of Maxwell, do not, however, hold foi the tensor components but 
for their lineai factois, the intensities These field intensities may also 
be regaided as mathematical auxihaiy quantities introduced for calculat- 
mg the actual physical relationships between the eneigy and the motion 
When we called the wave-mechanical density of charge a statistical 
mean of the electronic orbits previously used we did not imply that this 
mean is to be taken in the ordmary way In wave-mechanics there is 
a finite density of charge, although only small, far outside the region of 
the earlier orbits, that is, m a region where ordinary statistics would lead 
to a zero value Thus a new sort of statistics is involved which, mdeed, 
is relate to but not identical with the ordinary statistics of the oibits of 
cla^ical mechanics 

B Symmetry of tJie Charge Distributwn, m Particular in the Case of 

Complete Shells 

When dealmg with the Elepler motion, § 7, C, we emphasised that the 
S terms, that is, the states with 2 = 0, behave as if endowed with spherical 
symmetry, but the P and D terms (I > 0) behave as if they are only axially 
pjjmmetncai This symmetry not only simplifies the apphcations of the 
|feeory but, mdeed, plays the decisive part in representmg the physical 
ftbcts (cf the examples treated under H and P) 

*See p 34 
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What holds for the hydrogen atom may be applied qualitatively 
to the more complicated atoms In them, too, the S terms are 
spherically symmetrical For if, following Atomhau, Chap YII, § 4, we 
imagine the dissimilarity of such atoms to hydrogen as produced by a 
centially-symmetrical but non-Coulombian supplementary field, which 
represents the action of the atomic core on the series electron, this field 
can disturb the course of the qualitative values of the pioper functions but 
not their central or axial symmetry In other words, the inner central 
field will affect the radial component of the proper function but not the 
angular component Pj”'(cos 0) 

The spheiical symmetry of the S-terms is immediately obvious m the 
case of the alkalies, where there is only one valency electron in a state for 
which i = 0 , the same is true of the alkaline earths with their two valency 
elections in the same state and quite generally foi any S term due to the 
superposition of only spherically symmetrical states (Z = 0) The fact 
that a spherically-symmetrical state results from the superposition of 
states that belong individually to Z>» 0, so long as the resultant Z is zero 
(namely, the group quantum number Z, see below, under D , Z = 0 is the 
general definition of the S term), cannot be proved here 

Further, according to A Unsold,* spherical s^^mmetry is realised in the 
case of all complete shells (j = 0) What a complete shell is can be fully 
explained only by Pauli’s t Exclusion Principle {Veihoi), which vas not 
known when the fourth edition of Atomhau appeared, but which has since 
become of pre-eminent importance in all questions of atomic phy’sics, in 
particular for the theory of the periodic system It states that in the case 
in which several electrons occur each well-defined state can be lealised by 
at most one electron A state is said to be well defined when it is character- 
ised by four quantum numbers We best choose as this quartet of 
quantum numbers 

n, I, m and 

The first three correspond to the three degrees of freedom of the election 
in the hydrogen atom, such as we have hitheito taken into consider- 
ation, namely its three co-ordinates r, <^ , and it is of no importance 
whether we choose the ladial quantum number Ur for the r-degiee 
of freedom or, instead, the more usual principal quantum number 
n = Wy -h Z -f 1 But what does the fourth quantum numbei, which 
we have denoted by Wg, signify? What is its corresponding degree 
of freedom The answer t was not directly given by Pauli’s exclusion 
principle but its ground was prepared by it this fouith degree of freedom 
lies m the electron itself, namely in the angular moment due to its spin, 
taken along the same axis as that to which the magnetic quantum number 
m (or expressed more fully mi) is referred 

*Muiiohener Dissertation, 1927 , Ann d Pbys , 82i 355 ( 1927 ) 
t Zeitscbr f Phys , 31, 765 ( 1925 ) 

i Hypotbesis of Goudsmit and Uhlenbeok, Phyaica 5, 266 ( 1925 ) 
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If further add that the number m, is to be capable * only of the two 
values wij = t 4, we maj define the conception of a complete shell thus 
tt js formed by ekctrcyiis of ali those states m, m» whwhfor given values of 
n and I are possible according to Pauli’s exclusion pi inciple The numbei 
of these electrons is 2(2Z + 1), m which the factor 2 aiises from the two 
possibilities for m„ whereas the factor 2J + 1 corresponds to the sum-total 
of integral ■v alues of m that result from the condition — + 

We write down a first approximation to the proper function i/r and the 
densit\ of cbaige p for an\ one of these electrons, that is we neglect 
the mutual action of the elections among themselves (but assume the 
action of the innei cential field to be taken up in the ladial component E) 

"^Q 8,lso neglect a component which corresponds to the moment of 
momentum due to the spin 

■R Pr(cos 6) e'”’^ B? [Pr(cos 6)]2 

Ns N^ ’ ^ Nf 

Here H and Nr aie dependent on n and I but independent of m We also 
asstinie that H does not appreciably depend on tbe fouith quantum 
number wij The same then holds of Nr, wbeieas N^ is, as "we know, 
equal to that is, it is constant If we now sum up foi the 2(2? + 1) 

electrons of the complete shell, we obtain, omitting all factois independent 
of m, 

-» ^ 

(cos 6)T (1) 

The notation P]"** here indicates that of couise 

densiH obtained b\ summation m tbis way is at the same time the 
densitv of charge that coriesponds to the shell, to the same degree of 
approximation as that caused b's neglecting the mutual action between 
the electrons We assert that this density ^s inde 2 )endent of 0, that %s, that 
it IS spherically symmeU teal t 

The proof is based on a theorem of spherical harmonics which has 
long been known, nameh , the add%twn theorem of spherical harmonics 
if cf> and d\ are two points on the unit sphere and ® their spherical 
distance, such that 

cos 0 = cos 6 cos B" -f sm 0 sin 0' cos 

*This IS the hypothesis of Goudsmife and XJhleubeci. , the magnetic moment of the 
electron becomes equal to a Bohr magneton An explanation of the magmtude of the 
mechanical and magnetic moment of the electron "mil come qmte naturally out of Dirac’s 
theory <Chap H, § 10) 

t The use of negative values of m "will be found very convenient m the sequel (cf 
Nofcel.p 58) 

X Unsold {he cit ) starts from the theory of perturbations m provmg the spherical 
symmetry The simpler method of directly supeiposmg the densities, used m the text, 
was indicated early by the author in the Physik Zeitsohr , 28, 238 (1927) 
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then 


(cos @) 



(Z — m 

1 )' 

(Z + VI 

1 )' 


Pj’""* (cos (cos 


( 2 ) 


If in this expression we set 0=^0' and then cos © becomes equal 

to 1 and we get 


w) - 1 <“* 

Put by § 6, eqn (30), the right side is identical with our sum in (1) 
2Z 4 - 1 

except for the factor — ^ — , by eqn (12a) of § 2 the left side of (2a) is equal 

to“l Hence we see that our distribution of charge (1) is in fact inde- 
pendent of Oy that IS, spherically symmetrical 

The symmetrical form of (2) is generally distoited by writing 


P; (cos ©) = P^ (cos 6) Pz (cos ff) 


+ 2 


(cos 6') cos w(<^ - <i>) 


( 3 ) 


The advantage we gain by using negative m^s and the exponential forms 
becomes obvious by comparing (2) and (3) We can give our eqn (2) an 
even more symmetrical form if we pass from the conventionally normalised 
P^*s to the rationally normalised functions, that is, those divided by 
N = which we shall call IIJ” (2) then shows itself to be 

equivalent to 

nj (cos ®) nz(l) = J nf (cos 6) nr (cos (4) 

-2 


In this form the addition theorem comes out directly as a special case 
of a general theorem concerning a method of development in terms of 
proper functions, as A Unsold (Zoc cit ) asserts, with lefeience to a 
lecture given by the author Instead of this we may also piove eqn (2) 
as follows The left side of (2) is a spherical harmonic of Z^b degiee 
symmetrical m 6, </> and 6', and continuous over the whole surface of 
the sphere, that is, it is a solution of the partial differential eqn (lb) in § 2 
The most general form of such a solution is given by the right side of (2), 
if we leave the numerical coefdcient undetermined in each term we 
call it Cm, and we must have = Cm The c^’s may now be succes- 
sively determined thus As in (2a) we set 6 = 6\ 4> ^ <f>' and obtain, 
quite analogously, 

+ i 

2 Cmpprc^)]' = 1. 

TTi 


X = cos 6 


(5) 
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I£ we make a: = 1, all Pf’s vanish for | wi 1 > 0 on account of the factor 
sm^ ^ s= (1 — get 

CuCPKi)]® = c, = 1, 

as it should be by eqn (2) or (3) jBy taking the term with Cq m (5) 
over to the right and dividing by 1 — we get from eqn (5) [cf (25a) 
of s 6] 

2c, [p/x)]== + = ^ = p;(i) + 

in which the terms not written down vanish for £c = 1 (the factor 2 is 
due to m = ± 1) If we agcLfin make iz? = 1, it follows that 

1 1 
~ 2P,(1) “ Kl + 1)’ 

cf the exnression f25) in ^ 6 But this asiees with the coefficient 


cf the expression (25) in § 6 But this agiees with the coefficient 
in (2) \nd so on Eqn (2) may therefore be regarded as 
proved in this way 

We now understand how much this spherical symmetry influences all 
considerations about the mutual action of complete shells Eoi a com- 
parison we call to mind the model of the 8- shell developed by G N Lewis, 
namely the static octet On account of its regular cubical airangement 
this also has a high degree of symmetry such that the dipole and quadru- 
pole moment of its charge-distribution vanishes But there lemain higher 
multipole moments, whose action some writers for a time wished to 
adduce to explain the forces m crystal lattices (cf ^ 8, E) In opposition 
to this, however, our theorem states that for every kmd of complete shells 
(stable molecules also m general possess complete shells) the multipole 
moments of any order vanish to a first approximation (that is, if we 
neglect the mutual action of the electrons) 


C TJie Inco77iplete SheUs arid tJieir Magnetic Moments 
We may regard the closed shells, like the former cube of electrons, as 
electrostatic systems on account of their spherical symmetry there is no 
fa\ cured direction for a possible flow of the charge The case is different 
with the mcomplete shells , like the former electronic orbits, these may 
be compared with systems of statwjiary currents The reason for this 
IS given bj a relation which Schrodinger * interprets as the equation of 
continuity of eleetncity and uses for a general definition of the components 
of current 

Following Sehrodmger we start out from the “ time-equations ” (13) 
and (13a) of ^ 5 which we write 


M ^ 4:7nm\ 


U 




~1P~ 


v)tt 


* 


( 6 ) 


* Ccllficted PaperSy p 122 
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We multiply the first equation by u* the second by u and add, observing 
that the member m V cancels, 

— 'uAu'^) (6a) 


To lewiite the right side m another foim we recall the formal relation of 
Green's theoiem for any two functions u and u"* we have 


u 


'dx^ 


7i / jjiu 

^ 

003^ iiX\ cx 




) 


- uAu'*' = div(w* grad u — u grad 

and so by (6a) 

£> h 

^^{uu*) + div(t4 grad grad u) = 0 (7) 

This relation has the form of the hydrodynamic equation of continuity 
Just as we identified euu^ with the chaige density p, we shall set 

® “ m ~ 

equal to the current density (corresponding to the hydrodynamic density 
of momentum pv) Just as the equation of continuity asserts the con- 
servation of mass in space and time, our e multiplied by eqn (7) guarantees 
the conservation of chaige in space and time the charge p only alters 
according as it is brought up or conveyed away by the current As 
Schrodinger emphasises, eqn (7) at the same time guarantees the persist- 
ence of the normalisation Tor if we integrate (7) throughout space, the 
second member vanishes , the second then asserts the independence of the 

quantity ^uu*dr from time , we were therefore justified in normalising it 

generally to unity 

The above reflections hold so fai only for one electron To be able to 
apply them to a system of several electrons, for example, to a shell of 
electrons, we recall the transition in ^ 1 from the wave equation (11) for 
one electron to eqn (12) for several particles This tiansition can be 
applied to the above time-equations (6) , the eqn (7), which results 
from (6) remains preserved in form, but the symbol dw now applies to 
the co-ordinates Xa, ya^ of all particles (if the masses of the particles 
differ, the factor m must obviously be distmguished by an index a and 
must be written after the symbol div) Thus the conservation of charge 
so far occurs in multi- dimensional phase-space, S is similarly defined 
multi-dimensionally, m accordance with the generalised meaning of the 
“gradient” We can at once, however, arrive at a three-dimensional 
equation of conservation for the charge of a smgle particle if we integrate 
with respect to the co-ordinates of all the others All members of the 
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expression under dw that refer to the co-ordinates of these other particles 
vanish , the eqns (7) and (8) and the signs d^v, grad again hold in the 
oiigmal three dimensional sense if we take and u grad and so forth 
to stand for the quantities integrated in the manner indicated In this 
way we explain the rule aliead> given eailiei (§ 7, D) for determinmg the 
distribution of charge to be attributed to the individual particle and 
extend it b> simultaneously determining the corresponding curient flow S 
Just as m § 5, besides speakmg of the density p of one state we also 
spoke of the density pnm oi the tiamit'ion between the two states n and m, 
so here besides defining the current S that belongs to one state u, we also 
define a current Snw which is calculated from tiuo states n and m and hence 
belongs to the tiansition m n For this purpose we attach to 2 i in the 
first eqn (6) the mdex n, and to m the second equation the index m 
We multiply the first equation by uti, the second by Un and get instead 


of (6a) 




and hence, by Green’s theorem, in place of (7) 

+ 5 ^ liiv {Un glad M* - 11* grad Un) = 0 

This signifies an equation of continuity for the density 

* 

Pnm — eUfiUfifi 

Consequent! V we aie justified in legarding the quantity 
e h 

as a generalised “ current-density ” 

The quantities S = S^n defined m (8) form the diagonal elements of 
the “ current matrix ” that is, a two-dimensional table of quantities, 
whose individual elements are allocated to the tiansitions (and those of 
the diagonal to the states themselves) 

The current S as also S^m will also have to be legaided as statistical 
quantities S denotes the probable value of the charge which in unit 
time flows in the direction of the vector S through a unit surface placed 
at right angles to this direction 

"We first apply eqn (8) to the Kepler problem of one electron in a 
stationary state For good reason, to be given later, we keep to our 
practice of writing the ^-function in the complex form mth the factor 
from the general form of the expression (8) that the 
component of S for every eo-ordmate, on winch if/ depends in a real way, 

must vanish For S is, but for the factor ^ the imaginary part of 

^ grad iff* ^ and the latter is zero unless the differentiation is effected with 
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lespect to a co-oidinate which occurs as an imagmaiy in xf/ Let us take, 
for example, the co-oidmates 7 and $ in the case of the Kepler problem 
Here we have 


Thus, 


« = ^ = E PJ" (cos u* = 

= E Pf (cos 6)e - gradr = grad, = ^ ^ 




u- 


E2. 


cl . 


r^6 


= -pr (cos ^)^pr (cos 6 ), 


both of which expressions are real Hence it follows from (8) that 

= Stf - 0 


The state of affairs is different, however, for the (f> direction 
have 


*26 glad,/, 


grad,/, = 


1 ^ 
7 Sin 6 'd(p 


5!ZLi^2l!«V .m) 

r sin 0 


%7n\tfsy 

r Sin 0 


For this we 


and b> (8) 


e h m\\fj\* 
jjL 27r r sin 0 


(9) 


m which we wiite fju for the electronic mass m older not to conflict with 
the quantum number m 

Hence, unless m happens to be equal to zero, the lesult ts a stationary 
ci7cular current about the yolar axis ^ = 0, wherever the chaige | 
occurs, that is, really throughout infinite space 

Fiom the current we pass on to its magnetic moment M, whose axis 
IS of course the direction ^ = 0 We calculate it according to the rule 
magnetic moment = current strength (in emu) times the surface en- 
closed by the current Corresponding to the specific current S^, is the 

current strength S,^^Zcr per “ cioss-section ’’ da (normal to ^), or - S^da in 

c 

emu The surface enclosed by the current is ^in^ 6 The contribu- 
tion of da to the magnetic moment thus becomes 

dM = — — sin 6 da — — - 

fJi^TrC fji4:7rc 


where dr = 27rr sin 6 da signifies the volume of the circulai tube formed by 
rotatmg da about the axis ^ = 0 Summmg up all such contributions we 

get, on account of the normalising condition f | xff pdr — 1, 


M - - 


e h 

fJL ^TTO 


m 


( 10 ) 
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Thus we get exactly tti “Bohr magnetons” [cf I, eqn 14: p 249, the 
negative sign signalises the negative charge of the electron] We agree 
with E Peimi* m regarding this simple wave mechanical explanation of 
a relationship demanded the earliei quantum theory as a beautiful 
confirmation of Schrodmger’s assumption (8) 

Before discuss the general consequences of oui result we must 
dispel a doubt that at once suggests itself We obtained a current S 
differing from zero, as vias emphasised, only from our form of i/i which 
was CQm])lex in ^ But there is nothing to prevent oui passing on to the 
real part of ip^ and to write cos 7n<ji or, more generally, cos (7n<j> — a) in 
place of According to the above working we should then get S^ = 0 

This apparent difficulty is to be explained as follows Distinguishing our 
polai axis mathematically is only justified if this axis is also distinguished 
physically, for example, by a magnetic field applied in this direction 
But the use of is then no longer arbitrary but necessary For in the 
Zeeman effect the magnetic field differentiates the two directions of 
revolution of the electron (that is, the two assumptions and pro 

cures for them different energy levels (proper values) Thus the above 
calculation is quite legitimate m the case of a magnetic field H and hence 
also in the case of passing to the limit H 0 (cf I, Chap IV, § 7, p 242), 
in which the proper functions of the Zeeman effect merge into those of 
the Keplei problem, the direction of the magnetic field, however, remain- 
mg ph\sicalh distinguished The fact that wave-mechanics gives no 
electric current and no magnetic moment if we consider the degenerate 
Kepler problem, that is, if we do not consider it as a limiting case of a 
Zeeman problem and if we do not use the complex form then necessary 
of the proper function is no fault but rather a merit of wave-mechanics 
Just as in the older theory the orbits could have any position in space in 
the absence of a magnetic field, so also the electric current of wave- 
mechanics has no definite orientation when no magnetic field is present 
Since wav e-mechanics always takes the statistical mean it can easily be 
understood that m the degenerate Kepler problem it arrives at the state- 
ment 

S - 0, M = 0 

We can now answer the questions relating to current and magnetism 
m a complete or an mcomplete shell If we calculate to a first approxi- 
mation, that IS, neglecting the interaction between the electrons consti- 
tuting the shell, then we may superpose the currents of these electrons 
just as under B we superposed their densities We shall in fact see in the 
next section that the current and the density together form a higher entity 
(a “ four- vector ”) We also infer directly from (7) and the remarks that 
followed about multi-electromc systems that the superposition of currents 
occurs simultaneously with that of densities But the magnetic moment 
IS calculated from the currents Consequently the magnetic moment is 

* Nature, December, 1926, p 876 
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also obtained by superposing the magnetic moments of the individual 
electronic states Thus it follows from (10) that 

M = Sm magnetons (11) 

Hence an incomplete shell is in general paramagnetic , (11) gives the 
component of the paiamagnetic moment in the direction of the magnetic 
field We see at the same time that the complete shell is 7ion-magnetic (oi, 
better, diamagnetic) , for in this case, in virtue of Pauli's exclusion principle, 
becomes equal to zero, since in such a shell nt assumes m turn the 
2? + 1 integral values between — I and + I The last assertion still 
remains unaffected if besides the magnetism of the curT.ents S (of the 
revolving electrons ") we also include in our calculations the magnetism 
due to the rotation of the electrons themselves For the latter contri- 
butions cancel in pairs since by Pauli's principle the total number of 
electrons in a complete shell is 2{2l 4- 1) and for ever} election with m 
and Wg = + there is another with m and wis = ~ 


D Individual I and Ghoicp Quantum Number I Spatial Quantising 

The relationships described above may be simply epitomised as 
follows In the case of one electron with a given I we intei'pret the 2 as a 
vector (moment; of momentum of the revolution of 
the electron in the old sense or of the current in the 
present sense) The magnetic moment of the cur- 
rent m the direction of the ^-axis is determined bj^ 
the projection m ot Z on this axis To the 22+1 
possible values of w, namely - Z m ^ + 2 there 
correspond 22+1 possible positions of 2, as repre- 
sented in Fig 8, in which, of course, every posi- 
tion can be rotated about the sr-axis on a cone 
In this way we arrive at the analogy m wave- 
mechanics to the spatial quantising of Chap II, 

§ 8 (Vol I) The flow is, so to speak, latent until 
we direct it by means of an applied magnetic field 
and even then shows only the component of its 
moment in the direction of the axis of the magnetic 
field, that is, the projection m of the moment 
vector on this axis Our figure goes a little, but 
not essentially, beyond the analytical facts of wave- 
mechanics and summarises it in a convenient form 

Besides 2 we shall now take into account the electron spin s, that is, 
m addition to mi (which we have hitherto denoted simply by m) we con- 
sider the magnetic quantum number m^ which = ± The sum of these 
two, m is then no longer integral with the maximum values 

± Z, but half-integral -with the maximum values ± (2+*J-) and ±(Z--J) 
The number of values of m is no longer 22 + 1 but 2(2Z + 1) on account 





Fig 8 


Spatial quantising 
Magnetic quantum num 
ber m and azimuthal 
quantum number I for 
Z = ±1, ±2, ±3 
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of the additional possibility^ introduced by ms having the two values ± 
as we ha\e already seen at the conclusion of the pievious section C 
We divide this number into t^o gioups of (2Z 2) and (2Z) values, 

respectively, and assign them to the two values 

^ = Z + 5 = Z + i and ^ = I? - si = [Z - i-| (12) 

respectively 

Thus by taking into account the spin of the electron we ariive by 
means of \\ave-mechanics (or pseudo wa\ e-mechanics) at the “inner 
quantum number” j which played the prmcipal part in systematising 
spectra in Chap VIII, Vol I The new feature is that we now introduce 
this number foi the indnidual election itself, so that it occuis even for 
the H-atom, wheieas we earlier believed it to be necessary only in dealing 
with the structure of muliiplets 

If we imagine Fig 8 to be constiucted with the half-integral num- 
bers j = 2 ± -J in place of the whole number 2, then the correspondmg 
ni ss vii + rris follows j in becoming half-integial and there are 2j 4- 1 of 
them for each of the two \alues of y, that is, as aho\e indicated, there 
are 22 -f 2 or 22 of them lespectnely In the case 2 = 0 (S-teim) the 
negative value of the two y -values, J = I ± i, of course drops out, as is 
indicated m (12) by the vertical Imes Thus the S-teim shows itself to be 
simple and all othei teims double, like the alkali terms 

After Lande bad repeatedly called attention to the alkali-like chaiactei 
of the Rontgen teims and aftei the Rontgen teims (since 1916) had been 
recognised as being hy^drogen-like, the alkali-like doublet chaiacter of 
hydrogen terms was generally lecogmsed in 1926 simultaneously with 
the discoieiy of the spmning election This necessitated numbering the 
fine-structure levels with two quantum numbeis j (half-integral) and 2 
(mtegial) mstead of, as earlier, with the one quantum number ^(=2+1) 
As a result of this the selection rules become modified and we get certam 
weak but experimentally proved components of the fine structure, as well 
as of the anomalous Zeeman effect and of the Paschen-Back effect — all 
rn agreement wrth what occurs rn the case of the alkalies We shall 
re\ert to these pomts m the next section Here we wish to emphasise 
only that the s\smmatic structure of spectra becomes beautifully com- 
pleted by the new classification of the hydrogen lines the “ Alternation 
Law” * (Wechselsatz, Atam^aUj Chap YIII, ^ 2, and I, Chap VI, p 380) 
now holds without exception down to the first elements of the periodic 
system , hthium, which has a doublet spectrum, is followed by helium 
with singuiet and triplet spectra and finally by hydrogen with a typical 
doublet spectrum 

We now pass on from the individual electron to a gro%i/p of electrom, but 
for the present we shall leave out of account the electronic spm The 
electrons may have the same I or different 2’s and may belong to the 
same shell or to different shells (i e have the same or different n’s) 

* Three Lectures on Aiomtc Fhys%c$, A Sommerfeld, p S9 (Methuen & Co , Ltd ) 
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They will be referied to the same magnetic axis their mutual action 
(so fai as it IS not included in the central field mentioned on p 85) will 
be neglected as in § B and C of this section The currents S then 
simply add up arithmetically, and hence also the magnetic quantum 
numbeis m [see eqn (11) in C] Thus we obtain for the magnetic 
quantum number m of the group** 



where the index v distinguishes the diffeient electrons If we now 
define the azimuthal quantum number I of the group ’* as the positive 
maximum of the possible values of Wi (this is the same definition as, 
according to Big 8, holds for the individual in relation to the possible 
values of m^), so we have for I the relation 

i = (14) 

The arrow signifies that we must compound the Zy*s vectoimlly^ with the 
limitation that ly is to have only such positions with respect to the 
magnetic axis as make its projection on this axis integial (= in 
accoidance with Big 8 Then we also get for the projection of Z on this 
axis an integral value, namely the value of Wi fiom eqn (13) Accord- 
ingly eqn (14) is to express that Z can assume all positive mtegial \alues 
that may be formed by addition oi subtraction ol the Z/s 

Zjnax = ^ ^ Z min (14a) 

As an example, we consider two electrons with, sa} , 


Then, by (14a) 
thus 


Zj^ = 1, Zq = 2 

Z, + Zi ^ Z ^ |Z, - ZJ, 
^ = 3 or 2 or 1 


In spectroscopic nomenclature this means either an B-term (Z = 3), a 
B-teim (Z = 2), or a P-term (Z = 1) On account of the altered notation 
for the azimuthal quantum number Z = Z; — 1 we now get the following 
Table 2 in place of the earlier Table 47 {Atomhau, p 496), usmg capitals 
instead of small letters for the term-symbols (following an American 
suggestion) 

TABLE 2 



This table states that in the case of several electrons it is not the 


azimuthal quantum number Z of a single “radiating electron** (“Leucht- 
elektron ’*), but the azimuthal group quantum number Z that is to deter- 


mine the symbol and character of the term This is logical smce, for 
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example, the number of magnetic separation terms and hence also the 
quantum weight of the term (cf Atonibcbu, Chap VIU, p 651), the electron 
spin being disregaided for the present, are given by the group quantum 
number I As a test we apply this to our example The F-teim has 
seven magnetic levels (w = ± 3, ± 2, ± 1, 0), the D-term five (w = ± 2, 
±1, 0), the P-term three (m = ±1, 0), in all there are fifteen levels 
The same number results from combining all possible values of 
(namely thiee) with all possible values of (namely five) 

The preceding lemarks aie, of course, very incomplete The aiiange- 
ment of terms into a system can be described more exactly on the basis 
of the more accurate theory of the magnetic electron, which we shall 
develop m Chap IT, § 10 We shall then find that the “orbital moment 
of momentum’* (Bahmmptils) of the individual electron is not equal 
to the azimuthal quantum number I, that is, a constant, but that only the 
quantit} which appears in the place of j occurs as the real constant of 
integration In the case of several electrons the same would be true of 
the group quantum number t and the inner quantum number j which is 
related to it Nevertheless the preceding rules give the lines along 
which the theory of spectra has developed and according to which we 
shall have to be guided m future in dealing with complicated spectra 

E Sphere of Action m Oolhswns Siipposed Double Befrachon m the 

Magnet%c F^eld 

As we have seen undei B the charge p is spherically distiibuted in 
the case of S-teims (Z = 0) and in the case of a complete shell (j = 0) 
The first case occurs in the giound state of the hydrogen atom and of the 
analogous alkalies The second case occurs, for example, in the ground 
state of helium and mercury but also m the case of the molecules such 
as Ho, O 2 Like the charge so also the fields of force of such atoms 
or molecules are spherically symmetrical We must therefore conclude 
that collisions between atoms and molecules, since they are governed by 
the reactions of the fields of force, take place as in the classical kinetic 
theory of gases, "that is, m the manner of isotropic spheres 

In eontradistmction to thi^ the symmetry of earlier atomic models 
was not the symmetry of a sphere but that of a disc, for example, in the 
ground state of the hydrogen atom, where the dimensions of the atom m 
the plane of the revolving electron would at any rate have to be greater 
than in the perpendicular direction 

In the Stern- Gerlaeh experiment we have a means of directing these 
supposed atom-discs parallel to each other For if the paramagnetic 
moment (equal to one magneton m the case of the H-atom and of the 
alkalies m the ground state) were due to the revolving electron (in reality, 
it is due to the structure of the electron), the magnetic axis would have 
to be normal to the orbital plane and would have to set itself parallel or 
anti-parallel to the hnes of force of the external magnetic field This 
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adjustment has actually been pioved to occur not only in the case of Ag 
and the alkalies (cf Atomhau, Chap 11, p 146) but also in the case of the 
H-atom * This phenomenon is also to be expected from the standpoint 
of wave-mechanics, as we saw in the preceding section, except that here 
it does not require the radius of action to be diffeient in different 
directions, as on the older view 

An experiment by R Fiaser t with the positive rays of hydiogen has 
a bearmg on this The H+-paiticles (protons) are surrounded by a 
spherically symmetrical field, according to the older theory, as well as 
according to wave- mechanics Then presence would therefore weaken 
the chance of a decision between the truth of these theories, so an electric 
field was used to deflect them from entering into the actual region of 
experiment The neutral H-particles fell on to a thermopile and were 
counted by means of the deflection produced in an attached galvanometer , 
this was done with and without a magnetic field alternately^ , the magnetic 
lines of force being parallel to the direction of the positive ray According 
to the older theory the collisions while the magnetic field was acting 
should occur more often and hence the galvanometer deflections should 
be less than when the field was off, as with the field on all H-atoms 
would present the whole face of their discs to the residual gas (Hg or 
argon), whereas with the field off only a fraction of the disc, depending 
on the accidental orientation of the atom, would come into action as a 
oross-section effective in collision Stossqzcerschmtt**) Experimentally, 
however, no difference showed itself in the deflections when the field was 
on or off This agrees with the new theory, according to which the 
H-atom is spherically symmetrical and hence its effective cross section 
in collisions is not influenced by the magnetic orientation 

Even m his first fundamental notice about the theory of quantising 
of direction in a magnetic field ” Mzchtungsquantelung %m MagTietfelde ”) 
Stern X concluded on the basis of the atomic models then in favour, that 
the magnetic orientation of atoms would necessarily lead to double 
refraction which, if it existed, should already have manifested itself in 
numerous earlier experiments, for example, on sodium vapoui This 
double refraction would be expected to be independent of the strength of 
the magnetic field and to occur also at distances far lemoved from the 
places characterised by anomalous dispersion In fact, if all atoms, for 
example, in Na-vapour are magnetically directed, and if a light-ray is 
transmitted perpendicularly to the magnetic Imes of force, then on the 
view that the atomic symmetry is that of a disc the two electric com- 
ponents into which the natural vibration of light can be resolved would 
he differently with respect to the atom, the component parallel to the 
magnetic lines of force lies normaXly to the orbital plane, the other lies %n 
the orbital plane They would evoke different reactions in the valency 

*E Wiede, Zeitschx f Phyb , 41 , 569 (1927) 

t Proo Roy Soo , 114 , 212 (1927) t Zeitsohr f Phys , 7, 249 (1921) 

voii. II — 7 
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lectron and hence would have different velocities of propagation In 
ther words, magnetic double refraction should occur, independent of the 
nagnetic field strength It has been proved by various experimenters 
hat this is not so The last and most accurate experiments were 
arried out bv E Eraser* and W Schutzt with a completely negative 
esult We alread;^ know how this is to be interpreted this negative 
esult does not deny the adjustment of atoms in a magnetic field, which 
las, indeed, been proved by Gerlach and Stern’s experiment, but it is 
widence against the view that atoms have a disc-like symmetry , in the 
spherically symmetrical structure of the Na-atom in the S-state this con- 
isradiction does not occur 

E The Forces in Crystal Lattices 

If we imagme a polar crystal, for example, Na, Cl, to be built up of 
ions of both signs, then Cozdonibian attractions are exerted between 

neighbouimg atoms The 
crystal would collapse into 
itself, if there were not also 
repulsions to balance these 
attractions It was formerly 
believed that such repulsions 
could be derived from the cube 
conception {AtombaUf Chap 
III, p 187) But this deriva- 
tion was unsatisfactory as it 
assumed that the cubes were 
placed parallel to each other 
Moreover, the multipole 
moments used in it do not 
exist at all, according to wave -mechanics (cf the end of § 8 B), since 
all the ions that come mto question here consist of complete shells and 
have therefore spherical symmetry The cube idea must be dropped, not 
because it is static — so is the charge-cloud of the complete shells, accord- 
ing to wave-mechanics — but because it has too little symmetry 

On the other hand, the idea of the continuous charge-cloud accounts 
without artificial assumptions for the repulsive forces and their actual 
magmtude But we shall not take as our example Na 01, m which the 
cation Na + and the anion Cl "" are approximately equal in size (Na + is 
smaller than neon, because its electron shell is contracted owing to its 
having excess of one m the nuclear charge, whereas 01 is somewhat 
larger than argon, smce its outer electronic shell is extended owing to its 
defect of nuclear charge compared with argon), but we shall assume the 



Fig 9 — Diagrammatic explanation of the 
repulsive forces m the crystal lattice 


Phil Mag , 1, 885 (1926) 


t Zeitsohr f Phys , 38, 853 (1926) 
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cation to be a point or at any rate very small com^ar6& the anion ^ 

so we shall think of, say, Li 01 (the K-shell of Li^ is s& after 
that of He) 

In Fig 9 we represent diagrammatically the extended chaige-cloud of 
the anion as results, for example, in the case of 01 "" from the supei- 
position of the charge-clouds of the K-, L-, M-electrons and we follow the 
cation (proton oi in oui case Li-ion) while it penetrates into this charge- 
cloud Let the 01- nucleus with its chaige of + 17 elementary units be at 
the origin of co-ordinates , the charge-cloud represents in all the charge 
- 18 When the proton is at a great distance from the 01-nucleus 
the charge-cloud is very thin (the proton heie experiences the Coulomb 

attraction ^ which corresponds to the difference of charge 18 - 17 = 1 

In the figure this attraction is drawn as a broken curve, not only for 
gieat distances fiom the nucleus but also by extiapolation for small 
distances, where it represents only a part of the action of the forces 

For when r is diminished the parts of the chaige-cloud that he outside 
the sphere of radius r drop out of the calculation, since a spherical shell 
carrying a charge distributed with spheiical symmetry exerts no 
Coulomb force on a point inside it Hence the attraction is diminished 
Instead of this we can also say that a repulsion becomes superposed on 

the Coulomb attraction i , this repulsion is lepiesented in the figure by 

the continuous curve Foi great distances of r it is small, like the 
density of the charge-cloud, but it increases as i deci eases , in oui 

17 

case it increases to the amount ^ in the immediate vicinity of the nucleus 

Thus the repulsion finally outweighs the attraction and there is a distance 
Tq corresponding to the point of intersection P of the broken and the con- 
tinuous curve, where the repulsion and attraction balance This is the 
position of equilibrium of the proton or of the Li^'-ion in the chaige- 
cloud of the anion More extended cations such as Na will also find 
a similar position of equilibrium 

A Unsold * shows that this meets the facts by using as an approxima- 
tion in the vicinity of r = rQ a powei of r ” ^ Accordmg to Born and 
Land^’s cube conception n should equal 5 for an ion with an outer L-shell 
and for a pomt-like cation The wave-mechanical explanation, however, 
gives a value for n that mcreases systematically with and in parts 
exceeds 5 and in other parts falls below 5 The values obtamed by 
observation do the same, as can be seen from the crystal lattices oi, 
according to E Mecke, from band-spectra 


Zeitschr f Phys , 43, 563 (1927) 
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§ 9 Belativistic Generalisations The Principle of Variation Applica- 
tion to the Kepler Problem 

Nowadays we must demand of every mathematical-physical method 
that it satisfy the principle of lelativity In our case we may regard this 
as referring particularly to the postulate of invariance with respect to 
liOrentz transformations, since gravitational forces play no part in atomic 
events The general principle of relativity therefore becomes restricted 
in our cases practically to the special theory of relativity 

Further, in extending wave-mechanics relativistically we shall deal only 
with the one-electron problem, not for reasons of simplicity but chiefly 
because the relativistic foimulation of the many -electrons problem still 
seems to offer uniesolved difficulties 

We shall proceed by first foimally generalising the form of the wave- 
equation so far used later we shall give a method of derivation in the 
sense of the optical analogy of § 1 

It is particularly important that at this juncture we shall learn how 
to fit magnetic forces (more generally, foices without potential) into the 
wave-equation 


A The Belativistic Borm of the Wave-egiiatioii 

Instead of the co ordinates x, y, z, t hitherto used, we now take the 
space-time co-ordinates 


= X, X 2 ^ y, = z, x^ = ict 
In them eqn (13) § 5 becomes 
3 

4:Tmf.c Tiu 

1 


~2 "b 


Tixi ' h £)a?^ 


r— - = 0 




( 1 ) 


in which we have written (the rest mass of the electron) m place of 
the previous m 

To represent the electromagnetic field acting on the electron we use 
the four-potential ” {Vierer potential) whose components we 

shall define * in terms of the usual vector potential A and the scalar 
potential ^ 

a tx. a 

^ ^2 = ~ ( 2 ) 


where a is the fine-structure constant of I, eqn (9), p 213, so that 

a _ ^ e 
e ^ h c 

Between and the potential energy V included m (1) [<^ is referred to 
the charge 1, V to the charge e] there is the relation 

= V - Eo = tjiqC^ 


* The factor j bere inserted 'will be found naeful later 


( 3 ) 
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In actual fact the value Y = Eq = proper energy is that coi responding to 
the value = 0 (field-free electron) From ( 2 ) and (3) it follows that 

V = (3a) 

We also mention the well-known subsidiary condition 


Div = 0 


which has to be imposed on A and (f>, when they are introduced, in 
order to make their definition unambiguous (e^ndeut^g) 

If we substitute (3a) in (1) and use the abbreviation 


= 


we get 


+ 


— 0 


We simplify the following calculations by introducing the differentia- 
tion symbol 

suggested by the factoi of 2A 

This symbol is to be used not only foi = 4: but also for ^ = 1, 2, 3 
If, as in the problems so far considered, A = 0, Ojt, of course, becomes 
identical with with A: = 1, 2, 3 Our eqn (5) referred only to such 
problems We remain in agreement with it if we re-wiite it m the form 


& 

+ 2A(n, - A)|? 


So far we have not gone beyond oui initial equation ( 1 ), noi have 
we yet attained our goal, namely to achieve symmetry m the four 
co-ordinates, x^, as is demanded by the principle of relativity 

To do this we must modify (6) by terms that vanish when c go , or, 
as we may also say, by terms that are small compared with E^ We 
first note that since u depends on the time in the mannei expressed in 
eqn (11), ^ 5, we have 

Jd ^ aEp 

lix^ he 

Since further eej^ Fq [cf (3)], we also have 

I *4 K ^ ( 6 a), O 4 — 1 e O 4 A 

G C? 

Hence we may also set 2 A -h A 


(6a) 
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If we substitute this in (6), then 

3 

o/ - = 0 

or 

4 

= 0 (7) 

The symmetry lequired by lelativity has now been fully attained , what 
we ha\e added to the original form of the wave-equation are only such 
coirection terms as vanish in passing to the limit c oo 

We could carry the symmetry of eqn (7) a step further h3q>othetically 
by writing A = and taking as a symbol of diffeientiation with 
respect to a fifth co-ordinate Xq Then the five-dimensional wave- 
equation 

4 

^ nlu = 0 (7a) 

0 

would aiise out of (7) A five-dim ensional formulation of the theory of 
relativity was first suggested by Kaluza,* * *** and carried a stage farther by 
Einstein t and O Klein t 

We return to the four-dimensional form (7) and easily convince 
ourselves that the quantitj^ Qu behaves like a foui -vector The fact that 
this is tiue of the second component of 0>u, namely [cf (5a)] is clear, 
since was defined as a four- vector and is a scalai quantity But 
the first component 

liu 


also behaves like a four-vector, and is, indeed, like a vector contra- 
variant to the eo-oidinate vector However, in the special theory/ of 
lelatmt^ it is not necessary to distinguish between covariant and contra- 
vaiiant vectois (between paiallel and orthogonal piojection) Since then 
transforms itself like a four- vector, is mvariant and = if 

we take as standing for an operator formed from any orthogonally 
transformed co-ordinates Xj^ and the coriesponding potential com- 
ponents 


We efiect the operations prescribed m (7) and write 
QiM = 5^ + 


■U - 


* Th Xaluza, Sitzangsber d Preuss Alad , 1921 , p 966 

+ A, Einstein, %h%cL , 1927 , pp 23 and 26 

4:0 Klein, Zs f Phys , 37, 895 , 1926 
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In summing with respect to the A;-values the member containing 
drops out on account of the condition (3b) and we get, in view of (4), 




L Stef 


+ 2^ 



( 8 ) 


We consider two special cases 

(a) An electrostaUc field, that is, = ^2 = <E >3 = 0, = ^a(V - Eq) 

= -iaU, where U is independent of t and is noimalised in the usual way 
(U — 0 at 00 ) By introducing ^ in place of tt, which is possible here, 
by setting 


2i«. 


u = if/e ^ 




we get fiom (8) after a simple reduction 

^>1’ + - W - E§]^ = 0 


( 9 ) 


(5) A magnetic field (A =t= 0) in addition to an arhitrary electric field 
which may or may not depend on the time We shall consider a moie 
special case than (8) by neglecting the relativity coirection terms 

We have then to complete eqn (1) by adding those terms of (8) which 
contain A, 1 e the terms 


2^a a2 

— (A grad u) - —A.hi 

^(A grad «) - 


We shall strike out the term with since even when the stiongest 
magnetic fields are used (as was done by Kapitza) the quadratic effects 
here allowed for are inappieciable On the other hand, we shall have to 
retain the first teim although it has c m the denominator and so 
apparently vanishes for c 00 , because eje is the charge, measured in 
emu, which now takes the place of the e previously measured m e s u 
Thus we have to add this first term to eqn (1) and, remembering that 
Y = 4- U, we get 


Aw 4- 


^(jCAgradw) 

+ TJ)« = 0 


( 10 ) 


We cannot here pass on to a spatial ^-equation , rather, it is characterise 
of the magnetic effect that it produces a relationship involvmg space 
time (cf the Larmor precession) 
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B Tlie Optical Analogy m the MelaUvisUc Case 


We revert to the beginning of § 1 There (3) was the classical 
equation of energy, (4) the Hamiltonian equation In place of it we now 
write the relativistic form of the energy equation and the corresponding 
Hamiltonian differential equation By I, note 16, p 607, the energy 
equation is, if we use Caitesian space co-ordinates instead of plane polar 

eE 

co-ordmates and an arbitrary U mstead of the potential energy U — 


of the Keplei pioblem 


1 + 


1 

chriQ 





1 + 


w - u y ^ p - u y 

Efl / \ / 


( 11 ) 


where E = E,, + W denotes the total energy By I, eqn (11), p 607, 


AxS = ~ ''g', = i[(B - -0)2 - Eo^] (12) 

The arguments of § 1, which there led to (5) and (7) apply here wrthout 
change Thus the right-hand side of (12) can now be regarded as the 
square of the refractive index ” From eqn (6) in § 1 we therefore get, 
taking into account the meaning of in eqn (10), § 1, 

+ ^i(B - U)^ - E„2]^ = 0 (13) 


This has brought us to our eqn (9) again, the lelativistic equation of 
energy for the case A = 0 In the same way we could have derived the 
geneial eqn (8) from the optical analogy, if we had started out from the 
general form of Hamilton's principle {Atovibaiiy eqn (68), p 801), which 
takes into consideiation the vector potential A 


G The Belati%tstic Four-cmieni 

We take the term four-cun ent * as meaning the vectoiial composition 
of the specific electric current and the specific electric charge, namely 

S = (S^, S„ Wp) (14) 

We calculate it from Green's theorem, as in § 8, C To illustrate the 
cogency of this procedure it is advisable first to consider any arbitrary 
linear partial differential expression of the second order and the function 
adjoint to it {adjungiert) 

Let A, B, E be arbitrary functions of, say, two independent 
vanables x and y , these functions are to be such that they can be 

*This term, mfenoduced by M von Laue for the electrodynamic vector p-, ip 

havmg four components zs better than the term fonr-density previously introduced by 
the author The actual, dimensionally correct four current is obtained by multiplying 
this expression by c, that is, it is given by (pv, tcp) Our above definition m eqn (14 j 
corresponds with this 
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differentiated sufficiently often for our purpose The most general linear 
differential expression for the dependent variable u is 




'■r — + Gr J -f- — -J- E;r — 

oxoy c).r 


We multiply it by a second dependent variable and transform the 
pioduct, term by term, by replacing the differentiations of u by those of v 
For example we get 


^ O^U 0 / , dtO\ 026 ( 

^ c}x\ dx) 'dx 

- sK-:) - U' 


^16 'bAv 
bx dx 


by bx 




;ybu\ b / £)R-2;\ 






01 also 


__ b / du <>±5t 

*■ dx ~by 

b / ^b26\ b f c)2(Bz?) 

by\ bx) " ^ir\ by ) bxby 


b2t 

Ox by 


21 etc 

bxby 


By summation we get 


^ 4- = div S 


With the abbreviations 


g S^CB^) a^(Gt) _ ^(Di) _ S(E^;) ^ 

bx^ bxby by^ bx by 
bu bAv bu b'Bv ^ "I 

V — 2i— 1- B;- V - 21— h ZlDl 

bx bx by by 


Sj, = 


bCv ^bi6 bBv 

21 — h B—v - 7i ~^ — + ZiBv 

by bx bx 


(16) 

(17) 

(18) 


M is the differential expression adjoznt to L If M = L, the expression 
IS called self-adjovnt (selbstadjungzert) The conditions for this are, as 
may easily be seen by working out (17), 

-dx ^ dy ’ -dx ^ -dy ^ 

-d^A -dm c)E 

bx^ bxby by^ bx by 

This case occurs, for example, in the potential expression L(w) = Au, 
where A = 0 = 1, B = D = E = F = 0 and S = -y grad u - u ^ad v 
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By integrating (16) over an arbitiary region o* of the a;-y-plane having 
the boundary s we get tJie generalised foim of Green's theorem * 


j'{yL(^^) - tiM.{v)\dcr = 


( 20 ) 


where signifies the normal component (reckoned positive in the 
outward direction) of the vector S along the boundmg curve s 

The above remarks were intended to show above all how intimately 
the vector S is connected with the differential expressions L and M 

If we now apply the same process to our four-dimensional case, we 
get by (5a) 

that IS, 


vQm = + %<Sf]cV,v, 


uQl^ + ^^uv) 


( 21 ) 


Here nf denotes the symbol of differentiation conjugate + to 

Qje By substituting OjfcW for u in (21) and, in the same equation, ex- 
changing ti for r and Ojb foi we get 


iQ^ii = - 4- ^^(^Jf2^^4) 


= — ^l*vQhU 4* 




{u0.j,v) 


(21a) 


From (21a) we get by subtraction 

- uQ!^v = — wO*^;) (21b) 

We sum up over h from 1 to 4, add the teim Khiv wuth a positive and 
a negative sign to the left side and multiply^ by a constant y, which we 
shall dispose of presently We get 

ylv^inl - A^)u - u^(np - A-’)t;} = Div S (22) 

Si = - 7lO,tv} 

7>v 

~ “5Fi + 




] 


(22a) 


f 'du 


* Por the application of this theorem to the general theory of problems in boundary 
values {unique solutions, representation in Green’s functions), cf Enzykl d Math 
Wiss U, A, 7c, article by Sommerfeld 

t In the sense that Xj^ and are to be r^arded as real Por 7c = 4, only the form 
of not the numerical value, is conjugate to O 4 
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Eqn (22) states the expression M('y) adjoint to our differential expres- 
sion (7) 

L(«) = ^(a| - (22b) 

is the expression 

M(^’) = = L*(u) (22c) 

conjugate to L If u satisfies the equation L = 0, then ^ satisfies the 
adjoint equation = 0 At the same time the equation of continuity 


Div S = 0 with Sjfe = 2^<^>;fc2AW*j- (23) 

holds 

We shall choose the constant y so that if the relativity-corrections be 
neglected, and for a dependence on time of the form 

u = ij/e^ \ ^ (23a) 


the fourth component of S becomes, in accordance with (14), 

= icp = iceij/ij/^ 

Now, on account of (23a), we have 


u 'du'*' 47r 

^ “ ch 

and, on the other hand, on account of (3a) 




(24) 

(23b) 


47r, 


47r, 


= ^(Eo - V)^i/r* = - 


(23c) 


But U Eq and E Eq Consequently (23c) is to be neglected in 
compaiison with (23b) If m (23b) we replace E by Eq = moC^, which 
IS allowed to the same degree of approximation, the postulate (24), in 
which we substitute for from (23) and (23b), yields 

47rmoC, „ , . 

y — = iceil/ij/^f 


that is, 


TTlf 


ih 

4^ 


Thus the final definition of the four-current is 


(24a) 


The first three components merge directly into the current S, eqn (8) of 

§ 8, defined earlier, if the term in = a— is neglected, as it obviously 

e 

vanishes for c ^ oo on account of the factor a Through our choice of 
y we have arranged that the fourth component becomes ip for c oo 
We may therefore say that our earher definitions of current and density 
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are shown to be justified by our relativistic generalisation, as they are 
combined together into the one entity four-current and are intimately 
connected with the wa\e -equation 


D The Pri'iic%'ple of Variation 
We start fiom the two eqns (21a) and form from them 

In view of the notation in (22 b, c) we write for this 

v1j(u) a = Div P\ 
a = Div Qj 


Here 


A = SOji:7in^v + Ahw 


(26) 


(26a) 

(27) 


a bilinear form in the quantities 'duf^x^ on the one hand and of the 
quantities 'bzfbxh on the other P and Q are four- vectors 

P = Q = uQi^v (27a) 

which are related to the foui -vector S in (22a) as follows 

S = y(P - Q) (27b) 


To recognise the general significance of these relationships, ]t is advis- 
able once again to consider an arbitrary linear differential expression L, 
for example, m two 'variables x, y That is, we start from eqn (15) and 
obtain, after multiplication bj v and transforming once (not, as above, 
twice) in the sense of “ mtegration by parts,” 


^L(«) -f A == div P 

A -- Ai? 'biirlfBv ^)Oy\ /'b'Dv 

i)ir\ c)x ^ '^x ^ 'dy ) Tix ^ 'by 



In the same way, by starting from the adjoint expression M(^), eqn (17), 
we get (applymg “ mtegration by parts ” in the case only to the first three 
summands) 

«iM(r) -f A = div Q > 


A IS here a bilmear expression in u, v and their derivatives, which is 
simultaneously associated with the two differential expressions Xi and M 
If M == L, we have the self-adjomt case, and A becomes symmetrical m 
u and V Por, on account of (19), we can then write 
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.'du'bv /Tiu TiV 'd'lL 'dv\ 'dv 

'dx Tiy 'bx) by by 


+ D-5y + B 


buv 

ly 


— Yuv 


(29) 


At the same time, as can also be shown from (19), Q(u, v) = T(Vj ti) 

Integrate (28) and (28a) over a closed legion o- in the iC-^-plane with 
the boundary s and the external normal n By Gauss’s theorem we 
have 


Ada- 


^uyL{v)da- + 



(30) 


This pair of equations represents a second form of the generalised Green 
theorem and constitutes the counterpart to the first form contained in (20) 
If L is self-ad]oint, this pair of equations reduces to one statement , for ex- 
ample, in the case of the equation of potential A = G = 1, B = D = E= F = 0, 
to the well-known equation 


\vA^^da■ - 1 - 


J 



or, respectively, the equation resulting from exchanging u and v in it 
We now form the variation of, say, the fiist of the two eqns (30), 
varying u and v in the interior of the region of integration by aibitrary 
(continuous and sufficiently small) amounts hu, Sv, but keeping u and v 
as also their first derivatives constant at the edge We obtain 


sjAdcr = — j*8'yIj(2A)<ior — L (8^4) dor 


(31) 


We transform the second integral on the right by means of eqn (20) If 
in (20) we replace u by Bu and take into account that S, according to its 
definition in eqn (16), vanishes at the boundary on account of Bit = 0, it 
follows from (20) that 

824M(t?)dGr 



Substitution m (31) gives 


sjAdcr = — j"8t;Ij(%)dcr — J^8z6M(v)do 


(32) 


The variation of the second eqn (30) leads to the same result 
From (32) it follows the varmtwn postulate 

sjAio- = 0 (33) 

entails, on account of the arbitrarmess of Bu and Bv, the fulfilment of the 
two d^fferentml eqzcatzom 


li(.u) = 0, M,(v) =» 0 


(33a) 
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'in tJie whole %7iterior of the regw7i of ^ntegrclt^on The state of affans 
resembles that of classical mechanics, where the Hamiltonian variation 
principle 

= 0, A = Lagrange’s function = Etm - Epot 

IS equu alent to the differential equations of mechanics 

The application of this -variation principle to wave mechanics now 
presents itself at once If the eqns (26a) are integiated o\er a four- 
dimensional region dr with the three dimensional surface element do-, we 
get the “ second form of Green’s theorem ” 


f'ZzM(t)dr + 


Adr 

Adr 


Pndcr 

Qnd'O- 


(34) 


The first form of Green’s theorem ” which results from the integration 
of (22) (in which the factor y may be set equal to 1), would run 



J'MM(u)dT = JsT^do* 


(34a) 


Vanaiiion is then performed on the fiist (or the second) of eqns (34) by 
var\ ing u b^ hu and v bj 8u, but keeping fixed the limits u v, of the region 
of integration and their first derivatives This gives 


sJ*Adr = — j*S'yL(26)d- — j*'yL(8i4)dT 


(34b) 


By eqn (34a), however, we have, if u is replaced by which causes the 
nght-hand side to vanish 

f'LL(Sw) dr = 



Hence it follows from (34b) that 

sj-Wr jsuL(M)dT - j8MM(<D)d[T 


(35) 


This equation contains the following 7)aTiatwn priTiciple of wave-mechamcs 
On account of the arbiferarmess of Su, 8v the postulate 

8 [Air == 0 (36) 


IS equivalent to the two differential equations 

L(^i) = 0, M(v) = = 0 

Scbrodinger* calls A the “Lagrange function of wave-mechanics ” 

As Gordon first pomted out (see the conclusion of this section), the 


* CoUecUd The Mnergy hfcTTtemhtm Theorem for Ma;terml Wavee^ p 130 
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§ 9 The Pnnciple of Variation 


components of the fonr-ciirrent may be obtained by differentiating with 
respect to ^ For, by (22a) and (27), 


Si; = %y 




(37) 


The advantage of the variation principle consists, as in ordinary 
mechanics, in the fact that it is independent of the special choice of co- 
ordinates That IS why it will be usefal to ns m § 11 in transforming the 
wave- equation into arbitral y curvilinear co-ordinates The variation 
principle has also a practical value for numerical calculations , cf the end 
of this section 

Schrodinger placed at the head of his first paper the more special 
variation principle 


Aclt = 0, 



SiT^ni 

~w~ 


(W - U)»/r2 


(38) 


in which dr indicates integration over infinite ^/iree-dimensional space 
We easily convince ourselves that this form of the variation pnnciple 
comes out of (36) if we neglect the relativity corrections and pass to the 
simplest case for which A = 0, and hence [cf (3b)] U is independent of t 
Finally we can follow Schrodinger * and give the variation principle 
(38) the following more satisfactory form 


sj*Hdr = 0, H 


2m\27r/ 


+ 




yJ 




+ (38a) 


with the normalising condition 

= 1 


(38b) 


The notation H is to call to mind the Hamiltonian function " of ordinary 
mechanics, that is the sum of the kinetic and potential energies, the first 
regarded as a function of the viovienta p 


H = T + U, 




Our quantity H defined in (38a) arises from this, if we multipl^r each 
term by tj/^ and if we replace 

(cf also Chap II, § 9) 

By introducing a Lagrangian multiplier, called — W, say, we can 
combine (38a, b) in 

sf(H - W02)dT = 0 (38c) 


Colleated Papers, p 3 
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which IS identical with OS) except for an irrelevant constant factor Th^ 
form (38a) of the variation principle is more satisfactory than (38), because 
the energy W does not occm in it but is determined as a multiplier by the 
process of variation itself 

Starting out from (38a, b) and using a method due to Eitz, G Kellnei ^ 
has calculated the numerical value of the ground term of He and Li+ 
E H}lleraas+ later obtained the ground teim of helium by the same 
method but with increased accuracy , his result differs from the experi- 
mental values bv only one hundredth per cent , a sign that the methods of 
wave-mechanics are capable of dealing even with the many-election 
problem If we wished to treat the same problem analytically (by the 
theory of perturbations) by starting from the differential equation, instead 
of numericalh by means of the variation principle, we should have to 
remain satisfied with a much lower degree of accuracy + We shall leveit 
to this point in Chap II, ^ 8 


E The Belativisitc Kepler Problem 

Since m this case the potential energy is independent of t, we may 
take as oui basis the wave-equation in the simple form (9) with 

r 

The mtegration is performed exactly as m ^ 7 Assuming that 

i!/ = BPf (cos e)e^^ 

we get for E the differential equation obtained earlier 

d^E 2 dE /, O'' 


dr^ 


2 uE / . B C\^ ^ 


(39) 


but the constants A, B, C now have a different meaning from that in § 7 
Their present significance follows from the equation of definition [cf (9)] 


A + 2- + 

r r- 


7^ - iMSr J 


from which we infer 




4:71^ 

^0^). B = C = - Z(Z + 1) + 


(40) 


These are essentially the same values as in the older theory, I, eqns (4a) 
p 609, Note 16 We recognise this immediately if in (40) we set 

E = Eq -f- W, Bq 


*2eitsclir f Phys , 44, 91 and 110 (1927) 

^Ibtd , 48, 469 (1928), and 54* 347 (1929) 

+Bnt compare i 0 Slater, Proo Nat Acad , 13, 423 (1927) 


(40a) 
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for then we get 


-TTT . 


_ 47r^ 

S 




l(l + 1)/^^ 


_ 


These equations differ from the older equations just mentioned only in the 
unimportant addition of the common factor 4:7-^ Jh^ and in having kr 
replaced by l(l + 1), a matter of greater importance Oui present ex- 
pressions (40b), of couise, merge into the values (3a) of § 7 when 
c ^ ao (except in having m in place of niQ and B instead of W, the latter 
corresponding to the normalisation of B and Y there adopted) 

To integrate (39) we proceed as m § 7 and substitute fiom eqns (4), 
(4a), and (5) 

A=-A P = 2f, -R^e-orv (41) 


and we get for v the differential equation 




c 1 

—> b = 
p-J 


It differs from eqn (7) of ^ 7 only in having instead of - Z(Z 4- 1) the 
quantity C, which differs from it by a correction member due to relativity 
Bor by (40) 

C - - Z(Z -h 1) + a2Z^ 

where a denotes the fine stiucture constant To solve (42) we make the 
assumption 

V = py '^p'’ (43) 

as earlier in eqn (7), ^ 7 

y IS here given by the chaiacteristic equation [cf (7b) of § 7] 
y(y + 1) = - C = Z(Z + 1) - a2Z2 
from which it follows that 


(y + i )^ = + i? - QC2Z2, 

y = ^ (44) 

The decisive step is now to set up the recurrence formula for the 
coefficients m the expansion (43) Just as in eqn (8), ^ 7, the factor 
of in the recurrence formula becomes 

^ B 

v + y + l--^ 

If we equate it to zero for v — nr, the sum in (43) becomes a polynomial 
of degree nr Taking (44) into account we get 

= n. + + i)2 - a2Z2 4- i 


VOL n — 8 


(45) 
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The Av, Ai^i, Ai/g, on the right-hand side denote the diffeiences of 

wave-number which in I, Chap Vm, pp 478, 479, we calculated 
according to the old formula , in particulai , foi Z = 1 Ay is the well- 
known hydrogen doublet Avjj, eqn (1) of I, p 481 Thus the factois 
in front of Ay, Ay^ express by how much the new formula differs 

fiom the old theory Since the old formula is fully confirmed by experi- 
ment the new formula proves to be a^jpreczably false 

Theie is yet another objection"^ that can be urged against our calcula- 
tion The S-state (I = 0) exhibits a peculiaiit^ which we must regard 
as depriving this state of its existence For, by eqn (44), we have for 
I = 0 

r - Vi - a^Z'^ - i = i[(l - 4a2Z2)i - 1] = - + <0 

Hence by (43) v becomes co for p = 0 (^ei}' slowl}, on account oi the 
exponent == 5 10 ”■ but nevertheless oo) Thus, according to our 
definition of proper functions, all states with Z = 0 would, strictl}- speak- 
ing, be forbidden 

It IS profitable to compare graphicall}/ the energ^^ levels here found 
with the true levels We set Z = 1 and on the left of Fig 10 we 
indicate the position of the unresolved Balmer terms y = 1^/n^ (without 
taking account of their absolute magnitude) Next to them we have 
drawn the correct fine structure according to Atomhau, Chap Yl, p 420, 
eqn (6) We have on the one hand the “relativit}^ correction for circular 
orbits Ic =■ n, which displaces the corresponding term (according to 
p 421, Atombau) downwards by the amount 

la^E 

4 

and on the other hand the “ separations {Aufspaltungen) Ay, Ay^, Ay^, 
for = 2, 3, and Jc <^n In the right-hand side of the figure we 
show how the position of these levels would be displaced b^^ the new 
formula (47) The electron spin (or, as we may also say, the electron 
magnetism) must cancel this displacement and restore the levels to the 
positions occupied in the middle column of the diagram We have used 
arrows to indicate how this restoration takes place every level with 
^>0 separates mto two parts and moves partly upwards and paitly 

* We shall, however, see m Chap U, § 10, that this objection can be overcome by 
giving the “ boundary conditions ” a broader basis 
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downwards , onl^ the levels with Z = 0 move 07ily upwards It is on 
this account that all levels except the uppermost in every fine structure 
eonfiguration are to be counted as double and belong to two neighbouring 
values of I This brings us to a notation for the levels, which con.esponds 


^ Magnitudes of the terms 



Eig 10 


utihout re oldtelatvL 'tieuu relatxv 
latimty ist%c form %sticfomi 


to the alkali chaiacter of the 
hydrogen spectrum emphasised 
in the previous section and which 
is made precise by the quantum 
number^ there already introduced 
We illustrate the fuithei details 
in Fig 11 that coriesponds to the 
hjdiogen line Ha Those levels, 
which are in reality coincident, 
are separated a little in the figure 
On the left is the notation accord- 
ing to the old theory, the quantum 
number k being used , on the 
right IS the new notation, which 
uses the numbeis I and 
in which (cf p 93) ± -J- allows us 
to discern the action of the elec- 
tron spin Further, the term 
symbols s, p, d, which are custom- 
aiily used m the spectra of the 
alkalies, have been added , in front 
of these values (on the extreme 
left) are the values of the princi- 
pal quantum numbers n the tenn 
symbols have also a sufl&x which 
should really be j, that is, half- 
integral but IS here expressed in- 
tegrally as j + -J 


Pme structure of the hydrogen terms Only 
the elements of each term in Col jmns II 
and HI have been dravra to scale, the 
distances in Column I and the relative 
measures of the different terms have been 
chosen arbitranly The new relativistio 
formula i& wrong, as it does not tsike into 
account the “ electron spin-’* The correct 
relativishc formula in Chap H, § 10, will 
confirm the levels of Column II 


The difference between the old 
and the new notation finds ex- 
pression in the number of allowed 
combmations According to the 
old notation there are three (cf 
Atombau, Chap YI, p 432, and I, 
Chap Yin, p 485, not only for Ha 


line but for all the Balmer lines) 


According to the new notation we have seven possible transitions in all, 
three of the character (pd), two each of the character (ps) or (sp) These 
seven transitions actually occur m the alkali and Bontgen terms, and 
are all different , the notation of the resultmg Bontgen Imes (L-senes) is 


indicated m the middle of the figure by means of the extended Moseley 
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n^3< 


A 

r 3- 
2{= 


(P^) (SP) (PS) 


W{= 


/t ^2< 


3d. 


Hni 




notation which we used formerly, below it is the Siegbahn notation (cf 
AtomhaUy Chap IV, p 284) In the case of h^/drogen, howevei, two 
pairs of these seven transitions become identical as they have the same 
initial and final levels , they have been bracketed together in the figure at 
the bottom edge There thus remwin fite fine-structure comjp 07 ients foi Ha 
and likewise for all the remaining Balmer lines The two components 
that have been added, in comparison with the old theory, are indicated b^ 
arrows at the bottom of the figure Although they are weak they ha\e 
actually been found by Hansen ^ — without a knowledge of the new 
theory — by analysing his photometiic photographs 

The same is true of the other hydrogen series The Lynian series, which, 
according to the earlier theory was to consist of “strictly simple lines” 
(cf I, Chap VIII, p 487) is, from the new 
point of view, a doublet series like the 
principal series of the alkalies The 
Paschen series and the corresponding 
Fowler series of He+, with its famous 
line \ = 4686, were earlier to consist 
of five lines (cf I, p 490) , the new 
view, based on the similarity with the 
series of the alkalies, leads in all to 13 
components [namely, 34-34-3 + 2-^2 
transitions of the character (df), (pd), (dp), 

(sp) and (ps)] of which five pairs, how- 
ever, coincide, so that eight different com 
ponents remain, that is, three more than 
according to the old theory Paschen' s 
photographs I, Figs 114a-117, pp 489- 
493, give, in part, direct evidence of these 
three components, as was first noticed by 
Goudsmit and Uhlenbeck, whereas eailiei 
their appearance had to be ascribed to an incipient Stark effect, which 
was an unsatisfactory reason 

The fact that in the photographs of Forsterling and Hansen the 
Balmer lines exhibit the Paschen-Back effect was mentioned on p 94 as 
a convincing argument in favour of regardmg the hydrogen spectrum as 
of the alkali type 




by u s 


ZS 


t t 

Fig 11 — New quantum nota 
tion for Ha and comparison with 
alkah and Rontgen terms 


F S^utorical and Gritzcal Remarks 

The relativistic generalisation of the wave-equation was given by 
Schrodingei in his fourth paper on “ Quantisation as a Problem of Proper 
Values ” and almost simultaneously found by various other authors, of 
whom we mention — 


Ann d Phys , 78, 558 (1925) 



118 Chapter I Introduction to Wave-Mechanics 

0 Klein, Zeitsohi f Phvs , 37, 895 (1926) 

Y Fock, %b%d , 38, 242 (1926) , 39, 226 (1926) 

J Kudar, Ann d Phys , 81, 632 (1926) 

W Gordon, Zeitschr f Ph3S,40, 117 (1926) 

Th de Donder and H van den Dungen, Comptes Eendus, July, 1926 
The relativistic generalisation of the variation principle is developed 
m the papers bv Gordon and Fock just quoted The relativistic four- 
cun ent, besides being defined by Gordon loc cit , is also defined by 
Schrodinger (Collected Papers, p 130) 

Also, the new view of the hydrogen spectrum was proposed by several 
physicists — 

S Goudsmit and G E IThlenbeck, Physica, 5, 266 (1925) 

J C Slater, Proc Nat Acad , 11, 732 (1925) 

A Sommerfeld and A Unsold, Zeitschr f Phys , 36, 259 (1926) , 38, 
237 (1926) 

Finally, we must call attention to the fact that the most recent papers 
by Dirac, in the Proc Eoy Soc of February and March, 1928, have given 
the relativistic generalisation of the wave-equation a totally new aspect 
Dirac shows that this problem is very intimately connected with the 
gyroscopic nature of the electron, and that the electron spin or the electron 
magnetism is a necessary analytical consequence of the relativistic wave- 
equation, when properly’’ formulated We shall go into this in the next 
chapter, and shall show in what points the theory developed in this 
section must be altered in order to correspond with the new discoveries 
of Dirac 

This discovery settles m an extremely satisfactory way the time-worn 
controversy about the meaning of the relativistic fine structure Originally 
derived from the relativity theory the fine-structure formula was claimed 
by various writers to be of magnetic origin Millikan and Bowen* believed 
themselves compelled to conclude from the great amount of information 
gained by them about “ stripped atoms ” that the “ splitting up ” of the 
levels must take place relativistically only m the case of hydrogen (He + 
and so forth), but in the case of the other atoms and the Eontgen spectra 
this separation was conditioned magnetically , this made the identity of 
the formula which was valid m both cases appear to be due to chance 
Through Dirac we now know that this identity is rooted in the nature of 
the electron magnetism This electron magnetism is itself relativistic in 
ongm Instead of an incomprehensible accident we see here the mani- 
festation of a deep-seated identity which must ultimately lead to a solu- 
tion of the problem of the electron itself, which includes such questions 
ws why do negative and positive electricity occur in elementary quanta, 
mAxy is their mass unequal, what is their structure, how do they hold 
■either ^ 


Pha Mag , 49, 923 (1925) 
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§ 10 The Zeeman Effect 

The normal Zeeman effect, as first theoietically explained by H A 
Loienfcz occurs, according to our modem view, only in the case of true 
singlet lines These are due to transitions between two states m each 
of which the lesultant electron spin s (cf p 86) compensates itseK and 
becomes zero , tor example, parhelium with its two electrons spinning 
in opposite directions The hydrogen Imes for which we formerly con- 
jectured that the normal Zeeman effect would occur do not belong to 
the singlets and in reality show the anomalous Zeeman effect of the 
alkalies (cf § 9, E) Our present basis of wave- mechanics is sufficient to 
tieat the normal Zeeman effect fully and without difficulty But foi the 
anomalous Zeeman effect it needs to be supplemented b> the spin of the 
electron 

The wave-mechanical treatment of the normal Zeeman effect is founded 
on eqn (10) of § 9 This equation neglects the relativistic corrections, 
wffiich aie of no interest for the Zeeman effect, but it gives expiession to 
the influence of the magnetic field by means of the term A grad u In 
the case of a homogeneous magnetic field H parallel to the z axis we set, 
as in Atombau, Note 7, p 802, 

Ac = - iHt/, A^ = iBA:, Az = 0 (1) 

By the formula H = curl A we then get 

Ha; = Hy =0, Hg = H 

From (1) we calculate 

(AgradtO=f(^|^-2/5^) (2) 

bu 

But the expression in brackets on the right is equal to ^ if we introduce 
polar co-ordinates r, <^, as may easily be verified So w© also have 

(A grad «) = 2 5 ^. 
and eqn (10) in § 9 transforms into 

To prevent confusion with the magnetic quantum number m we have 
written fx. for mg To integrate this we set 

2TrtE ^ 

xjse ^ , iff ^ EPi"(cos e)e^^ (4) 


The exponential form for the dependence on is necessaiy heie, and 
is not merely dictated by considerations of convenience as in the Kepler 
problem for the case where no magnetic field is actmg For, on account 

we should not be able to solve eqn (B) at all by 


of the term with 
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separation of the variables, if we were to write m<f) instead of 

This remark is essential foi the arguments in § 8, p 92, which justified 
our calculation of the magnetic moment M We heie encounter foi the 
first time a case for which the complex form of i// is conditioned by the 
nature of the problem 

If we substitute (4) in (3), we get as the differential equation foi the 
dependence oi ijr on r and 6 



This equation becomes identical with eqn (1) of § 7 if we make 

lielBi 


E' - 


4^”* - Eo = E 


( 6 ) 


Consequent!}' all the lesults of § 7 concerning the proper values E and the 
propel functions ij/ apply here the prese7ice of a magjietic field causes tJie 
states {Zustaiide) to do^tfer only vn the value of the energy^ 7tot the form of 
the p 7 ope 7 pmcti<i 7 ts This is the wave-mechanical analogy to Laimor's 
theorem If we also introduce the Larmor precession (I, Chap V, § 6, 
eqn (2), p 296) 

1 H 

eqn (6) becomes 


E' = Ej + E + 


( 7 ) 


If, further, we introduce the circular frequency oi of the vibration 
represented by (4), by settmg 


we get, by (7), 


0 A ^ ^Uit 


2?“ 

“ = ^(Eo + B) + 


( 8 ) 


and the exponential functions in (4) combme to 

^^(ct>£ + 97K^) 


( 9 ) 


Accordmgly, the state may be described as a circular vibration, which 
takes place around the directi07i of the magnetic Imes of force The phase 
of the vibration is <d^ -f and hence the phase velocity, defined as in 
eqn (4), ^ 5, is 


dcj> <*) 

di “ m 


( 10 ) 


Smce I E I ^ E^ and oi^m is therefore so much the more E^j, we get 
from (8) 
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and hence from (10) 

a —9 lO^Osec-i 

m 

Thus the state runs round in the circle at an enormous rate , the period 
of vibration is considerably smaller than that of hard Bontgen ra>s This 
motion m the circle appears to stand in no relation to the classical Larmor 
precession 

This has led Epstein* to conclude that the veiy simple and direct 
treatment of the Zeeman effect just given is incorrect and must be 
supplanted by a more detailed discussion, in which the magnetically 
influenced atom must be combined with the current pioducing the 
magnetic field into one system, as was done by H A Lorentz There is 
no doubt that Epstein’s method is instructive and well founded ph-ysically, 
but the following consideiation t shows that our more direct method is 
justified 

If we compare our expression (9) for the progressive circular wave 
with the expression (2) in § 5 for the progressive linear wave, we 
recognise that m takes the place of the earlier wave-number K For, 
actually, m denotes the number of waves that fall within the angle 27r, just 
as k denotes the number of waves that occur in the length 2'ir Thus if 
we wish to calculate the group velocity h that is associated with the 
phase velocity a, by (7) of § 5, we must form 

, do) 

” dm 


The differential quotient on the right is to be taken from eqn (8), which, 
so to speak, gives the law of dispersion for our circular wave, that is, the 
dependence of frequency on the wave-number ” m This fields, since 
Eq and E are independent of w, 


b = 


dm~ 


( 11 ) 


Thus 'Lohereas the phase velocity is immensely greats the group velocity comes 
out egual to the well-known slow angular velocity of the Larmor precession 
This evident and striking relationship with the Laimor precession not 
only accounts for the surprisingly high value of the phase velocity but 
serves as a subsequent justification of the preceding method The con- 
ditions here are quite analogous to those which occur in the de Broglie 
waves for then, by § 5, the wave-phase propagates itself with a velocity 


greater than that of light (vberlichtgeschwmdigkeit, but the wave-group 


moves with only the velocity v of matter It suggests itself immediately 
to draw inferences in the present case, too, from the group velocity to the 
motion of matter, that is, to assume that the Larmor precession is now 


* Nat Acad Waskuigtoii, 12y 634 November, 1926 

tl am indebted for this to a lecture given in 1927 by E U Condon 
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also to be interpreted as a circling motion of the electrons, as in classical 
mechanics 

But vre must point out an apparent contradiction In eqn (11) we 
differentiated with lespect to the quantum number w, as if we weie dealing 
with a continuously \ariable quantity, whereas by the postulate that ^ 
shall be smgle-\ alued, m is fixed as an integer To lesolve this con- 
tradiction we must refer to the general remaiks at the beginning of § 8 
We there stated if the energy is sharply defined as a proper value, the 
time co-ordinate of the election becomes mdefinite and the idea of an 
orbit becomes diffuse , so we must give up the sharp definition of the 
energy By eqn (7) m occurs in the energy E' , by varying m con- 
tinuously, E' IS also continuously varied This is necessary if we are to 
be able to speak of a group velocity at all as the velocity of an electron in 
its orbit We thus see that the apparently inadmissible differentiation 
with respect to m is connected with the Uncertainty Relation mentioned 
in § 8, A {Uyigenauigheitsr elation) 

Moieo-ver, this same difficulty occurs even in the rectilinear motion 
of the election Here, too, according to de Broglie, the velocity v of 
the electron is obtained by differentiating with respect to the w^ave- 
length X (or to its reciprocal, the wave-number h) X is capable of 
havmg continuous values so long as we consider the electron in un- 
limited space But as soon as we imagine it enclosed in a cavity 
(Hohlraum), the Vs are in this case also fixed as discrete values, 
analogously to our m in the Zeeman effect The allocation of the group 
\elocity v to the electron wave here also then requires the rescinding of 
this restriction to fixed values and renders it necessary to ascribe to 
the wave-length X, just as to oui m, sufficient play for a continuous series 
of values 

We can now easily show that our wave-mechanical treatment of the 
normal Zeeman effect contams all the results that we derived in I, 
Chap Y, ^ 6, from the earlier theory By eqn (7) the additional energy 
AB due to the magnetic field, that is, the difference between E' and 
Eq -f E is given by 

AB = 

2Tr ^ 

This IS (if we disregard slight differences in notation) identical with I, 
eqn (12), p 299 By takmg the difference between an initial state 1 and 
a final state 2, we obtain the magnetic change of wave-rmmber v by the 
frequency condition 

Av = - 

h 2ir 

or, takmg into consideration (6a) 

Av = {mi-m,)J^ (12) 

This IS the same as the earlier equation (14) on p 


300o£Vol I 
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§ 11 The Molecule as a Symmetrical Top 


The superiority of the new method ovei the old manifests itself, 
howe\ei, in the fact that we now obtain also the rules of selection and 
polarisation from the same mathematical scheme as the energy values 
Since the proper functions and the matrix elements ” of the co ordinates, 
which are formed from them, aie the same as those in the Kepler piob- 
lem when no magnetic field is acting, we can invoke eqn (37a) of ^ 7, E, 
for the rule of selection for m This states that only the transitions 


± 1 


may occur with an intensity differing from zero At the same time we 
can take the corresponding polarisations fiom § 6, IB, p 55 According 
to this, for a tiansition a vibration arises which is 'polarised Imearly 

along the z-axis ( = that of the magnetic field)^ and for a t? ansitwn ± 1 

a Girculai vibration occurs in each case in the plane perpendicular to the 
magnetic field In the first case (linear polarisation) = 0 and by 

eqn (12) Av = 0 , in the second case (circular polaiisation) ± 1, 

and so, by (12), 

Av 


= +1 


H 

[JL ItTC 


In this way we have derived the noinial Lorentz triplet, coiiesponding to 
I, eqn (16), p 300, and I, Fig 81, p 294 It is e\ident that if we now 
evaluate the matrix elements in question we also obtain the intensities of 
the thiee triplet-components, namely, in the case of transveise obser\a- 
tion, twice as gieat an intensity for the middle component as for eithei 
of the lateral components 

Finally, we must point out again that the noimal Zeeman effect is to 
be expected only under quite special conditions, and that even in the 
case of the H-atom the Zeeman effect that occurs is anomalous 


^ 11 The Molecule as a Symmetrical Top 

In I, Chap VII, p 441, we distinguish between diatomic molecules, 
whose moment of ineitia about the line connecting the nuclei vanishes 
and which can therefore take up no moment of momentum about the axis, 
and molecular tops (Kreisel-Molekulen), whose ellipsoid of inertia is an 
ellipsoid of rotation and which can therefore have a spin-moment about 
the axis of symmetry The latter correspond to the “ symmetrical tops 
of ordinary mechanics, so long as we legard the configuration of atoms 
as rigid The much more complicated problem of the unsym metrical 
top (general ellipsoid of inertia) was only hinted at earlier {AtcmJ)au, 
p 744) and will not be treated in this volume either 

The question of the quantising of the symmetrical molecular top has 
gained in interest since Victor Henri* discovered in formaldehyde 

* Nature, 118 , 225 (1926) Victor Henri and Svend Aage Schou, Zeitschr f Phys , 
49, 774. 1928 
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(CHgO) the case of a substance whose band spectra exhibit the unmis- 
takeable characteristics of both moments of inertia, namely 0 about the 
axis of the figure of the molecule and A about the equatoiial axis The 
quantum formula for such molecules was derived eailier in I, Chap 7^ 
§ 6, eqn (7), p 443 The wave-mechanical method of derivation con- 
firms this foimula but again with the characteristic difference that 
m{m q- 1) takes the place of the w? of the eailiei theory (where m = the 
rotation quantum numbei for the total angulai momentum) We do not 
here consider the oscillation terms of the band spectrum as we decided 
to treat the molecules as rigid bodies 

We enter into this problem rathei deeply, not only on account of its 
importance for the theory of band spectra, but also on account of the 
method mvohed On the one hand, it gives us an oppoitumty of intro- 
ducing generalised co-ordinates, here the Eulerian angles, into the wave- 
equation , on the other hand, it gives us an excellent example of the 
power of our polynomial method,” by means of which we shall simplify 
the calculation as compared with the other methods that have appeared * 


A The Wave Equati07i %n Generalised Go-ordinates 


Just as in ordmar^ mechanics Hamilton's principle, so in wave- 
mechanics the variation prmoiple of § 9, D, simplifies the introduction of 
generalised co-ordinates As we are not here interested in relativity 
coirections we may use the simplified form (38a) of the variation 
prmciple 

As in (38a) we consider first the single point-mass and express its 
three rectilineal co-oidmates x, y, z in terms of three generalised co 
ordinates Xj or in general bj q without specifying them any further 
We then have 


^ 


+ 






+ 


in which the suffixes denote differentiations Using the abbreviations 


= ^{(>1 + 6 ^ + o !) 

[6>x] = 


( 1 ) 


* F Reiche, Zeitschr f Phys , 39t 444 (1926) , B de L Kromg and Babi, Phys 
Rev , 29 , 262 (1927) , C Mannebaok, Phys Zeitschr , 28 , 72 (1927) , D M Dennison, 
Phys. Rev , 28 , 318 (1926), m which the method of matrices is used Concerning 
questions of intensity, cl Rademacher and Reiche, Zeitschr f Phys , 453 (1927) 
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we then have for the differential expression that occurs in eqn 


- ©)■ - mi 


(38a) 

1 (2) 


But the same coefficients [BO] [6x\ also occur in the expiession foi 
the VIS viva if we write it as a function of the generalised co-ordmates of 
position q and momenta p = pe, p^, p^ For we have 

B = BxX + Byy + BzS \ 

X = X** + r (^) 

and hence 


c)ic c)6> lix 
ST n ^)T 
SF= ^ 


ST ST 






According to the general definition of momentum co oidmates (I, Chap IV, 
§ 1, eqn 5, p 195) the left-hand sides of these equations aie the rectilinear 
momenta py^ pz, and the differential quotients on the right are the 
momenta p&j p^y p<f>^ If "^6 substitute these terms in (4) we get 

* = + XxPx + 

y = + ) 


Hence, taking mto account (1), we get 

+ 2/2 + z^) 

= + [xx]i>xi+ +^\MP^x + 

We actually have heie, then, the same coefficients \B6'\ as in (2) 

and so we read out of (5) the following rule, already formulated on p 111, 
but now extended to generalised co-ordmates the expression H in 
eqn (38a), § 9, is formed hy multiplying in turn each teim of the 
Hamiltonian function of classical mechanics by ^ and replacing ph^ hy 

27 r 'dqie 



'*Wd may remark parentheticaUy that a comparison of (3) and (4) exhibits the 
TFell known f^t that momenta transform contravariantly with respect to the velocities 
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27m gi%e$ the transformed expression for H 

y (6) 

+ 1x^0+ } + V^ 

The variation pimciple of (38a, b), § 9 then runs, if as on p 111 we 
call the Lagrange multiplier of the normalising condition - B, 

Of course dr = dxdydz must also be transformed coirespondingly, that is, 
must be replaced by DdOdxdif/, abbreviated to T>dq, where T> is the 
functional determinant of the transformation 


D - 


ye zq 
Vx ^x 


y^* ^4* 

The indices here denote differentiations, as above 


and so forth 


corresponding to the eailier 






( 8 ) 


Performing the variation m (7), Yve next get 

1 ^ - 0 

k 

and after an integration by parts 

- Ks: I s|(“ f.) + 2I>(E - Y)4s^g _ 0 (9) 

k 

The “ surface integrals ” resultmg firom the mtegration by parts have been 
omitted, as they can be made to vamsh, if necessary, by the subsidiary 
condition Sijif = 0 “ at the boundary ” Since B\j/ is moreover arbitrary, the 
factor of m (9) must be equated to zero This gives the transformed 
waie-equatwn In view of eqn (5), m which pjt must now of course be 
replaced by 

Qtt 
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it runs, explicitly 

+ + [** 0 } 

+ ^D(E - V)0 = 0 

It IS self adjoint [cf the conditions* (19) m § 9] like eveiy diffeiential 
equation that arises from a variation principle 

B Appl'icatioji to Euler's Angles and to the Eotaho7i of a Rigid Body 

The form of equation just obtained holds not only foi the individual 
point-mass but equally well for a system of point-masses , we have but 
to increase the number of co-ordinates, that is, to make them equal to the 
number of degrees of freedom of the system We have already seen 
in eqn (12), § 1, that in the case of seveial point masses (distinguished by 
the index a), it was only necessary to leplaoe in the wave-equa- 

tion by 

a 

From this it follows that in the variation principle, eqn (38a), ^ 9, 
the expiession 

j-rm' + 1 

must be replaced by a corresponding sum taken over a with nia in the 
denominator But since, by (5), T can also be lepiesented by an 
analogous sum, (6) and (lOj remain unchanged in foim, \px\j 
now of course signifying the coefficients of T(q, p) for the whole pomt 
system 

The point system of the rigid body has three degrees of freedom , 
Euler s angles are three appropriate co-ordinates, and are usually called 
6, \jf, but as we have claimed xfr for the wave-function we shall retam 
the notation 0, x» ^ used in A of this section These angles, as we know, 
define the position of the fixed system of reference of the axis of the figure 
in the case of the top (the Z-axis = the axis of rotation of the ellipsoid 
of mertia) and of the equatorial plane (XY-plane) with reference to an 
ijj^/^-system fixed in space but otherwise arbitrary in position , the Ime of 
intersection of the XY-plane with the a;y-plane is called the Ime of nodes 
{Knotenlime)^ 0 denotes the angle between the 2 and the Z-axis, x 

* These conditions are, it is true, formulated for only two independent variables 
a?, y But we can apply them to each pair of the variables &, Xi turn and show 
that they are fulled 
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angle between the line of nodes and the X axis , 0 lies between 0 and -a-, 
X between 0 and 27r 

The kinetic energy of the sjonmetrical top is given by a function of 
these angles and of the corresponding angulai velocities 

T(g, ?) = + sm-i ^ x^) + + cose xY (ii) 


To a\oid leaving a gap here we prove this formula very simply as 
follows We start from the general equation of definition of the principal 
moments of inertia 


T = i(A4 + + Co>|), 


0 )^, Wy, <i> 2 , refer to the above-mentioned principal axes X, Y, Z, fixed in 
the top (we avoid the usual notation p, q, r, because we have already used 



Fig 12a — Plane througli the axis P of the 
figure (Z axis) and the is-axis Pro]ection of 
the rotation -vector on the axis F and on the 
trace of the equatorial plane 



rotation vector on the equatorial 
plane 


p and q for other purposes) 
have 


T 


Hence for the symmetrical top A 


A 2 0 2 

2“^ + 2“z 


B we 
(lla) 


= (<t)^ -h denotes the perpendicular pro]ection of the rotation 

vector <a on the equatorial plane, Og that on the axis of the figure 
Besides these components we consider the ohl%qu& components of the 
rotation vector, namely 6y x» <i> along the line of nodes, the j?-axis, and the 
axis of the figure Thus we have resolved the rotation vector co m two 
ways, once m the rectangular components and a>^, and secondly in the 
oblique complex of Imes B, x> ^ (of Big 12a, b) If we project this set of 
Imes on the axis of the figure, we get Thus (Fig 12a) 

^ + eos 0 X 


(11b) 
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0 makes no contribution to cog, since the line of nodes is perpendicular to 
the axis of the figure We then project this set of lines on the equatorial 
plane (Fig 12b) In this case ^ makes no contribution because the axis 
of the figure is perpendicular to the equatorial plane 0 lies of itself in 
the equatorial plane, namely along the line of nodes K The pi ejection 
of X direction perpendicular to the line of nodes (namely in 

the trace of the plane of the diagram in Fig 12a) So we get 

+ sm2^ 

If we now substitute (11b, c) in (11a) we find that we have proved (11) 
From (11) it follows that 

Pq — A^, Px = (A ^ + C C0S2 -f C cos^ 

+ cos^ x) 

By solving and substituting in T (g, q) we get 

-LW. Pi - 2A sm2 6 ^ 2C 

Acoordmgly, 

1 1 


(lid) 


ingiy* 

I r T ^ rjji cos^ ^ J. 

“ 2A’ 2A sm2 6> 20 

M - mi - 0, wi - - 


( 12 ) 


It still remains to determine the value of the functional determinant 
D, eqn (8) To refer it to the preceding quantities, we may proceed as 
follows Besides D we consider the determinant 

Ox Oy Oz I 

r>i = X» Xy Xz (13) 

<^a! 4^ <t>z 

as well as its square and its product with D The last two quantities are to 
be formed according to the multiplication theorem foi determmants 
is then equal to the “discriminant ’’ of the quadratic form (lid), namely, 

1 



m 

1 — 1 

1 — ) 



m 

[xx] 

bd^] 

= 


m 

['#'X] 

[jm 



2A 0 

^ 2A sin^ 0 

n ~ ^ 

2A sin2 0 

1 

SA^C sin2 0 


0 

- cos 0 
2A sin2 e 
cos2 9 1 

2A sin'* 0 20 


(14) 


On the other hand, we easily prove that 

,10 0 

DD, = ' 


1 

0 


= 1 


(15) 


voi u — 9 
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on account of the relationships 

Ox'Te + 0py» + 0zSe = + ^dy + ^dz'j j d6 

= 1 so forth 

+ ^yVx + + ^f'V + j^x 

= = 0 s.nd so forth 

\oxJe^ 

Hence from (14) and (15) we get 

D = i = 2A sin (9 ^/20 


We now need only substitute the values (12) and (16) in the scheme (10) 
to obtain the wave equation of our problem 

lid \ ^ sin 6 by- Vsin 0 C )b4>^ 1 


^ ^ sin 6 V 

- ^ CQS ^ Sr^A 


A 


sm 0(E - V)^ = 0 


sm d ax^>'6 ^ - - j 

As we sljall be interested only in the motion of our molecule under 
no forces ^not in its Stark effect, which has also been treated by Eeiche) 
\\e must set V = 0, which means that E then signifies the difference 
between the actual eneigy and the eneigy at rest 


G Iiitegration oj the Wave Equation 
Erom (17) it next follows that x cyclic co-ordinates, just as 

m the ordmarj mechanics of the symmetrical top In the latter this, as 

we know, causes the corresponding momenta and to be constant In 
wave-mechanics the same circumstance allows us to assume the wave- 
function to depend on x 3*11^ ^ m the special exponential form 

tjf = + TT'x (18) 

Here t and r must be integers (positive or negative), since ij/ must be 
a one valued function withm the range of the co-ordinates and hence 
periodic m <f> and x the period 27r Eqn (17) then becomes an 
ordinary differential equation m the unknown 0 

sm 0^) - [r'2 + (cos2 6 + ^ sm^ 6^ 

“ 2 cos Btt - sm'^ = 0 



As in the case of the spherical harmonics (Kugelfunktionen) we mtroduce 
the new mdependent variable x = cos B and use the abbreviation 



( 20 ) 
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From (19), hy easy calculation, we then have 

(1 - - Ml - < I 

+ [\(1 - X^) - - t' 2 + 2TTa?J0 = oj 

The only singular points of this differential equation in the lange 
- 1 ^ a; ^ + 1 are the limiting points a? = ± 1 To test the character of 
these singularities, we write 

1 + X = y ( 21 a) 

Thus 

X ^ ± {1 - y), 1 ± X = 2 - y (21b) 

and we have instead of (21), if we denote differentiations with respect to 
y by dashes, 

2/2(2 - yy@" + 22/(1 - 2/)(2 - y)®' ) 

+ {\2/(2 -y)- {t + t'Y + 2 rr'y}® = 0 / 

As in all the eaiher cases we^assume 

@ = (23) 

and get the following characteristic equation for y [by equating to zero 
the factor of y'^ in the power series of the left-hand side of (22)_, 

4y(y - 1) + 4y - (t + tY = 0 

that IS, 

4y2 = (t + r'y, y = — ^ ^ (24) 

By introducing the vertical lines denoting absolute values we have fixed 
our choice of the roots, which is necessary to ensure the contmuity of the 
proper function 

We further split off from @ the two characteristic poweis at the 
singular points , we count for example, from the point re = - 1, so 
that by (21a, b) we get l + = 1 — £c = 2- y The assumption 

(23) then becomes changed to 

I y - r ^ I I r -f r' I 

® — F-i?, F = (2 — ?/) ^ y ^ ^25) 

We seek the differential equation that ^ satisfies, and for this purpose 
form 


®'' - K'" - 

Ht - t'I (|r - T I - 

+ \ 4(2 - yY 

_ I T - T I I T + T n i \ 

22^(2 - y) r) 


-r'\i\r-r'\ -2) | r + r' | (| r + / | -2) 

4(2 - yY V 
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We substitute these values in eqn (22), m which the lowei sign must 
now be taken, and cancel the factor ^(2 — y)^ We get 

^(2 - y)v^ + [1 T 4- T I (2 - 2/) - 1 r - r | 2/ + 2(1 - y)y\ 

4“ (A. 4“ 'V)‘t = 0 J 


(26) 


A IS an abbreviation for the following expression 

'v 

2(1 - y) 


_ - (r 4- rf + 2rr'y _ . y , , - V 


, . . . 11 •,f y , 2(1 - 2 /)\ 

y 2(1 - y)'' 


- 4 I T + 




y 


y 


■’) 


We show, however, that V is in xeality a constant For the first line 
reduces to - ■^■(t- 4- r-), and the two expressions in brackets in the 
second and third lines are equal to 1 Therefore 

A = - ^(r- 4- r 2) - ^ I t 2 - r'2 I ~ J I T ~ T I - ^ 1 t 4- r j (26a) 


Instead of the fiist two terms we may also wiite 

_ + ’•' I + k ~ l y 

Hence if we introduce the abbreviation 

T* = 4(1 T + t' I + I T - t’ I) 
we get instead of (26a) 

1 - r* = - r^(r* + 1) 

and eqn (26) becomes 

y(2 - y)v' -h 2[1 4- | r - 1 - t | — 2 /(t* 4- l)]v' 
^ FA - 4- l)']v = 0 


(26b) 

(26c) 

(27) 


We alread}^ know from the equation of definition (25) that v behaves 
regularly at z/ = 0 and can therefoie be expanded as a power series 


V = (28) 

The recurrence formula for the coeflBcients a„ is obtained by substituting 
the series (28) in (27) and, for example, to equate the factor of y^ to zero 
In our case the recurrence formula consists of two members and runs 


a, + i{2(v + I)!' + 2(v + 1)(1 + I T + t' i)} 

+ a4 - v{y - 1) - 2v{t* + 1) + \ - r*(T* + 1)} = 0 j 

It IS at this point that our polynomial method enters , if we make the 
factor of vanish for a certain value, say v — yu., then all the following 
coefficients for v > /a vanish This not only secures convergence but 
also the regular behaviour of v at the second smgular pomt 2 ^ = 2 of the 
differential equation (corresponding to oj = 1) Hence if by means of 
(25) and (18) we return from t; to ® and ip, we have built up the desired 
propel^ function. 
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Aftei the second Ime of (29) we foice the recuirence to cease foi j = /t 
by fixing the “ proper value ** A. as follows 

X - - 1) + 2 / x ( t * + 1) -f T*(r* + 1) 


This IS equivalent to 
if we set 


X = m(pi + 1) 

m = fjL -h T* 


(30) 

(31) 


T* IS, by (26b), a positive whole number, just like /a Foi t and t are 
integers (cf above) , further, | t + t | and | t — r | are positive integeis, 
which aie simultaneously either even or odd, so that half their sum is 
always an integer, and by (26b), t* is simply the gieatei of the two 
numbers (rj and [r | Accordingly, by (31), m also becomes a posihte 
mteger 

It follows from (30), in consequence of (20), that 


^ m{m 4 - l)h^ , fl 1 \ 

■“ s^HA s^\c “ a; 


(32) 


This IS foimula (7) of I, p 443, already mentioned at the beginning of 
this section, except for unessential changes in the notation and with the 
essential difference that is replaced by m{m 4- 1) Our piesent t 
corresponds exactly to the earlier tiIq and, like m^, measuies the proper 
momentum ” of the top (for t belongs to the angle of rotation ^ about the 
axis of the figure, that is, to the “ propei rotation ”) Also the dropping 
out of the band lines on both sides of the zero line, which was emphasised 
earlier in I, p 445, is contained in our formulae For wheieas /a, being 
the degree of our polynomial (at the same time the number of nodes in 
the B duection), can assume all the values 0, 1, 2 , we see from (31) 

that m IS restricted to the values Finally, the occm rence of a 

zero branch (I, p 446) can be explamed on the theory of wave mechanics 
For if we start from our assumption (18), which corresponds to a motion 
compounded of precession and lotation, the selection lules for m differ 
from those which we have obtained m the case of pure lotation the 
transition m^m is not forbidden here, as it was in the case of pure 
rotation [cf § 6, eqn (33)] 

The proper functions of our problem are fully determined by the 
recurrence formula (29) [except for a multiplying constant, which follows 
from the normalising condition] Concerning their analytical character 
we mention only that they are special cases of the hypergeometric series, 
namely, the so-called Jacobian polynomials But it is characteristic of 
our “ polynomial method ’’ that it attains its goal without requirmg any 
special knowledge of the theory of functions, and m the present case we do 
not need to have recourse to the full theory of the hypergeometnc senes 
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§ 12 Ooncemmg the Eelationship Between Quantum Conditions m 
Wave-Mechanics and in the Older Quantum Theory 

G Wentzel* and L Brilloumt have devised an instructive method 
of making the wave-mechanical methods of solution approximate to the 
processes of classical mechanics We shall here give a form of this 
method which does not go so far as was originally intended by those 
authors Eor we shall assume that the pioper functions and pioper 
values ha\e been found wave-mechanically, and shall enlighten ourselves 
onl} on the relationship of the quantum conditions in the new and the old 
theory 

We revert to the beginning ot this Chapter and, similarly to eqn (6a), 
p 4, we set 

^ ( 1 ) 

Here ^ydx takes the place of the earlier S, the amplitude factor A, which 

was separate earliei, has been included in the exponent By calling the 
variable of integration we indicate that for the present we are restiict- 
mg ouisehes to one-dimensional problems The integral is to be thought 
of as an indefinite integral with an arbitrary but fixed lower limit and 
with the variable upper limit x 

The one-dimensional wave-equation for ip is 

or, written more simply for what follows, 



Here the 
equation 


momentum ” p is defined classically according to the energy 




by 

P = j2m{K - V) (3) 

The differential equation foi ip is of the second order and of the first degree 
We show that it gives rise to a differential equation for y which, like 
Hamilton*s equation for S, is of the first order and the second degree For 
this purpose we form from (1) 


lA = 


„ , /27r\2 "] 


(3a) 


* Zeitsclir f Phys , 38* 518 (1926) Besides the Kepler motion Wentzel also treats 
the Stark effect of the second order by this method m a particularly simple way We 
shall derive his result in the next chapter, § 2, by a different method 
fCompfees Rendus, July, 1926 
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and obtain from (2), by dividmg by </>, 


^y' = 


(4) 


This IS the “ Eiccati equation ” corresponding to eqn (2) 

Jl 

Using 2 ^ the argument of an expansion, we solve eqn (4) by 


assuming 


h / h \ 

y = yo + 


r + Y 


(5) 


To escape all difficulties of convergence we therefore bieak off the expan- 
sion at the member and call the remainder Y By substituting (5) m 

h 

(4) and comparing the foim of the first powers of « — we find 



0 = pi - 2/o = p (6) 

y'a = - 2yoPi. i'l = - 

y'l = - Pi® - 2yoP,, ^2 = - (8) 


We thus see that the successive appioximations 2/o» 2/i> obtained 

without integration, simply by differentiations, fiom the approximation 
of zero order This approximation itself corresponds to classical 
mechanics For by the lattei the function of action S is defined h\ 


^2 


= P 


(9) 


If, corresponding to our piesent notation, we here make q ^ x and 

S = ^y^dx, (9) becomes identical with (6) Thus our series expansion (5) 

successively corrects the classical-mechanical solution, and makes it meige 
into oui wave mechanical solution 

Our next purpose is to bring the conditions of continuity of the new 
theory into relationship with 
the quantum conditions of the 
old theory A glance at eqn 
(1) suggests the following line 
of argument tfj is to be one- 
valued and continuous along 
the real x-a,xis (or along that 
part of it which comes into 
question owing to the physical 
meaning of x) If we assume beyond this that ^ depends analytiaally 
on X, then the one-valuedness and contmuity of ^ extends into the 



I’lG 13 — Closed path for integration by 
the Wentzel-Bnlloum method The points 
£C = + a refer to the oscillator and give the 
extent of the classical orbit 
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complex plane, that is, m a certam region in the neighbourhood of the 
real j:-axis In actual fact the nearest singular point (branch-point or 
point at infinity) will be at a finite distance from the rc-axis If in this 
part of the a;-plane, namely m the shaded portion of Fig 13, we describe 
a closed curve, starting from a point A and ending at a point B co- 
incident with it, xff must return to its initial value But this means that 
the exponent of the right side of (1) can only vary, if at all, by an mtegral 
multiple n of So we postulate 


li 


or, written more simply, 


= 27rt?i, 

To Xq 


m 


^ydx = nh (10) 

which we indicate the integration from A to B by ^ Substituting in 


the expansion (5), we get 




Ydx = nh 


( 11 ) 


If we bleak off the expansion at the first term, we have, setting — p 
and a? =s the q^iantitm condition of the old theory 




nh 


The succeeding terms oj the expansion therefore give those corrections 
which aie necessary according to the new theory In this process we 
assume that the expansion is carried so far that the remainder term Y 
makes no contribution, that is 

^Yd:c = 0 (12) 

We shall investigate only m special cases how the conections are to be 
calculated and whether the condition (12) can be fulfilled 

We have yet to remark that on account of the one- valuedness of ifs the 
condition (10) can be imposed for any arbitrary closed path, but that we 
are justified m choosmg paths for which the mtegration may easily be 
performed and does not become trivial (Curves which enclose no singu- 
larities and therefore make ^2/^^ vanish do not mterest us ) For 

the sequel we shall agree to carry out the integration around the whole 
region of the independent variable that comes into question physically, but 
eocduding the end points of the region First we shall consider the path of 
mtegration to embrace the a:-axis closely on both sides as in Fig 13 , later 
we shall deform it so far as this is possible according to the regularity of 
the function to be mtegrated The only singularities of y enclosed by our 
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path are the zeio-pomts of since ip and 0' are not allowed to have 
singularities in the physical legion The number of zero pomts [“ number 
of nodes ” {K^wtenzahl)] simultaneously determines the quantum number 
n in eqn (10) It is easy to see that zero points of ^ can he only in that 
part of the real axis where > 0 For by eqn (2) it is only here that 
the curvature of the \f/ cuive is concave to the nj-axis, that is, it is only 
here that \p- is oscillator 5 r in character This part of the aj-axis is identical 
with the extent of the orbit which was described according to the earlier 
theoiy In view ot this we may express our above convention about 
the path as follows the path of integration is to be taken round the region 
of the classical orbit In consequence of the fact that deformation of the 
path of integration is possible these two conventions amount to the same 
thing 

A The Harmonic Oscillator 


If m denotes the mass, coq the classically calculated fiequency of the 
free vibration of the oscillator and a the maximum elongation in the 
classical motion, we can set [of § 3, eqn (1)] 


-rr O o T-I ^ 

V = 

Thus 

p = ^2m(E — V) — mu)Q ^/a- — a;’ 
Hence by (6) and (7) 

2/o = mojo ] 

^ _ 1 d log yp ^ _ 1/_1 L_\ I 

2 dx 4\a -h X a - xj] 

From 2/o 2/i (Q) easily calculate 

2^2 + Sx- 

~ Sm<x}Q (a^ — 


From this we see immediately that 

jy,dx = 0 (14) 

SO long as the path of integration encloses the two bianch pomts x^±a , 
and this is so on account of our convention (cf Fig 13) Then the path 
of integration may be extended to infinity, and becomes proportional to 
With the same method of treatment we find that for a; oo 



merges into 



where the last integral may be taken, for example, over a circle of 
sufficiently great radius With the positive sense of traversing the path 
assumed m the figure it has the value %n Hence it follows that 




h 

2 


( 15 ) 



1S8 


Chapter I Introduction to Wave-Mechanics 


To calculate ^ y^dx we contract the path of integration most con- 
veniently to the real axis from — a to + a and back, and set x = a sm <f> 


We get 


(^y^dx = ^os^ €l>d<f> = mojQah 


By using the expression for E in (13), we may write 

&y,dx = = ? 

J ^0 ^0 


which IS, of course, au fond identical with the earlier evaluation of the 
phase integral for the oscillatoi in I, Chap IV, ^ 1, p 197 

We can show that, just as the integral over y^ vamshes, so all the 
subsequent integrals of our expansion (11) vanish We prefer, however, 
to break off the expansion at the second member , that is, at 2/1 and to take 
up the remaining members into the remainder Y Anticipating that the 
remainder integral becomes zero, eqn (11) becomes, with due regard to 
(15) and (16), 

— — ^ = nh, that is, ^ = (n + i)hvQ (17) 

vq a 


This IS our familial wave-mechanuial value for the energy of the oscillator 
If we had omitted the correction member in 1 / 1 , we should have obtained 
the value of the earlier theory E = nliv^ 

We next determine the remainder If we can show that Y (similarly 
to y^ before) possesses for large values of x an expansion in negative 
powers of x, m which no term containing Ijx occurs, this simultaneously 
proves that the remamder integral vanishes, the same path of integration 
being chosen as previously This is actually the case if we use (1) to 
express y hy means of iff and substitute for i/r the proper function, free of 
singularities, determined from the wave-equation 
By eqns (8), (oa), and (2a) of § 3 we have 

« = (18) 


where A — the normalising factor Concerning Hn(i) we need know 
only that it is a polynomial of the ?ith degree , that is, it has the form 
H„(f) — + From this it follows for great values of ^ that 


H;(^) _ n 

^{S) i 


where the nnwntten terms here and m the sequel, denote powers ^ 
By the equation of definition (1) and by (18) 


^ ^ log 0 _ h Ja. d log ifs h Ja./' ^ . 

® 2« dx ~ SjTt df ~ 2iri \ J *** 
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To determine Y we start from eqn (5) in which, as agreed, we make 
V = 1 Multiplying by ~ — we get, on account of (19), 


hjcx. 

27r4 ^ ^ 




Vi 


( 20 ) 


On account of (13a) we have for large values of a:* 


2/o = ^ma}Qx\ 


(i-iS- )■ 




In view of the definition of i and a in (18) it follows from this that 



1 


\ 

hJcx. 



) 

1 

2 Jax 

+ 

loca* 1 

~ ^ 2 f ■*’ 2^ 

J 


(21) 


In this we have yet to express the quantity in terms of the energy 
value E of eqns (13) and (17) On account of 


B = = [n + 


(21a) 


we have 


■TTWCOa 


for which we may also write 


= « + 2 




.2 1 
= n + 


2 ^2 

The right-hand side of (21) thus reduces to 

I- 


^ + i . ii . 
I 2^ + 


= f-- + 


and this exactly cancels out with the first two membeis of the expansion 
(20) Thus our remaindei Y has in fact foi large values of f the required 
property of vanishing more lapidly than 1/f, so that eqn (12) is pio\ed 
foi our remainder integral 

We must point out that this proof, besides assuming the existence of 
the proper function, also uses [cf (21 a)] the wave- mechanical expiession 
of the proper value E We cannot therefore claim to have deduced this 
value in eqn (17) according to the method of Wentzel and Biilloum 
But we see clearly in our example how the quantum rules of the old 
theory are connected with the system of wave-mechanics 

B The Kepler Frohlem 

We are here interested only in the radial part E of the proper function^ 
which by (3) and (3a) of § 7 satisfies the differential equation 

* The sign of is determined by the fact that in the path of integration of Fig IS 
we must take the square root of y^ as posihve for moreasmg real values of x 
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where 


p® = 2 tw(B - V) = 2to(E + — \ 


(22a) 

(23) 


We introduce the abbreviations 

A = 2?wE, B = mZfi®, C (Z + 

which differ slightly from those defined in eqn (3a), § 7, but agree exactl;^ 
with the abbreviations A, B, 0, of the older theory m I, Note 8, p 570 
In particular, it must be noticed that our present quantity Z -f 1 is 
identical with the quantum number h there used From the definition of 
C we get 

— Z(Z + 1) = — (Z 4- 1)“ 4- (Z + 1) = C 4- (Z 4- 1) 

If we make all the substitutions in (22), we get 


dm 2 ^ Z 4- 1, 

dr® r a'r r- 


/2b-\®/, 2B (J\_ - 

(x) r + pr “ ° 


2B C' 


(24) 


As m eqn (1), we now insert y m place of E. by means of the assump- 


tion 


E 


2m r 

= eTj 


ydi 


(24a) 


and obtain from (24) an equation analogous to Eiccati’s eqn (4) [cf 
also (3a)] 

h /dy ^ A 

2r-i\dr r r- 

with the abbreviations 




yi 


(25) 




As m (5) we then expand y in terms of the parameter /i/27r^ (The fact 
that the quantity X itself still contains the factor hl^m need not disturb 
us, since we can group the terms and break off the expansion at will ) 
So we write 

y = Vo + (26) 


and, exactly as m (6) and (7), by substitution m (26) we get 


Va 


= V' 


A oB 0 

A + 2 — + -3, 


Vi = 


1 (^0 , 2^0 

2^0 \ dr r 


ri) 


(27) 


In the Kepler problem the range of the co-ordinates extends from 
r = 0 to r = cx) The two roots of P = 0, which we earlier called Tn^ax 
and r«iin, he on the real axis (cf I, Fig 124, p 551) By our convention 
on p 135, the path of integration runs round these two points and after- 
wards goes to infinity m the r-plane The point r = 0 must be con- 
sidered ultimately as a possible smgulanty 
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The postulate that the proper function must be one-valued requiies 
that ^ydr must equal h times an integer, which we shall now call nr 

(radial quantum numbei) From eqn (26) we therefore get the equation, 
analogous to (11), 




nrh 


(28) 


We shall show that here even the first correction term disappears, from 
which the familiar fact follows that the energy-levels of the Kepler prob- 
lem found in the older theory remain preserved unchanged in wave-mechanics 
For this purpose we consider the power expansions of ^/o Vi 
neighbourhood of the points r = 0 and r = oo 
For 7 * = 0 we have 


2/0 = 1 + Sr + 


N ^ _ Vi 

r dr r2 


r V 


2/i = - 


VC 


By (23) 


2 VC 


fG\ 


^/G4-2VC^ X 


70 - 5^(1 + 1 ) 


(29) 

(29a) 


that IS, equals our value of X the fact that the signs of these two 
quantities \/C and X also agree is evident from the concluding remark m 
I, Note 6, c, p 552 Hence in the neighbouihood of r = 0, we have, by 
(29) and (29a), 

2/i = - 7 + (29b) 


On the other hand, we have for r = oo (except for terms that vanish to 
a higher order for r = oo ) 


jr. - 7 a(i + j i + 


> 


di 


B 

VA r^ 




Vi 


-ra( 


+ 2-^^ 4. 
+ — + 


)--i 


(29c) 


If we now calculate m accordance with I, Fig 124, p 651, the 

two points r = 0 and r — oo give opposite contributions, namely + 2^ 
and — 27ri respectively In all, then, we have, as was asserted, 

^y^dr == 0 (30) 

The same result would be obtained if we were to calculate the sub- 
sequent correction terms m the expansion (28) Assummg that the 
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remainder integral vanishes, eqn (28) therefore gives us the quantum 
condition 



just as in the earlier theory, I, Note 8, p 569 

In dealing with the remainder term Y we shall now find it convenient 
to have the term in t/i included in it, that is, to write instead of (26) 


By (24a) and (27), 


Y = 2/ - 


y = 


h d log B> 
27ri dr ’ 


Vo 




A + 22 + 5 

7 r 


(32) 


The expression for R, by eqn (13), ^ 7, runs 

E = 6 - (33) 

if we omit a normalising factor which is of no account here L is a 
pol j nomial connected with that of Laguerre AH we need know about it 
is that it IS of degree , p is proportional to r 
As in eqn (18), we get from (33) that 

d log R 1 I + nr 
2 +-^ + 


The relation between p and r is, by eqns (3a) and (4a) of § 7, if we 
express it in terms of our present quantity A, eqn (23), 


P=-^VAr 

Consequently we get 

h d log R — / 1 ^ + 7lr' 

2iri dr ~ ^ 2 p , 


(33a) 

(34) 


For large values of r the expansion of (cf above) is 


+ + ) (S5) 

If we substitute (34) and (35) m (32) we get as the expression for Y for 
great values of p 

If we take the mtegral around the point r oo , it follows from 

this that 
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On the other hand, we get for the expansion of and at r = O 
(observing that the polynomial Ij in (33) becomes equal to a non-\anrsh- 
mg constant for p = 0, by eqn (29), § 7, and likewise its first derivative) 



A G 

h p 


This point contiibutes the following amount to our integral 

^ = -lh + 2^ 


By adding together the contributions for r = 0 and r — co we get for 
the integration along the whole path 


- Vc). 

that IS, if we take into consideration the quantum condition (31), the 
result ml 

It IS true that here, as in the case of the oscillator, we have assumed 
the correct quantum condition, eqn (31) in this mstance That is, we 
have not really derived this condition but again have only linked up the 
previous method of quantising with wave-mechanics 

We call special attention to this here because the argument on this 
point in the G-erman edition moves in a circle the vanishing of the re- 
sidual term was derived from the quantum condition and the quantum 
condition was derived from the vanishing of the residual term 


27 ^^(-^ 

V 
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PEKTUBB 4.TIONS BIPPBAGTION PROBLEMS TSB SPINNING 

ELECTRON 

§ 1 Schrodinger’s Theory of Perturbations 

A mong the many beautiful results of wave-mechanics the theoiy 
of perturbations developed by Sohrodmger occupies a special 
position It IS much simpler and more lucid than the astronom- 
ical theory of perturbations of classical mechanics, and need not even 
fear the complication of the three-bodies problem (helium problem, § 8) 

A The Perturbatwn Scheme for the Non-Degenerate Case 
jFollowmg Schrodinger closely, we consider a problem which we can 
solve wave-mechamcally by omitting the perturbation terms Let the 
proper functions of the non-perturbation problem be and the corre- 
sponding proper values E* For the present these will be considered as 
svnvpU We write the wave-equation of the unperturbed problem as 

HkxJj -i- — 0 (1^ 

As m Chap I, ^ 9 O, L denotes a lineai partial differential expression of 
the second order We ma^ assume that L is “ self-adjomt ” [cf Chap I, 
§ 11, A, eqn (10)] We include the factor p (weight-function) because we 
must m general use curvilinear co oidinates q suitable to the problem in 
question, for which the functional determinant L becomes added as a 
factor to E [cf liJsewise Chap I, § 11, eqn (10)] Instead of D we choose 
the more general term p, because m certain cases (cf the Stark effect in 
^ 2) we shall also include other factors in p 

The condition of orthogonality for two proper functions follow 

from the general theorem of Green, eqn (20), § 9, Chap I , the right-hand 
side of the eqn (20) vanishes on account of the boundary condition to be 
imposed on the proper functions In consequence of the assumption that 
L IS self-adjoint we have M = L 

J{^Ej(^s) - = 0 (la) 

dq denotes the product of the differentials of the co-ordinates q , on 
account of (1), it follows that 

(B* — Efc)J^,,03fepdg = O 

*Of- for this whole section ** Quetntisation as a Problem of Proper Values,” Part 
HI, Collected p 62 
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Hence the condition of oithogonality (i h= Jc) is 


^^zpkpdq = 0 

(2) 

The normalising condition is 


[ij^pdq = 1 

(3) 


When a peiturbation is superimposed, the expression L becomes 
changed by a small term, whose smallness we suppose measured by 
a parameter A. If the perturbation occurs m the potential eneigy V the 
peiturbation term is multiplied by ^ With this assumption we write 

-h = kstp (4) 

and take s as standing for a function of the co-oidinates, given by the 
type of perturbation 

Starting from the proper state, we set 

E = E* + A.€, tp = ipk + k<f> (4a) 

and obtain fiom (4), neglecting the members in A.'’, 

^(jpk) + 4- XEjfcp^ + keptpk = ksipi. 

On account of (1) the sum of the first and third members vanishes, and 
after cancelling out the common factor X 

1j{<P) + ^kp<f> = (s - €p)ip]6 (p) 

The left-hand side of this non-hoTnogeneous equation is of the same form as 
that of the homogeneous eqn (1) On the right hand side the quantity € is 
at present unknown, but can be determined from the true theory of per- 
turbations by the general theorem %f a non-homogeneous equation oj the 
form (5) IS to be soluble at all^ that is, if it is to ha'ie a continuous solution^ 
the right-hand side must be “ orthogonal ” to the solution of the homogeneous 
equation, that is^ to the pioper function zpi 

To prove this we have only to multiply both sides of eqn (5) by pi 
and to integrate over the region of co-ordinates As in eqn (la.) the left- 
hand side becomes transformed into 

J^(L(^A;) + ^jjpipj^dq 

and vanishes on account of the differential equation (1) Thus the right- 
hand side of (5) gives 

j(s - ep)^| dq = 0, 

which was to be proved 

This theorem is a corner-stone of the theory of integral equations , 
its general importance, however, was recognised earlier by Lord Bayleigh 
m his Theory of Sound It becomes evident if we explam it by usmg the 
vibrating membrane as an example The differential equation for its 
periodic proper vibrations is 

^u -f- kPu = 0, (6) 

where p denotes the density per unit surface, o> the circular frequency of 

VOL ir — 10 
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the propel vibration, and S the tension acting in the membrane If we 
now allow an external transversal pressure P(a;, y) to act which may be 
distributed anyhow over the membrane and whose period co coincides 
with a proper vibration of the membrane, then it will excite the membiane 
to continually increasing vibrations The periodic final state would be a 
resonance catastrophe If this is not to occur, P cannot on the whole 
perform worh on the vibrating membrane The piessure may therefore 
act, for example, onlj m the lines of nodes, oi must have the same 
magnitude in oppositel;^ vibrating sectors, and so forth Since Pdo- is the 
force and u the distance traversed from the position of rest, the general 
condition for the perfoimance of no work by P is 

|p24do- = 0 (7) 

Applying this to our case we have P = (s - ep) u == xpi,, and da- = dg 
Eqn (7) thus demands that 

J(« - = 0 (7a) 

This is what was meant above when we postulated that the right hand 
side of (5) must be “ orthogonal” to the propei function tpje 

From (7a) it follows at once that 



or, if ipk IS normalised m accordance with (3), still more simply 



The value of € determined in this way is now substituted on the right- 
hand side of (5), and we expand the expression so obtained in terms of 
the proper functions ifst of the non-perturbation problem, having previously 
divided by p 
That is, let 

(9) 

Y7e expand the required function <j> in the same way, 

^ 2 ( 10 ) 

X 

Since, by (1), 
and hence also 

- Li(^) = - ^ 

X 

eqn (5) now runs 

^ B,(Ei - = p ^ Att/h 

% X 
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By equating the coefficients we see that 


B« = 


(10a) 

El - E» 

and hence, on account of (10), 




>(4 

- Ei - E, 

(11) 


Ai may be calculated m Fourier s manner fiom the equation of definition 
(9) , taking into account (2) and (3), 

At = J(s - (12) 

and in particular, if we consider (7a), Ajfc = 0 Let the dropping out of 
the term with k from the sum (11) be denoted as usual by S' 

This solves our perturbation problem in an extremely clear and 
general way substituting (8a), (11) and (12) in (4a) gives for the perturbed 
proper value and the perturbed proper function 

'El = Bi. + ^ = ^ + \ y 

J ^ h]^ — Et 


We have yet to say a word about the possibility of the expansions (9) 
and (10) This is well known from special cases (trigonometric functions 
and spherical harmonics) and is proved in mathematical books for arbitrary 
propel functions — most rigorously in the theory of integral equations, the 
function to be expanded sometimes being subject to restrictions Here 
we shall only emphasise that the sequence of proper functions must be 
complete , in the case of a Fouiier series, for example, no cosine member 
may be omitted if the series is to represent a general function We shall, 
however, not enter into the Completeness Eelation {Vollstandigkeits 
Belation ^) set up to test this condition, as it is difficult to manipulate in 
an individual case, and shall restrict ourselves to making a few remarks 
that will be useful in the sequel In many problems of wave mechanics 
(Kepler problem, oscillating rotator) there is, as we know, not only a 
discrete but also a continuous spectrum of proper values It would be 
inadmissible to leave out of the expansion the proper functions cor- 
responding to this continuous spectrum Thus m such cases we have to 
regard the summation in (13) as including also an integral over the con- 
tinuous proper values For later use we indicate this in (13a) by using 
E' to denote the contmuous energy parameter and 9&(B')dB' the corre- 
sponding proper function 




J sifjktpzdq ^ ^j•^(B') | s ipk tp (Et') dq 






Ej, - B' 


dW (13a) 


* Couiant Hilbert, Chap 
m § 7, B 


II, § 1, eqns (9) and (9') 


We shall denve this relation 
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B Perturbations m the Case of Seve'tal Prcrpe^ Values 

The method so far described is in itself sufficient to deal with some of 
the most important perturbation problems, such as the Stark effect, § 2, 
the tbeoi> of dispersion, § 3, the photo-electric effect, § 4 The full beauty 
of Schrodinger’s theory of perturbations, however, manifests itself only 
under somewhat more complicated conditions, namely when the problem 
IS degenerate The most striking example for the more refined theory of 
perturbation then called into action is the helium problem, § 8 

Starting from eqn (1) we assume that to the proper value E* there 
belong several linearly independent ^ proper functions 

We then speak, as in Chap I, § 3, C, of an (a - l)-fold degeneracy We 
shall assume that these are normalised to 1, and have been made 
orthogonal not onlj towards the other proper functions tp but also among 
themselves This does not yet, however, define them uniquely Bathei, 
we can subject them to any arbitrary orthogonal transformation without 
disturbing the character of their normalisation and orthogonality For if 
we set 

ot 

^kh ~ (14) 

1 

wheie the (3 s stand for the coefficients of any arbitrary orthogonal 
substitution m space of a dimensions, 

a 

and likewise = ^0) /3h*j^kj (14a) 


and calculate the characteristic integrals of eqns (2) and (3) with these 
4skkS and s we find, on account of the orthogonality of the on 
the one hand and the ^’s on the other, 


pdq ^ J 

= ^ z “ 1 1 


ipkt if^kjP dq 

h^h\ 
h = 


This means the equations (2) and (3) are also satisfied for the ^kh^ if they 
were satisfied for the ipkiS Schrodmger*s theoiy of perturbations, as we 
shall see, makes use of this arbitrariness m the choice of the proper 
functions m an extremely elegant way 


* “ Linearly independent ” obviously signifies in our case that no relation of the 
form 

holds between the where the are constant and the index i assumes any of the 
values of the numbers 1 a 
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The existence of multiple proper values is kno^n from classical 
mechanics, particularly from the theory of the vibrating membiane In 
the sequel we shall speak of the vibrating memhiane and not of the 
vibrating plate (Chladni*s figures) — which is bettei known experimentally 
— ^because the membrane is simpler mathematically and is more closely- 
related to the problems of wave-mechanics Let us consider as the 
simplest case a rectangulai membrane with fixed edges a? = 0 and a, 
y — 0 and h The solution of eqn (6) is then (except foi an arbitrary 
amplitude factor) 

YiVirX mry 

u = sm sin — ~ 

a 0 


The coi responding proper value is, by (6), 


n 


n^\ 


It IS simple, if a and h are incommensurable, foi then there aie no two 
numbers m and n that lead to the same value of Ic 

The position is different in the case of the square membrane h ^ a 
(or, more generally, in the case of a rectangular membrane with com- 
mensurable edges) Then 

n = pK + (15) 


Interchanging m and n leaves the proper value unchanged, but alters the 
geometrical character ot the proper functions In actual fact the two 
states of vibration 


m-KX mry 

= sin sin — - 

^ a a 


(16) 


mrx miry I 

u. — sm sin 

^ a a J 

in general differ from one another Por example, has m + 1 nodal 
lines m the a;-direction, U 2 has n -f 1, and so forth Only in the case 
m = w do and become equal 

With the exception of the fundamental vibration m = n = 1, and the 
over-tones m n that are harmonic* to it, the proper values of the squaie 
membrane are at least two-fold A higher degree of degeneiacy- occurs 
under certain conditions connected with the theory of numbers t 
In the case of two-fold proper values all functions of the family 


V = q- (17) 

(where A.^ and X 2 are arbitrary) become proper functions simultaneously 
with (16) If we wish to ensure that the are normalised just as the 
-w’s, we write instead 

V, = cos yu, + sm ) 

^2 = — sm yUi + 00s yU2, J 


* If m n, it follows from (6) and (15) that ^ , , that is, ^ is a 

harmonic overtone of the fundamental cuj, j , on the other hand, is m general 

non harmonic 

tCf the instructive book by F Pockels (based on lectures by F Klein) “tlber 
die partielle DifEerentialgleichung Au + hHi = 0, Teubner, 1891 , in particular, pp 79 
et seq The degree of the degeneracy is related to the number of ways in which the 
number 4- can be divided mto primes 
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analogously to (14) Fig 14 shows how strongly the geometrical 
character of the piopei \ ibration varies with X 2 (respectively, y) Still 
more complex manifolds * of nodal lines occur for w > 2 All types of 
vibration in the figure are equivalent among themselves The cases 
X 2 = 0 , -r and ~ 0 , 262 * which the nodal lines are straight 

and parallel to the sides of the square, aie in no wise favoured above 
the other t^ pes of vibrations 

Now if the state of vibration is a little perturbed, there is no reason 
whatsoever why the perturbed state should follow continuously on the 
functions zij or -Wi Mather^ %t will he dezeloped, accorduig to the 'natuie of 
the perturbation^ yrom that state of vibration of the family which is most 
suited to the ai^ting perturbation Suppose we act on the membrane, for 
example, bv pressing lightly on it with a finger [special case of the 
pressure P m eqn (7)] Then that pioper vibration of the family will 
be favoured, whose nodal lines runs thiough the point at which the 
pressure is exerted 



Nodal lines (KiwUnlmien) of the square membrane 

1/ = + ?L2Uy 


mirx niry 

u-i = sm sin — — 

^ a a 

nirx niTtif 

= sin sm — - 


m =1, 71 = 2 


a a J 

The number attached to the curves have the following 
meaning 


Curve 

1 1 2 

1 

3 j 

4 

6 

6 

7 

8 


1 j 1 i 

! 

1 

Va 

0 1 

Vo 

1 

1 

K \ 

1 

0 ! - Vs 

1 1 

- 1 

- 1 

1 

1 

i 

1 



The state of aSairs is the same for the circulai membrane represented 
in Fig 15 Its proper vibrations are represented by 

U = n '>) (IQ) 


The proof follows fiom the calculations of § 2 , B, Chap I, if we transpose 
it from three to two-dimensions, that is, from spherical harmonics to 
trigonometrical functions is the Bessel function of the integral index 

w, Icm, n the 7 ith root of the equation — 0, a the radius of the 

membrane, whose circumference we assume fixed Ic^ n is at the same 
time the general proper value of the membrane An inspection of (18) 
shows that it is double The only simple states are those (m = 0 ) whose 
nodal lines are ptirely circular 

u = ^ 0 (^ 0 , n^)» (18a) 

to which the fundamental state m — n — 0 also belongs 

^4 = Jo(^o.or) 


* Cf Pockels, loc czi s p 80 


(18b) 
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Propel values higher than double do not occur m the case of the circular 
membrane We shall find an exactly similar state of affaus in the helium 
problem a simple ground state (S-state) and double excited states 

The lineal family of pioper functions which, belonging to the same 
Aw n ^^h ^>*0, interpolates itself between the two piopei functions 
combined in (18), is represented by 

^ = cos y + sin y COS — y) 

Whereas the ciicular lines of nodes he fixed within the family, the 
stiaight radial nodal lines are variable with y A superimposed pertur- 
bation selects from them that position y, which is suited to the nature 
of the perturbation 

Pig 15 repiesents the case w = 1, = 2 one diameter of undeter- 

mined position IS a nodal line 
The ciicular nodal lines are re- 
duced to the edge of the membrane 
and to a circle whose radius corre- 
sponds with the first root of 
Zffca) = 0 

We now return to wave- 
mechanics, and consider eqn (4) 
with the perturbation function s 
and assume E& to be an a-fold 
proper value The assumption (4a) 
now also yields eqn (5) but with 
the difference that here any of the 
a piopei functions can be sub- 
stituted for Meanwhile we 

know from the example of the 
membrane that these i*s play no 
favouied part, but that rather the 
perturbation chooses from the a-fold 
family (14) those pioper functions to which they can attach themselves 
continuously So in the right-hand side of (5) we write in place of a 
special the general ij/jch and keep open the choice of the substitution 
coefl&cients J3hi contained in it How are these coefficients to be chosen ^ 
The answer is given by the theorem enunciated under A, which is ex- 
pressed as follows for the present case the right-hand side of the non- 
homogeneous equation must be orthogonal to all the solutions of the 
homogeneous equation In place of the one condition (7a) this gives the 
a conditions 

(s — €p)if/kh i/ikj = 0, ^ = 1, 2 a 

By substituting the expression (14) for ipkhf we get (omittmg the index h 
in /3 for the present) 

/StJ(s - ^)iji]a^k 3 dq = 0 (19) 



Fig 15 

Lines of nodes of the circular membrane 
V = nr) cos m (<^ - 7 ) 

771 = 1, n = 2 


The key to the numbers is 


Curve 

1 

2 

i 

3 

' ^ 

y 

- 7r/2 

- 

0 

T Tji: 
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Following Schrodmgei * we introduce the abbreviations 

i/fkj dq (20) 

and take into account that the are to have been normalised among 
themselves, that is, that 

^kjP dq = Sij = 

Then the system of eqns (19), when wiitten out, runs 


^1(^11 “ 

4“ 132^12 “b 

^a«la = 0, \ 


^^21 + 

/^j(^22 “* ^) "b 

Pa^.cL = 0, 1 

1 

(21) 


“b 

Pai^aa, - e) = 0 ) 



Thus we here have a '' problem of principal axes * {Hauptachsen^Pi ohlem)^ 
a type which occurs often in mathematical physics The values of c 
possible according to this give the magnitudes of the principal axes, those 
of p give their direction By eliminating the jS’s we get foi e an equation 
of the degree 


^21 “ €22 ^10 

1^21, €22 € ^2 a 

€aa - € 


0 


( 22 ) 


which, on account of €ij = has exactlj^ a real roots Accoiding to (21) 
there belongs to each of these roots a special value system of the jS’s and 
consequently by (14) a now definite proper fanction ipkh of our famih 
Only when eqn (22) has multiple roots does ifjkh remain partly undeter- 
mined, so that the degeneracy is only partially neutialised 

For a A which increases from zeio the perturbed pioper functions 
follow continuously on these a proper functions The perturbed 

proper function can be calculated as follows on the basis of eqn (5), 
similarly to the method used in (10) and (11) In the right-hand side of 
( 0 ) we substitute foi € and ipk a corresponding pair of the values and 
just calculated, and after dividing it by p, we expand it and also the 
required function <f> (written <1}^ for greater clearness) in terms of the proper 
functions if/h^ where Z varies from 1 to co and « from 1 to a 


(p “ 

<j>h ~ Bit 

From the differential eqn (5) it follows, just as m (10a), that 

Azz 


Bi^ = 


Ejfe — E; 


(23) 

(24) 

(25) 


* The eij’s are actually the “ matnx elements ’* of the perturbation function s, and 
might, therefore, be denoted by sy, anaiogously to the matrix elements qtj of the 
CO ordinate q 
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in which, by (23), we have for I ^ h 

Ml = ^siltkhiffhdq 

The final lesult is, analogously to eqn (13), 

B = Ejfc -f Xeji 

^ + Xcj>j, = ipkh + X (26) 

The dash attached to denotes as m (13) that the value Z ^ is to be 
omitted m the summation The index h numbers the a blanches into 
which the degenerate problem splits up on account of the perturbation 
and corresponds to the a solutions of our algebraic eqn (22) 

Stiictly speaking, all this is only a first step to the complete solution 
of the problem of perturbations, which would have to be supplemented 
by the approximations of the second, third order, that is, by terms 
involving X^, X^ As in all calculations of perturbations these 

higher degrees of approximation become rather unmanageable in general, 
in contrast with the first approximation which, as we have seen, has been 
worked, for the degenerate as well as for the non-degenerate case, into an 
, extremely elegant scheme by Schiodinger In the Stark effect we shall 
also calculate the second degree of approximation without excessi\e 
diflSculty 

^ 2 The Stark Effect 

In the equation of the Kepler problem, eqn (1) § 7, Chap I, we add 
to the potential energy V = — Ze^lr the term eFrc, as a homogeneous 
and relatively small external field F is assumed to act in the x-diiection 
We set 

ilVfp - X 

hi ® 

(we have called the electronic mass /a , x replaces the parameter X of the 
pi seeding section) and get in place of the eqn (1) ]ust mentioned, 



The literal application of the procedure described in § 1 would consist m 
expanding the right-hand side of (1) m terms of the proper functions of 
the Kepler problem 

ilf = E(r)Pf (cos 

This method would exactly correspond to Bohr’s treatment of the Stark 
effect in Atomhau, Chap V, | 6 (cf I, Chap V, §§ 4 and 5) and has been 
carried out by Schrodinger m § 5 of his third communication on Quan- 
tisation as a Problem in Proper Values ” It is more illununating and 
mathematically more satisfactory, however, to seek the method analogous 
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to that of Schwarzschild and Bpstem, that is, to postpone the introduc- 
tion of peiturbations and fiist to separate the problem rigorously in para- 
bolic CO ordinates Cf ^§3 and 4 of Schrodingei’s third communication 


A The Wave-equation vn Parabolic Co-ordinates 

The parabolic co-ordinates * i, q, ^ are to be defined exactly as in I, 
Note 11, p 587, eqns (1) to (8) 

^ 2 / = ^37 cos ^ sin ^ (2) 

The kinetic energy, expressed as a function of the co-oidinates and 
momenta, is, by eqn (10) of the same Note 

T(?, P) = + (? + 

If we adopt the notation of eqn (1), ^ 11, Chap I, foi our present co 
ordinates, we have 

1 r,,. 1 


[f ] = L’7’7] = 




+ r,^y 

[f’?] = ln4>\ = 

and by (14) and (15) of the same section 
(2^)-®'’D = 

From the eqn (10) of the Note it follows that the wave equation of the 
Stark effect is 


'di ) '^7j\ bq ) <)0 $T] bcjy 


+ + V-) [b + - f (f^ - = 0 

In this we have set [cf (2)] 

e -v^ 


(3) 


Ze- -c, 2Ze2 

V = - — + eYx = - -jg— — 
r + V 


+ eF 


(i) 


<j) occurs “ cyclically ” m (3) This suggests to us to assume 
<fi = #(^, 77)6**”^, m ^ 0 
From (3) we then get, after division by i r>, 

ihi^) - F* + - f«‘)* 

* + f’*}* = “ 

This method of writing the equation allows us to recognise the possibility 
of carrymg the separation still further 

^ =/l(S/2W 

* Schrodinger uses the oo ordinates A.^ = I”, Ag = 37®, ^ 
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If IS a separation constant, (4) sub divides into 



E^2 + Ze2 _ ^ _ 


1 

II 

o 

(oa) 

\ 

Sir- iJL$~ 

&ir^p- 1 

1 

+ Ze^ + ^ - 


+ f - 0 

(ob) 


Bqns (o) may be treated together further If, linking up with eqns (19), 
(20a), (20b) of I, Note 11, we introduce the abbreviations 






0--^, 

and combine (5a, b), we get, 

dr^ r dr \ r 


^)/ = 


The unperturbed equation (A. = 0, Kepler problem in parabolic co 
ordinates) is analogous to eqn (3), § 7, Chap I Its mtegration need 
therefore only be indicated and we shall restrict ourselves to the case 
E <; 0, A < 0, that IS, to the discrete spectrum 

asymptotic solution / = e^^ , 
unnamed variable p = 2 \/ — A? , 


assumption for/ / = « 
differential equation for v 

+ G - * {( 


1 

" 2 + 


1 Cl _ 

- -j ; = 0 


- Vp ^ IV 2 - j—K)p ^ p'r ~ 

expansion for the neighbourhood of p — 0 v pv^a^p*', 
characteristic equation foi y = — C, and hence bv (6), 

m 

r = + 2- 

recurrence formula for the a’s 

+ i { } + a,{ - (^ + v) - i +-;;y%=j} = 0. 

polynomial condition, breakmg off the recurrence for v = 

B 1 m 

7^=2+ 2 (9) 

represents the two values and lu, which respectively belong to/i and 
/j, ]ust as B represents two values By adding the two equations (9) for 
^ ™ 1, 2 we get (remembering that by (6) A is one-valued), 

27r2p, - 

H T t Mvt I m /M tyt 




= 1 + m 4 ” ri-^ " 4 * rij^ — ri 


( 10 ) 
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We call the right-hand side the “principal quantum number” n 
squaring and substituting for A we get the Balmer formula 

^ ~ 71^ 




( 11 ) 


So far we have only shown that the unpeiturbed Keplei problem 
allows itself to be integrated just as well in parabolic co-ordmates as m 
polar co-ordinates and leads to the same result, namely the Balmei for- 
mula All this IS in agreement with the earlier procedure of I, Chap V, 
§ 5, p 285 According to the formulae just above the components /i,/o 
of the unperturbed pioper functions are given by 


p fit 

f = e 


where w == 



( 12 ) 


The differential equation for w follows from that for v, eqn (8), if we sub- 
stitute the values of C from (6) and of ’BjJ — A from (9) 

pw" -f (WJ 1 - p)lO* 71^10 = 0 

Comparing this with (12a) of § 7, Chap I (differential equation of the 
derivatives of Laguerre^s polynomial), we see that 


B PerturhaUon of the Proper Values to the F%Tst Order 


We now turn to the perturbation equation (7) which we simplify by 


introducing p = 2 ^ - Ar, and get 


Here we have set [cf eqn (6)] 


n/- A /> 


r = 


(2V- A)^' 


C = 


gi)/ - 

(14) 

m2 

T 

(15) 


By (6) the sign of X' is positive or negative according as / denotes the 
separation function /j or In the same way, by (6), B/ ^ - A has a 
different meaning according to whether or /2 is being discussed This 
quantity B/ — A represents the proper value of our eqn (14:) and is to 
be denoted by the abbreviation rj 

To be able to apply the general method of the preceding section 
directly, we must first make our perturbation equation (14:) self-adjomt , 
this is easily done by multiplying it by p This transforms (14) into 


’ /■ 


r p ‘m?\. 
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The first approximation of the proper value y was detei mined m (9) 
and IS to be called on account of the occurrence of the paiabolic 
quantum numbei 7ii in (9) 17^ is also diffeient for and /g We next 
expand 77 and / in the sense of the previous section in terms of the per 
turbation parameter (15) 

77 = 7/0 + Vc, / = /^^ + X'ff) (16) 


where /q is given by (12) 

Substituting (16) in (14a) and neglecting the teim in we get fox 
^ the equation 

) + {v-l-^}l> = (p - ^]fo (16a) 

Hence it follows from eqn (8) of ^ 1 (m our case s = p^, p =^1, dq = dp) 


€ = -T, n. 




In calculating J and K we proceed on the lines of eqn (17), ^ 7, 
Chap I In consequence of our present eqns (12) and (13) we have 

where we have used the abbreviation v = w -f Thus both integrals 
J and K may be written in the form 

(18) 

wheie G is an integral function of degree v m the case of J, and of 
degree v + 2 in the case of K 

J) G = p^w = ap'' 4- 

K) G = = ap*' + ^ + 6p*' ^ + cp*' 4- 

To calculate J we perform integration by parts m times on (18) , we shall 
see that only e “ ^ need be differentiated 


poo 

= J 0 e “ ^{ap^ 


)liydp 


If we now substitute for the expression (14) fiom ^ 7, Chap I, the 
exponential function cancels out and we get 

J = J^(ap-'+ i‘)dp 

We may integrate this once agam by parts, which makes all terms with 
exponents <iv drop out 

J = (- 1)^' a^^p^e-odp = (- l)’'(i/i)2a 

In a fully analogous manner we find that 

K s= ( — l)’'(v ')^[c + (v + l)(i' + 1 — w)Z> 

+ ^(v + l)(i/ 4- 2 )(v 4- 1 - m)(v 4 - 2 - m)a] 
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Hence 


= ^ + (v + l)(v + 1 - I 

4- ■i(»' + l)(v 4- 2)(v 4- 1 - m)(y 4- 2 - m) j 


To determine a, b, and c heie we must revert to eqn (29) of § 7, Chap I , 
we get by differentiating m times 

^ (•_ IV/" !L! p^-rr, - - ! i(r - j ) ' pv-m-i 

dpm ' \(v - m) I ^ (v - TO - 1) t ^ 

l v^(.-ir(v- 2 )t _ N 

2 (v - TO - 2) I ^ ^ J 


Prom this we obtam the ratios of our coefficients a, &, c m G as 

I = lv{v - l)(v - m)iv - TO - 1), 1= - v(v - TO) 

Substituting these values m (19) gives 

_ = 6v 2 4- 6r(l - m) 4- - 3m + 2 (20) 

By (17) this is the perturbation of the proper value c , and we must 
distinguish between and cj acooiding as we are dealing with or 
In the sequel we require only the difference — c^, which, by (20), 
comes out as 

— €2 = ^(vj^ — ’'2)(*'i + V2 + 1 — m) 

On account of the meaning of = m 4- n^ and of 7i = 1 4-m 4- -{- n-, 

this equation is identical with 


C T^ie Stark Effect of the Fvr$t Order 

We now write down the pertuibed proper value rj for both parabolic 
co-ordmates according to (16), substituting for yjq from (9) and for V from 
(15) [concerning the sign of | A. of (6)] 

1 m I A. I A 

1,TO_ |X| f 

’?2 2 + 2 + ^ (2 

Now -17 = B/ J — A and hence by (16) 

ia f 
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Therefoie, by adding the two eqns (22) we get 

2r-V . |A-I , 

(2 

oi, on account of (21), 


^TT^/jL Ze^ 


6 I A. I (7ti - «^) \ 

(2 ) 


Neglecting which is leasonable, we get fiom this 

_ MM' ^ = 1 A - ? I ^ I i-'h - ^h) \ 

V2^V/(Z6T 2 (^/-^TaJs y 

On the left-hand side we substitute A from (6) , on the right we insert 
the 0^^ approximation of A from (10) and obtain 

__ 1 3/z.® 1 A I (Wj — 1 X 2)01 

^TT^jjiZ^e^ 167r^p.^Z^8® 

If finally we take into account the significance of A m eqn (6) and of 
the Eydberg constant E, we have 


E^2 


+ 




(24) 


This is exactly the Schwarzsohild-Epstein formula for the Stark 
effect of the first ordei, which we discussed m I, Chap V, ^ 5, and com- 
pared with the results of experiment , see in particular eqn (1) of that 
section 


Not only is the result the same, however, but also the method by 
which we have arrived at it runs parallel with the earlier method in I, 
Note 11, p 587 Foi example, here, as there, we had to eliminate the 
separation constant yS by adding the two values of B/ ^ — A The cal- 
culation of A from the sum so obtained also ran along the same lines 
The only difference is that earlier we determined B/ ^ — A by obtaining 
an approximation to a complex integral, whereas here we determined it 
from a differential equation which was integrated approximately by 
means of the theory of perturbations 

We have here occupied ourselves explicitly only with the energy E, 
which we compounded from the perturbed proper values tj of our two 
differential equations, and we have elimmated the separation- constant ^ 
But our calculation also contains the perturbation-correction of im- 
plicitly, which may be taken directly, according to eqns (23), from the 
perturbed values of rj 

In order to connect this method with the general rules of the pre- 
ceding section, we make the following remarks The Kepler problem 
IS degenerate therefore the perturbed Kepler problem is presumably to 
be treated according to § 1 B Instead of this we have preferred to 
separate the variables m the perturbed problem and to apply the simpler 
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methods of § 1 A This possibility was based on a general theorem 
drawn from the theory of the Sturm-Liouville boundary problems 
the proper values m the case of ordinal y differential equations of 
this type are always simple It is in accordance with this that we 
started out in our calculation of perturbations not from the whole energy 
E involved in the problem, but from the proper \alues rj of the sepaiated 
dilferential equations and corrected these values by adding perturbation 
terms Only at the end, in eqn (24), did we pass on to the total eneigy 
E of the problem 


D Stark Effect of H%g}ier Order 

We make the assumption (16) complete by developing the pioper 
value and the proper function in a series of powers of the peiturbation 
parameter 

^ f = (25) 

We substitute (25) in (14a) By equating the various powers of X' to 
zero we get a system of equations, giving recurrence formulae for the 
/x*is The first of them is eqn (16a) in somewhat different notation , the 
Qtii” IS the differential equation of the unperturbed Kepler problem in 
parabolic co ordinates The ^th equation of the system is 

+ (170 - I - ^)/i: = (/>^ - Vdfh -1 - Vsfk-i - Vhfa 

The case ^ = 2 interests us 

“b (vq “ 4 ^ 4p)-^^ “ 

The solution of the corresponding homogeneous equation (left side of 
the preceding equation set equal to zero) is /q The right side must be 
“ orthogonal *' to this solution [analogously to eqn (7a) of ^ 1] In oui 
present notation this means that 

J{(p‘' “^ilfi "" V2fo}fo^P “ 

that IS, 

- Vi^Jidp (26) 

J IS the mtegral taken from eqn (17) To evaluate the right-hand side 
we must first know is identical with the function <t> m eqn (16a) 

and IS calculated according to eqn (11) of ^ 1 Hence, following rule 
(9) of § 1, we expand the right-hand side of (16a) in terms of all the 
proper functions of the unperturbed equation in doing so we take mto 
account that in our case the weight function p = 1, and that we have 
now to write m place of € 

(p^ ’7i)/o “ 2 


(27) 
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On the left hand side /o, or moie precisely fon, denotes the piopei function 
of zero approximation, from which we started, that is the proper function 
with the parabolic quantum number or tj, light hand side 

denotes all the remaining pioper functions of zero approximation 
with t'^n By (11) of § 1 we therefore represent thus 

/. - 2'”^ (ss) 

[the difference of proper values that occurs in eqn (11), § 1, here simply 
becomes n — ^hy eqn (9)] From this we see that the second integral 
on the nght-hand side ot (26) vanishes For here fo denotes as much 
as fon » since in (28) the term with i = n drops out and all integrals 

J/oi/on^p vanish for ^ n on account of orthogonality, \ve also get 



Substituting (28) in (26) 

(29) 

From (27) it follows, however, in the manner of Fourier, that 

^p^fanfoxdp — ‘»7ij'/on/ot(fp = (29a) 

Again, the second member on the left vanishes on account of the condition 
ot orthogonality , we shall call the factor of on the right so distin- 
guishing it from the previous J = ^ov which we shall from now 

on write for clearness If we denote the first integral by eqn (29a) 
then asserts 

= ^pVonUdp = A.J, (29b) 

If we substitute this in (29), we get 

V, = .-L. ^ ( 30 ) 

It IS now easily seen that A^ = 0, if 

^<C,n~-2ov^'^n + 2 

and so only the four following coefficients of A come into consideration 

A54 — 2» Atj „ 1, A72, _j. 1, A^ 2 

For if we write the integral (29b) in the form (18) and set v = m 4 - «, 
the integral function G = becomes of degree m -f- « 4- 2 and this 

degree becomes if^<[w — 2 In performing the integrations by parts 
as before, all the terms of G vanish The same is true for i n 4- 2, 
von II — 11 
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=|v(v- l){v - m)(y - 1 - m) 


if we allow i and 7i to change roles By this method we also calculate 

the values of for i = ?i + 2 and ^ = 7i q; 1, and hence also, by (29b) 

A, = Y/J, 

We shall at once write down the successive terms of the sum (30) 

A? 

= 4 V (v - m){2v - m)- 
=s ~ 4(i/ + l)(v + 1 — vi){2v + 2 — my 

= — ■J(v -f 2)(v + l)(v 4- 2 — m)(y 4- 1 — m) 

From these we get by addition the value rj^ of the perturbation for the 
individual parabolic co-ordinate n is to be replaced by oi 712 if we 
deal with i or rf, respectively The sum of the Ty^'s for the two co-oidmates 
becomes (the principal quantum number n = 71 ^ + 71^ 4- 772- 4- 1 can be 
taken outside the bracket) 


« = w - 2, 

l — 71 - 1, 

i = 4 - 1, 

-2 = n 4 - 2 


(31) 


^7)2 = - 4- 17(71^ 4- 7 I 2 4- 1)771 

4- 34(7ij^“ 4“ ^1^2) “b ^7(^2]^ 4“ 71^ 4" 2-8} J 

In (25) Tq denoted the piopei value B/ — A for the individual parabolic 
co-ordinate If we again denote the sum of both by ^> 7 , then by ( 6 ) 

27-2/z. 


2 ’ = 


(32) 


On the othei hand, the expansion (25) gives us, if we express X' in 
terms of X by (15) and substitute n for by (9), 

In this expression is given by (21) In the second term on the 

right we put for — A the value of its first approximation from (23a), 
and for the third member on the right the approximation of Qtti degree 
from (10) By comparing (32) and (33) we then get the value of A to a 
second approximation, and hence by (6) also that of the energy E The 
Stark effect of the second ozder is represented by the term with m 
the expression for E We get for this 

This value was obtained simultaneously * by Wentzel and Waller Neither 
used the perturbation theory of Sohrodmger Wentzel makes his calcu- 
lation by the simple and mterestmg method which we have given in § 12, 
Chap I Waller exploits the “polynomial method” to the fullest extent 

* G Wentzel, Zeitschr f Phys , 38, 518 (1927) , J WaUer, %b%a , p 635 
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e\enfoi the solutions of higher order [As we saw earlier, the ap- 
proximation /o IS, except for the factoi ^ — p/apwM Qf (12), a polynomial 
of degree nt,, the 1st approximation is a polynomial of degiee 2, and, 
coirespondingly, the approximation is a polynomial of degiee 7Zi 4, 
and so forth ] 

As indicated m I, Note 11, p 594, the Staik effect of the second older 
has already been calculated by Epstein on the old quantum theory In 
appearance his formula ditfers from (34) only in the absence of the con- 
stant member (19) in the biackets, then there is the more fundamental 
difference that the quantum number of Epstein coi responding to our m 
assumes the values 1, 2, and excludes zero, where with us m assumes 

the values 0, 1, 2 The author detected in observations made by 

Takamine and Kokubu a slight deviation fiom Epstein’s formula Ee- 
cently very accurate experiments by H Rausch von Traubenberg and 
R Gebauer confirm the formula (34) perfectly, being at the same time in 
contradiction with Epstein’s earlier formula * 

The difference between the wave mechanical and Epstein’s formula is 
relatively greater for small quantum numbers than for gieat quantum 
numbers The observations just mentioned come among the high quan 
turn numbers Hy, Hs (it is the quantum number of the mitral state that 
counts) In the ground state (n = 1, = ? 2 ., = m = 0, or, in Epstein’s 

case, 7ii = = 0, w == 1) the difference between (34) and Epstein’s value 

is given by the ratio 36 8 = 45 1 We consider two examples 1 A 
hydrogen or alkali atom m the ground state undei the mfiuence of an 
alternating electric field , the Stark effect of the first order drops out when 
averaged over the time, and the Stark effect of the second order gi\es the 
“ polarisation ” or “ deformation ” of the atom 2 Core of the helium 
atom in the field of the excited outer electron , on account of the chang- 
ing direction of the field, here too the Stark effect of the second order 
alone comes into question and gives the polarisation of the He core In 
both cases the effect calculated by wave-mechanics is 4 5 times as great 
as that expected according to the old theory For details see the papers 
by Wentzel and Waller, loc cit 

Of course the new theory is superior to the old theory chiefly in 
allowing us to calculate, besides the wave-lengths of the components of 
the Stark effect, also their intensities Schrodinger has done this to a 
sufficient degree of approximation (proper functions of Oth approximation, 
wave-lengths to the first approximation), and has met with success in that 
his values for the intensities for most components come much nearer to the 
experimental values than those estimated by means of the correspondence 
principle t A more exact calculation of the intensity (proper functions 

* Naturwissensohaften, August, 1928, and June, 1929, Zs f Phys , 56, 254 (1929) 

+ According to Mark and Wierl we can choose the conditions (field peipeniculai 
to the direction of motion), so that the intensities calculated by Schrodmger at any rate 
come out to the nght order qualitatively Of Naturwissenschaften, 1928 
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to a first approximation) produces no appreciable change for the fields 
that are expeiimentallv possible, in fact only an unobseivably small 
asj-mmetry in the intensity scheme foi the light and left sides * 

3 Theory of Dispersion 

In the older quantum theory we had no means of ti eating the forced 
radiation of atoms , even free radiation could be dealt with only with the 
help of a special axiom (cf the beginning of I, Chap I) That is why we 
did not discuss the theory of dispeision in the earlier editions of Atomhaxc 
In contradistinction to this, questions of dispersion, just like those of free 
emission, fit quite naturalK and without constraint into the system of 
wave-mechanics 

Sohrodingei in his “ fourth communication ” (on Quantisation as a 
Problem of Pioper Values) treats the theoiy of dispersion as a pulsating 
Stark effect introducing an electric potential V(^) varying m time into 
the wa\ e-equation Instead of this we may follow O Klein t and describe 
the light wave by means of a vectoi potential Both methods bring us to 
the same goal pio'vided we make the assumption (which is, of course, fully 
justified for optical purposes) that the potential gradient may be neglected 
inside the limits of the atom We shall adopt the 
second method here as it enables us simultaneously 
to prepare for the treatment of the photo-electric 
effect in the next section 

A PerUiihation of the Atom by an Incident 
Light-Wave 

Suppose the incident light- wave to come from 
the negative x direction and the electric force to be 
polarised m the action The following as- 
sumption for the electrodynamic potentials A and 
<j> corresponds with these conditions (see Pig 16) 

A. Ay ^ a cos <^ =; 0 (1) 

By the familiar rules 

H == curl A, E = - giad - -A, 

c 

it follows from (1) that 

H* = Hy = 0, H, = — sm o)((S - : 

, i (la) 

E, = E* = 0. By = ^ sin - “) 

and so, m fact, represents a field of waves {Wellenfeld) of the desired kind 

* According to nnpublislied calculations by W Zimmermann, Humcb, 1928 
f Zeitschr f Phys , 407 (1927) 


y 
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We inseit the values of A from (1) in the wave equation (10) of ^ 9* 
Chap I, which contains the time 

^TTzm du STT-m,^ i 

— -»-<=• + “)” I 

^ ( 2 ) 

4'n-ie / x\7)u 1 

= _ __acosa,(^i--J^ ) 

This equation holds foi the single election in the hydiogen atom (m ~ the 
mass of the election) to which we can restiict our attention here, although 
our final lesult claims a fai more general significance It is convenient 
to split up the cosine into its exponential components , we then write (2) 
in the form 

^ 4:7rzm 'bii STT^m.^ ^ 


STT^m.^ ^ 

“ ^2 (®o I 

ciuf 

= ^ ^ J 


p is the peituibation paiameter 


P = “ 


since the amplitude a oi the vector-potential A occurs in p, p can be 
treated as an arbitrarily small quantity 

Let the unperturbed state ot the atom and the state perturbed b\ the 
light-wave be respectively represented b} 


^ik = 0jfce ^ 


= 'W/ -P p%v 


ui satisfies eqn (3) with p = 0 , by substituting for u in (8) we get foi it 
the following differential equation, if we neglect a term in p- 


^ 4i7rmi 'bw -rT^ 


0-1)1 I 

Ss l J J 

As the light-hand side depends on t we assume the following form for w 


2n-l _ , 277 

-r— (Ez T h.vyi — T- 

gA ^ -Jr w ^ 


(Ejt - Ar)t 


V denotes vibration number corresponding to the circular frequency co 

V = a>/27r If we also introduce the associated wave-length 

X = cjv = ^irCfti} 

(6) gives us the following equation for determinmg 

+ -p- (Bi ± fev - Bj - U)m)* = -^ e * 


( 8 ) 
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Whereas in the theory of perturbations of § 1 and its application to 
the Stark effect not only the fufictions but also the pioper values 

weie changed by the peiturbation [cf , foi example, eqn (4a) of ^ 1], we 
had only to coriect the propet functions of the atom m eqn (5) of the 
present section The leason for this is that here we started out fiom the 
time-equation (3) m which no proper value parameter occurs at all The 
proper \alue Ejb does not occur as a parameter in the perturbation prob- 
lem in this method of treatment, but only as a parameter of the unper- 
tuibed atomic state In spite of this diffeience § 1 indicates the lines 
along which we must proceed for treating equation (8) further namely, 
we must expand the right-hand side of (8), as in (9) of § 1, in terms of 
the proper functions ifo of the unperturbed problem 

e A = (9) 

These pioper functions satisfy the well-known equation 

- U)v!r, = 0 (8a) 


when we take into account our present notation for the potential energy 
(V = Eq + U) If we assume the solution m the form 


WjtL 


— ^^3^3 


it follows from (8) and (8a), in the manner of eqn (10a) in § 1 (the con- 
stant corresponds in a certain sense to the “ w eight function ” p 

used eailiei), 

and hence 


B,= 


tOS± = 


Aj 

Stt^ui EjL — Ej ± 721/ 
v' . . '^3^:f 


~ ^^E* - ± hv 


( 10 ) 


Since, m contradistinction to § 1, there is here no reason why A, shou’d 
\amsh in the case j = k, tbe summation in (10) must be perfoimed over 
all values of j, smaller, equal to or gieate'i than k We repeat again that 
the index k denotes the origmal state of the atom, in which it is struck 
bj the light wave eqns (4), (6), (7), and (10) the perturbed state is 
represented bj 


2ar*- 


U = xpke ^ 




hi 

47^0 






- E,- hv 


E^; — E^ 4- hv 




( 11 ) 


The symbol indicates that the difference which, by (9) exists, strictly 
speaking, between the values of A, in the two sums has been taken into 
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account , but if we neglect the size of the atom m comparison with the 
wave-length X, we may regard the two A/s as being the same , we shall 
do this in the next section 

Eqn (11) shows that under the influence of the light-wa\e not onlj- 
the original state k, but also all other states j for which Aj does not just 
happen to be equal to zero are excited If besides the discrete spectium 
there is also a continuous spectrum of proper values, the summation teims 
in (11) of couise become supplemented by eoiiesponding integrals, cf the 
end of § 1 A and § 4 


B Frequency and Intensity of the Resulting Vihiations 
The Dispersion Formula 


In this section we shall follow ^ 5 of Chap I closely For b} the 
eqn (16) that occurs there we calculate the electric density of our distri- 
bution of state u {Zustandsvei teilung), that is the quantity From 

(11) we next get, using an abbreviated form, 





hi e f 
47rc 


)) 



hi e f 
4:7rC 



In performing the multiplication we can obviously neglect the teim in 
as it IS a quantity of the second order We get 

uu* = ^ + e - } (12) 

With the abbreviations 

^ (12a) 

^ ^ \Ejfc — E^ + /tv Ejfc — E^ ± hv^ 


From (12) we see that the density perfoi ms foiced vibrations itith the 
frequency <o of the incident Light-wave , the original fiequency of the atomy 
given by E*, has vanished from (12) In this wa}^ we have deduced a 
fundamental characteristic of all dispersion phenomena (cf the remarks m 
D relating to the Smekal transitions) 

If, m particular, ij/ is real or if, as m the case of the Kepler problem m 
the absence of a magnetic field, it can be written in the real form, and if, 
as agreed, we neglect the exponential factor m (9), so that also becomes 

real, then we can verify by (12a) that From this it 

follows that that component of the density which contains the time varies 
as sin a>i, that is, vibrates in phase with the electric intensity of field E^, 
eqn (la), if we calculate the latter for the middle pomt — 0, of the atom 
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This, too, IS m conformity with the fundamental laws of the theoiies of 
dispeision 

The simplified value of that results fiom these assumptions is 


= 2/^l/ 

vhei 

p = ^ 

^ TTC 771 C. 




(13) 


(Efc - Ej)2 - (hvY 
and eqn (12) gnes us, when we pass on to the electiic density p = enu*, 


(Ea - E,)^ - {hv) 


j sin Hit 


(14) 


We next enquire into the intens'bty of the emitted radiation To find 
this we must, b;v S 5, Chap I, form the electric nionmit of our densit}^ of 
distiibution Our first concern is with the moment for any arbitrary co- 
ordinate direction q, namely (cf (17) in § 5, Chap I) 


M = 



(15) 


(We may, in paiiiicular, choose the direction q parallel to the direction of 
the exciting electric force, thus, as the ^/-direction, cf Fig 16, as we shall 
do presently in linking up with the classical theory of dispersion ) We 
omit the part \J/\ which is independent of the time as being of no account, 
and we effect the integration prescribed m (15) term by term foi the 
numerator of the sum (14) We write 

[qipj^kdr = qjk (16) 


Here, gjiL bas the same meaning as in eqn (21), § 5, Chap I, and is thus 
|a measure of the probability of transition from the state k to the state j 
br vice zersa Hence we get from (14), (15) and (16) as the variable 
component of M if we complete the suffix of A, by writing it as 


M 


XT 

= — a yO) 

“TTC 7)1 


■^jhqjk 


(Bk - E ,)2 - (hvy 


sin (at 


(17) 


We write Ej — Ejb = hvjkt so that vjk denotes the vibration number of the 
free radiation emitted m the transition j k, in contradistinction to the 

vibration number v of the forced emission If by (la) we substitute ^ 


for sin < 0 ^, it follows from (17) that 


M = - 


/I 4 - v®' 


This IS the electric moment, calculated by wave-mechanics, which an 
mdividual atom acquires under the influence of the electric field E If 
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we multiply it by the number N of atoms in unit volume and divide by 
the intensity of field, vte get fiom 



the moment pei unit volume leferied to unit electiic field 

M. _ - ^ 

^ 471^971 Z. V% - 


(18) 


This moment, multiplied by 4r-, is according to the classical theoi} of 
electrons, equal to — 1, where n is the refractive index TVe take this 
inteipretation ovei into wave-mechanics Thus we use (18j to define the 
lefractive index n by means of the “ dispeision formula ” 



The direction of q which has so fai been left undetermined must be 
made to coincide with the diiection of E (that is, the ^/-diiection of oui 
figuie), as will be explained in the following section 

We may write (19) in a somewhat cleaiei foim b} again using the cii 
culai frequency o> and the corresponding circular fiequenc\ wji = 


71 ^ - 1 = 


47rg-N 

m Z 


This IS pi ecisely the classical dispersion formula both as regards the term 
before the summation sign and the general form of the “ resonance 
denominator ” But there is the fundamental difieience that ni the classical 
theory we have %n 'place of the transition eqmncies the pyoper fieqnen 
cies themselves [which in our calculations were proportional fco the E^’s and 
not to the (E* — Ej) s] It is very characteristic of the power of wave- 
mechanics that the introduction of perturbation theoiy in the integration 
of eqn (8) makes the differences Ejl — E^ automatically replace the E^'s 
that originally occurred in (8) The fact that experimentally only the 
transition frequencies oj^^can be decisive in the dispersion formula scarcely 
needs mention in view of the character of all the measurements obtained 
in observations of anomalous dispersion 


C Discussion of the Dispersion Formula Calculation of the Number f 
of the Oscillators The Summation Laus 
Eqn (20) contams a refinement which was first introduced into the 
classical dispersion formula by Kramers * General interest, in view of 
the conditions of experiment, was concentrated on the dispersion of the 
atom in its ground state the dispersion formula then contams only the 


A Kramers, Nature, May and August, 1924, Kramers and Heisenberg, 
Zeitschr f Phys , 31, 684 (1926) 
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absorption frequencies of this ground state as the initial state (in the case 
of the alkalies, those frequencies are those of the principal series) In 
contrast \Mth this Kramers considered the atom in an arbitrary excited 
state having the proper value E^;, and, using the correspondence principle, 
he established the idea that in the dispersion formula all the emission 
frequencies, that aie possible fiom the state Er, must then be consideied, 
that IS, all the diSeiences E* — E^, foi which <;; Ea: The wave 
mechanical treatment confirms this point of Mew as we emphasised in 
eqn (11) the theory of perturbations compels us to take into account all 
states, those with Ej < E* as well as those with E^ E* 

We ha\e next to consider the numerator of the dispersion formula 
In the classical theoiy of elections it denotes the numbei of dispersion 
electrons that participate in the pi oper vibration in question, or, expressed 
more generalh , since this number, according to the quantum theory, need 
not be an integer, it denotes the number or quantity of the oscillator s*' * 
{Ossillatoren- Starke) By our formula (20) this number of the oscillatois 
comes out as 

/ = — 2Ajiqjjs ( 21 ) 

We have denoted it h} f as usual It depends, on the one hand, on the 
piobability of transition gji, that is, on the probability with which the 
transition would occur spontaneously , and on the other hand on 

the “piobability of excitation ” Aj*, that is, on the amount by which the 
partial \ibration if/^ in the peituibed state would be repiesented (resonance 
conditions not being considered) for a given state of polarisation of the 
perturbmg field and for a given initial state i/zk of the atom Owing to 
the factor only such proper values E^ and corresponding frequencies 
cDjjfc occur in the dispersion formula as can combine with the origmal 
proper value E* All transitions which are forbidden in emission also 
drop out in questions of dispersion, because tor them we have, with 
qjk = 0, also / = 0 Eoi example, in the case of the alkalies in the 
ground state S onlj the lines of the principal series (SP) assert themselves 
in the dispersion formula, not the forbidden transitions (SD, SE) which 
contradict the rule of selection for the azimuthal quantum number In 
§ 7 E, Chap I, we derived this rule of selection by showing, indeed, that, on 
account of the orthogonahty of spherical harmonics, for these transitions 
we get qjk == 0 It is true that in § 7 this proof was given explicitly only 
for the Coulombian field of the hydrogen atom, but it may be applied, 
^ 8, Chap I, to atoms with arbitrary central fields In the same way we 
have calculated the dispersion explicitly only for the hydrogen atom , 
there is no difficulty m applying this proof to other atoms, so long as the 
mutual action between the electrons can be represented approximately by 
a central field 

* For further details on this point and concerning the relationship with Einstein’s 
probabilities of transition ef. B Ladenburg, Zeitscbr f Phys , 7, 751 (1921) 
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Concerning the fiist factor m (21) we shall show that foi j ^ 
its sign IS opposite to what it is for j ^ h, in contrast with the second 
factor, for which, as we know from ^ 5, Chap I, = qij Foi, by 
eqn (9) we calculate Aji in Fourier’s manner * and get 




As before we have here seli the exponential factor equal to 1, b} assuming 
the wave-lengfch as sufficiently large If we perfoim an integration by 
paits, the surface integral vanishes on account of the boundary condition 
at infinity and we get 


Aj* = - “ “ ^^3 


From this we conclude that the quantity / of the oscillator is negatn e 
for the members added by Kramers, which correspond to the emission 
frequencies <; E*, since it (/) is positive for the ordinary members 
which correspond to the absorption frequencies > E* For the latter 
we write / = /«, for the former we write / = - Our dispeision for- 
mula (20) then becomes 

- 1 = — 1 ^ — / ^ \ __A_1 (OQ\ 

The expression obviously stands for Ej ^ Ejt , the case j k can 

be omitted because q^jc = 0 for it 

In accordance with the formula (23) the Kramers terms are also called 
negative dispersion terms,” although in reality their sign also depends 
on that of the denominator and under certain circumstances reverses if 
the incident frequency to passes over a point of anomalous dispersion, 
that IS, an 

We have yet to remark that the coefficients ma^ be traced back to 
our co-ordinate matrices [eqn (16)] We again neglect the exponential 

^ 2n-ta: 

factor e ^ [eqn (9)], that is, we assume the wa\ e-length A of the in- 
cident light to be sufficiently great If we now add up eqns (22) and 
(22a) we get 

But the integrand on the right-hand side is (except for constant factors) 
nothing other than the ^-component of the current which belongs to 
the ^‘transition” h-^j [cf Chap I, ^ 8, eqn (8a)] For we have 




^ . 4^m , 

2Ahj = ^ J 


* Our work so far nas assumed the proper functions to be real (cf bottom of p 167) , 
we write eqns (22) and (23) m the more general complex form for later applications 



172 Chapter II Perturbations Diffi action Pioblems 

We must here take 8*^ as denoting the space factor Skj {Ortsfunkt'uo^i ) , 
we have already got iid of the factor denoting time dependence, 

eh ^ But the cunenfc satisfies the relation 

div S + = 0 

Ot 

If we write the last equation likewise without the time factois, then it 
luns in oui case 

Ejl — E« 

div Sij + ^TTivkjPkj = 0 , vkj — % — - (26) 


The integral on the right-hand side of (25) may now be written in a dif- 
ferent form , we have 

J y div S;fc^dT= - JSj,, dr, (26a) 

for the suiface integrals again drop out in the integration by parts on 
account of the vanishing of S^J at the “boundary If we inseit div S 
from (26) m the left-hand side of (26a), we get 

Combined with (25), this gives 

A. - - I 

(27) 

4— ^i(Efc — Bj) f ^ 45r^(E* — Ej) I 

-Y2 — = — -h ? — 

This IS the final result desired, namely, the coefficients Kicj are repie- 
sented in terms of the co-ordinate matrix qjs^ or its components 
With the help of eqn (27) we may also easily show that oui formulae 
(12) and (17) foi the density and moment are identical with those of 
Schrodinger [Fourth Communication, eqns (17) and (23)] 

The oscillator quantity in eqn (21) now become, if we insert the 
Aj^*s fiom (27), 

f=- 2 ^(Ei - B,) g*, (28) 

thus — except for constant factors — the/*s become equal to the pioduct of 

-pr __ jg 

the proper frequency ^ ^ of the perturbed atom, of the co-ordinate- 

matnx element m the direction of polarisation of the incident light and 
of the co-ordinate matrix element in the direction of observation 

In eqn (28), as we have remarked above, we must set qjc^ = yky , 
This is proved as follows The way in which the proper functions depend 
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IP 172 Second, line from bottom, rechd 

5*7 = yicj (tb.at IS, omit 

IP 173 Tbe eq^nation above (a) slvorild i ect-d. 

^ f^3 “ ^ ^ 0,1 j = 1 

3 3 

In tbe foUowing^ eq^nations, as fai as tbe middle 
of p 174:, 'read d^r for dt and -r fo7 t e^s-ei^ wbeie 
In tbe last line of p 173 we must adn n— undei tbe 
integial sign 

Tbe tbird eq^nation fiom tbe top must be called 

(A') 


I> 174: 
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on the angle is the same m the case of an arbitrary atom with a centiai 
field as m the Kepler problem It is given by 

Ff (cos 

If we take the as the polar axis ^ = 0, then y — r cos 6y 

X ± 12 = r sm For the moments and (x ± Z 2 )ij the same rules 

of selection apply as in the case of the Kepler problem, namel}, 
ykj = 0, except when m = m', 

(x ± %z)h 3 = 0, except when m = m' ±1 
Here w oi m\ respectively, is the magnetic quantum number that belongs 
to the state j or k From this we see if q is not chosen equal to y, then 
one of the two factors in the product y^cj qkj certainly \anishes Con- 
sequently we must substitute qkj = yic^ m /, as was stated 

From eqn (21) it is easy to prove the Summation Law of Thomas, 
Eeiche, and Kuhn,* which w^as oiigmally deiived by these authors by 
means of the coirespondence principle In (21) we keep k constant and 
sum for /over all values of that is, o'ver all transitions that lead to the 
level k We then have 

^ = 1, it g- = 2 / 

We have already mentioned on p 32 that this summation law became 
of great importance for setting up the commutation law of quantum 
mechanics 

To piove it we foim 

^ A = - 2 ^ = - 2 ^ qijtL dr (a) 


in which we have used eqn (22) The sum on the iight-hand side is 
easy to evaluate The qjej s can be i epresented as the expansion 

coefficients of two simple functions, as follows 


because inveision gives 


Also, 



j 


A. - 

i 


because it then follows that q^i 



(b) 


(o) 


* W Thomas, Naturwias , 13, 627 (1925) , W Kuhn, Zs f Phys , 33, 408 (1925) , 
F Beiclie and W Thomas, Zs f Phys , 34» 510 (1925) Of also the analogous 
calcnilatioue m 37 y eqns (3) and (23) 
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If we now form the product of the functions on the left-hand sides of 
(b) and (c) and integrate over t, we get 


'qijskdt 


‘11 


qki<pidt = ^ 


on account of oithogonality and the normalisation of the 
integral on the left further gi\es 


But the 


-qipkdt : 






_ f - i, it q = y, 

'-2J^ to. itq^y 

As above, have here again omitted the surface integral Substituting 
in (a) we get 

A _ /l. if 2 = 2/. 

- \0, dq^ y, 

which completes the proof 

We must add that we have above proved the \anishing of /iy tor cential 

fields, whereas the theorem ^ fkj = 0(q #= y) holds quite independently of 

the special assumption of a cential field , in the proof we have actually 
made no such assumption We further remark that in the case of 
71 elections 1 is to be replaced by n on the right-hand side of (d) 

D Non coherent Scattering HaTnan-JEjffect, Sniehal Transitions 
In § 5, Chap I, we had to consider besides the density and moment 
of one atomic state also the corresponding quantities for the transition of 
the atom from one state to another, in order to be able to calculate the 
frequency and intensity of this transition, see eqns (18), (19), and (21) of 
^ 5, Chap I [cf also § 8, Chap I, where the electric current was defined 
not only foi a definite state but also for a transition^ We shall proceed 
similarly now with the atomic states disturbed by the light- wave Thus 

we shall consider besides the state u of eqn (11), which we allocate to 
the proper function xf/je, for example, the fundamental vibration, also a 
second state which arises from the proper vibration ij/i owing to the dis- 
tuibing light- wave The density combined from both states is then 

urn; = ^ };,) 

in which the abbreviations { }x and { }* are to be taken from (11), the 

first directly, the second after exchangmg k for Z and + i for — i Multi- 
plying out and neglecting the term m gives us the following equation 
analogous to (12) 


um* = * 
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The first term on the right-hand side expresses the time- dependence of 
the spontaneous transition Z -> fc, which does not interest us heie The 
time-dependence of the second member is given as we can see diiectly 
from (11) and (29), by the two factors 

e ^ ^ and e ^ ^ (30) 

each of which occurs twice Thus we have an accompanying -vibiation 
with chanqed frequency, a non-coheient scattering, besides the oidinary 
dispersion, which occurs with the frequency v of the incident wave 
Whereas the latter repiesents a faced vihation we can regard the former 


/ 

i. > 






Fig 17a — The atom is» in the ground 
state h The incident frequency v simul 
taneously effects the excitation of the 
atom (causing the transition k^l) and 
the emission of light of the lesser fre 
quencv v* — u - pj^i<^u , m this process 

'‘"W = Ei - 


/ 

1/ 

K 7^ 


V 

Kl^ 

f 

' 1/* 


Fig 17b — The atom is in the excited 
state I Under the influence of the 
incident frequency v it passes into the 
state h of lesser energy and radiates light 
of higher frequency v* — y + p , 

here again we ha^e hvn == 


as something between a free and a faced vibration It we signify the 
frequency due to the transition Z ^ by vki, that is, if we set 

- Bfc 


the vibiation numbers of our non-coherent scattering aie, according 
to (30), given by 

V — vki and V + vki 

respectively (the sign of i in the exponent is indeterminate) 

The possible existence of this non-coherent scattering was pioved by 
A Smekal even before the advent of wave-mechanics on the basis of the 
following figures and foimulae 

The experimental proof of these “ Smekal transitions ” has very 
recently been achieved by C V Eaman * and K S Krishnan In light 
scattered by liquids, crystals, and gases, t they observed besides the 
ordinary scattered light of the same frequency also scattered light of less 
frequency than that of the incident beam, corresponding to Eig 17a, and 
in some cases also light of higher frequency, correspondmg to Pig 17b 


* Indian Journ of Physics, 2, March, 1928 , of also Nature, 121, 501, and 122, 12 
(1928) 

t Raman and Knshnan have obtained particularly sharp modified Imes with 
crystals Such hues were also found for quartz and calcite by P Pnngsheim and B 
Rosen (Zeitschr f Phys , 50, 741 (1928)) , R W Wood (Phil Mag , Ser 7, 6 (1928)) , 
and by G Landsberg and L Mandelstam (Naturwiss , IS, 558 (1928) , Comptes 
Reudus, 187, 109 (1928)) The last two investigators performed their researches inde 
pendently of Raman and Krishnan and about the same time They explained their 
discovery in the same way as the latter 
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It IS self-evident that the phenomenon depicted in Pig 17b -will occur 
with considerably less intensity than that represented in Fig 17a, because 
it assumes the presence of excited atoms This is in agieement with the 
findings of the Indian physicists quoted 

This discovery is the optical analogy to the Compton effect, as w ill be 
clearly evident in an account m § 7 This characterises the fundamental 
importance of the Eaman effect, which is fuither emphasised by the fact 
that the displacements v^^ of the primary radiation can be identified in 
many cases * with infia red vibration -frequencies of the molecules m 
vestigated (for example, benzol, toluol, water) 

In his wave mechanical representation of the Smekal leaps Schiodingei 
assumes, as in his deiivation of the ordinary Bohr frequency condition 
(cf p 45), that the states L and I that here come into question are 
actually excited in the atom We have avoided this assumption, which 
IS probabljr too special and too closely bound up with the model idea, and 
we have contented ourselves with generalising the dispersion theoiy for- 
mally by considering (as foimerly in the case of the fiequency condition) 
the density matrix pu = for the two states combined 

We shall proceed in the same way in making statements about the 
intensities of Smekal transitions For this purpose we shall have to con 
sider the “moment-matrix*’ Mm of eqn (19), § 5, Chap I We shall 
work out the formulae only as far as will be required later for the theory 
of the Compton effect With this in view we shall distinguish between 
A]* and AJ in eqn (9) , A^J" is to belong to that is to the upper 
(negative) sign of the exponent in (9), and A” to the lower Further, for 
the sake of generality and on account of its applicability to the Compton 
effect we shall assume ij/ complex The A’s must be furnished with 
double mdices, as m eqns (17) to (20), so we write them Ajjs and Aji ac 
cordmg as the} belong to 'dif/J'by or 'bif/il'dy [cf eqn (9)] 

We next form the factors of the exponential quantities (30) in the ex- 


(31) 


pression (29) for uiui , and obtam respectively, as m eqns (12) and (12a) 

— — a ^ i ± 3 ( \ 

4:7rcm ^ ^ Z. \Ez - + hv F* - Ej ± hvJ 

Passing on to the “ moment-matrix ” Mu, "we have to form the moment 

of the “electric density” eujs'u* m any arbitrary co ordinate direction q, 

that IS, corresponding to eqn (19) of § 5, Chap I 


Mu 


e\qujctifdT 


(32) 


Integration with respect to dr over the co-ordinate space is only to be 


* The fact that they do not m all cases correspond with infra red absorption lines 
13 due to the selection rules m the Baman effect being different from those in the 
oscillation spectra The Baman lines occur when there is a level j which can 
combine with k and but the infra red lines can occur only if k and I can combine 
directly 
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perfoimed on the numerators of the sums since the denominators 

as well as the factor in front of m (31) are constant 

Theie is still a coriection to be applied heie If in the incident wave 
we take into account the factoi that is, the change of phase within 

the atom, it is logical to take along a coiiesponding phase- factor in 
calculating the emission, that is, to form the moment of the density 
distiibution not for the same point of time, but for a ‘‘retaided” time 
In the Smekal transitions the emission occurs with the frequency = v+vki 
We shall call the corresponding wave-length A."* (this nomenclature has, of 
course, nothing to do with its earlier use for conjugate complex quan 
titles) We obviously have 

A* A =5 V V* and A**/^ = c 


Let the direction of emission in question be denoted bj 5, so that s 
signifies the path of the wave emitted fiom the centie of the atom The 
retaidation then consists in this, that when we form the moments we 
sum up the density at different places not for the same t but foi the same 
t — sjc or, what amounts to the same thing, for the same v*t - s/A* 
From this it follows that in forming the moments m (32) the factoi 


2iri^ 
p. ^ 


(33) 

becomes added under the integial on the light In integia^mg ovei dr m 
the numerator of (31), we then find in place of the eailier qijS the modi- 
fied or “retaided” co-ordinate matrix elements 



(34) 


This makes oui sums ^ ± of (31) become 


A.%Qil \ 

~ Z VEi - B, :f fe,. Ei-B, ±/W 


(35) 


Consequently we get from (32) as the expression of the moment matiix 

Mki = J a(S+ 4 - S- e- (36) 

We shall have to use this expression for M later when we calculate the 
intensity emitted in the Compton effect 


§ 4- Photo-electnc Effect 

In I, Chap I, § 6, p 44, we represented the photo-electric effect as the 
most direct expression of the extreme quantum theory and we interpreted 
Einstein's photo-electnc equation in the sense of light-quanta It seemed 
at first sight as if even wave-mechanics would produce no change in this 
state of affairs This surmise has, however, been shown to be erroneous 
The photo-electric effect fits into the scheme of ideas of wave-mechanics , 

VOL. n — 12 
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ior the fiist time, indeed, the duectional distribution of photo-elections can 
be calculated by means of wave-mechanics We must admit, howe\ei, 
that Einstein’s law, like the Bohi ftequency condition which is related 
to it, IS not actually derived, but is included in the basic assumptions of 
wave-mechanics (cf Chap I, p 46J 

The wave-mechanical theory of the photo-electric effect links up 
closely with the preceding section We need only direct oui attention 
to the ccnUnuotis spectrum instead of to the line spectrum and apply 
to this contmuous spectium the calculus of pertuibations We shall 
take this opportunity of adding that in the formulae of the preceding 
section we have also to imagine the fiequencies of the continuous spectium 
to be included, that is, that (cf the end of § 1 A) to the summation over 
the discrete spectrum must be added the summation over the continuous 
spectrum, ]ust as will be done m what immediately follows 

A Peiimhatioii i7i the Continuous Spectium 

We shall heie consider not the usual method of pioducmg the photo- 
electric effect, in which light of short wave-length falls on the surface of 
a metal and forces the free electrons of the metal to be emitted, but the 
photo-electric effect in the individual atom, in paiticulai the hydrogen 
atom, in which case, therefore, the light acts on a hound electron This 
problem is more definite theoretically than the oidmary photo electric 
effect and has also received strong expeiimental suppoit by modern 
methods (Wilson’s cloud-chambei) 

We describe the incident wave of light as in § 3 by the assumption 
(1, la) and hy Fig 16 The perturbed state of the atom it produces is 
gi\en by eqn (11), ^ 3 But whereas earlier we wrote down the sums 
onl^ for the discrete proper values e shall now expiess only the integral 
over the continuous spectrum of proper values and shall denote the addi- 
tional sum b} Let the proper value paiameter of the continuous 

spectrum be E’, and the proper function Further, let E^ and 

denote as earlier the initial state, that is, in particulai, the ground state 
of the atom Eqn (11), § 3, then runs {p = mass of the election) 

— — hi P 

« = + (1) 
whexe I - + a.). 

fA(E')^(E')<ZE' 

“ jEi - B' - fev® 

The earlier quantity Aj is now replaced by the quantity A(E')dE' 

♦G Wentzel, Zeitechr f Phys , 40, 674 (1926) , 41, 828 (1927) , G Beck, %h%d , 41, 
443 (1927) We s h al l go beyond the results of tliese authors, particularly in the treat 
ment of ^ort wave rafiation 
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Coriespondmg to eqn (9), ^ 3, it is defined by 


-=^e A = 
7>y 


4-|A(E')^(E')dE' 


(2) 


X IS the wave-length of the incident light 

The integrals m (1) and (2) are to be taken o\er the region E' =Eo = 
to E* = 00 The lowei limit E' = coi responds in the normalisation of 
7, Chap I, to the value E' = 0 or, expressed in the language of orbits, 
to removing the election fiom the atom to infinity, so that E' > is 
equivalent to the condition in ^ 7 E > 0 foi the continuous spectrum 
(The in (2) denote that, as m every repiesentation of a lunction in 

terms of proper functions the discrete a7id the continuous proper values 
are to be taken into account, but that Vve have ^\ritten down only the 
continuous values ) 

We now consider a single element of the integral I (\ve shall return to 
II in Note 3, p 293) and separate it into three taetors 


A(E')^ZE 

(a) Eit - E 4- hv’ (®) ^ 




(3) 


(a) IS constant, that is, independent of the space and time co-ordinates 
and dependent only on the quantum numbers , (b) signifies a distribu- 
tion m space of the proper vibration , (c) denotes its dependence on time 
Let us first deal with (b) We examined the proper tunctions of the 
hydrogen atom in the region of the continuous spectrum in § 7 A, (b), of 
Chap I We shall give a more detailed treatment of them in Note I at 
the end of the book We shall there split up the single pioper function 
^(E') into two parts i/f^ and i//*f so that 


The asymptotic expression in eqn (24) of b' 7, Chap I, belongs to the 
radial component E of these two paits , the sign + in the exponent ma^ 
be attributed to the sign — to To this ladial component must be 
added the angular component from the eqn (2) of the same section , 
altogether we get asymptotically 

?(E')} = 7 (cos e) (4) 

The radial component represents a spherical wave, which is radiated ouii 
from r = 0 or which with the sign reversed converges to r = 0 Just as 
m § 1, Chap I, we regarded the plane de Broglie wave as represent- 
ing a parallel stream of electrons, so we shall have to interpret the 
spherical wave as representing a stream of electrom diverging from or 
converging to the atom This mterpretation is justified by the following 
characteristic difference between the asymptotic behaviour of the con- 
tinuous proper functions and that of the discrete proper functions the 
discrete proper functions ^ vanish so rapidly at infinity that the m- 
tegral 1^!$' dcr taken over an infinitely great sphere vanishes , for the con- 
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tmuous proper^f unctions, on the other hand, this integral has a finite \alue 
mdependent of r Hence the former proper functions indicate the charge 
zeio at infinity and coirespond to the elliptic orbits formerly used , wheieas 
the latter piopei functions indicate a charge escaping to infinity, and 
correspond to the classical hyperbolic paths Thus we ha\e a stream of 
electrons duerging fiom oi conveiging to the atom, the statistical be- 
haviour of which IS described by the wave-function The different 
diiections aie not equivalent but aie distinguished fiom each other bj 
the dependence on 6 and ^ contained in (4) 

With our choice of sign in the time factoi ^ we see that 

gi^es a spherical wave emitted outwards the atom, but 
01 g + %{jcr T a) 0 g a, spherical wave radiating imoards towards the atom 
from infinity Onlj the first result has a physical meaning In Note 3 
we shall show that in carrying out the integration expressed in ( 1 ) the 
partial function drops out and only ^ stands An essential feature is 
the choice of the path of integiation which will also be discussed in 
Note 3 

On the basis of these remarks we shall in the sequel replace the factor 
(b), which gives the distribution of the photo-elections in space by 4 ^^ 
On the other hand, we must use the proper function ^ and not the partial 
function ^ijr in the factor (a), namely in the definition of A (E'), eqns (2) 
and ( 7 ) 

We next turn to the time-factor (c) in (3) Just as in the case of the 
plane de Broglie wave, the factor ^iritlh gives us the total energy ot the 
election emitted Thus it is 

-4- hv 

If we deduct fiom this the proper-energy E^ = corresponding to the 
electron at rest, we get 

€ = Efe - Eo + hv (5) 

the kinetic eneigy of the emitted election But Bo — E* is the ionisation 
potential J, measmed m terms of energy, or, what amounts to the same 
thing, the bindmg energy of the electron m the atomic state Ej^ compared 
with its state of freedom from the atom Eo Thus eqn (5) is identical 
with 

c = 7iv — J (6) 

and this is identically Einstein's photo-electric equation Although not 
explained or made intelligible here, it is at least closely interwoven with 
the fundamental assumptions of wave-mechanics It does receive some 
explanation, on the other hand, from the conception of discrete energy- 
elements of magnitude hv contained in the light, that is, from the well- 
known hypothesis of light-quanta 
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B The Angiilcm Distributwn of Photo-JSlectro7is fo7 the Case of 

Long-Wave Light 

This angular distribution is indicated generally by the factor 
(cos 6) Foi aibitrary values of the quantum numbeis I and m 

it includes many diffeient possibilities (subdivisions with respect to the 
angle d as well as with respect to <f>) ^ut we shall show that for the 
choice of co-oidinates to be given m (9) these many different possibilities 
aie restricted by the factor (3a) to the quantum numbeis Z = 1 and m = 0 
The factor (3a) contains the quantity A(B') which is determined by eqn 
(2) If we first consider only long wave light [k \eiy large compaied 
with atomic dimensions), we can then set the exponential factor in the 
left-hand side of (2) equal to unity, as we have done in the preceding 
section Tne inverse (Umkehrung) of (2) then gi\es us according to the 
general rules for normalised proper functions [cf m the preceding section 
the inverse of eqn (9), which we actually gave in eqn (22)] 

A(E) = j^^*(E')dr (7) 


The integration is to be taken over the whole of the co-oidinate space, 
and if polar co ordinates are used we have 

dr = ?V2r sin d d6d(f> (7a) 

We take as the fundamental solution for the h\diogen atom, thus 

where 0 is the normalising factor and a the radius of the first Bohr circle 
(ct the table on p 71 and eqn (30a) on p 70, in the case of hydrogen 
Z = 1) Hence 

^ :5ce-zr/o y (8) 

by a r ^ ^ 

We define our polar co-ordinates in such a way that the y axis (direction 
of the electric force of the light- wave) is the polar axis Thus we set 

2 / — r cos 0, = r sin 6 cos 0, z ^ r sin 6 sin (9) 


We then get bijihlby proportional to cos ^ (cos d), and b^ (4), (7), 
(7a) and (8) we get 

TT 2ir 


A(E') = 



( 10 ) 


The dots here denote the radial part of the integral, which does not 

at present interest us From (10) we at once infer that A(B') differs 
from zero only if 


m == 0 and Z = 1 simultaneously 


( 11 ) 



182 


Chaptei II Perturbations Diffraction Problems 

The general way in which depends on the direction, Pj” (cos 0) 
thus reduces to 

Pj (cos 6) == cos 0, which is independent of ^ (12) 

We must legard the square of ^ as giving the probable number of the 
photo-electrons for every direction 0 (m other words, this gives the inten- 
sity J emitted in the spherical wave m the direction in question) Thus 
this number, oi intensity, is gi\ en by 

J cos2 e (13) 

and is repiesented in Pig 18 In accordance with the meaning of 0 we 
must, of course, picture Pig 18 as rotated about the y axis and repeated 
in the negative direction of y 

(Jses-). 

so that there are two pear-shaped symmetiical bodies of rotation m space 

To make the conclusion 
which brought us to eqn 
(11) more convincing an- 
alytically we make the 
following remark Just as 
in the preceding section 
we had to take the sum- 
mation sign, foi example, 
in the dispersion foimula 
as applying to all quantum 
numbers, so here we must 
regard the process indi- 
cated by our integration 
signs as applying to all 
quantum numbers, sum- 
mation being performed 
over the discrete values 
and integration over the 
continuous values Thus 
we must form the sum for 
the angular quantum numbers I and m, and we must integiate only over 
the radial quantum number or the equivalent principal quantum number 
(or total energy P') So the integral sign in eqn (1) when written out 
in full, stands for 

JdB' 

and the function A(E') should really be replaced by 



Fig 18 — ^Photo electric emission in the case of 
long waves 

The intensity is plotted in polar co ordinates 


( 14 ) 
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What we ha%^e shown above amounts to proving that of the doubh 
infinite sum (14) of integrals only one teim diffeis from zeio, nameh that 
foi which Kim = Aio, whereas all other vanish 

If we look at Fig 18 the impiession forces itself upon us that the 
electric force by its rapidly alternating effects on the atom leleases the 
photo-electron fiom the atomic configuration and impresses its own 
diiection on it for piefeience , fuither, that deviations from this favoured 
diiection are m some way due to the initial state of the election It is 
veiy remarkable that wave-mechanics gives no furthei details of the causal 
mechanism sketched in this way, but proceeds to deal straightway with 
the statistical final effect, which alone comes into consideration for com- 
parison with experiment Whereas the light-quantum view of the 
Binstem law appears to depict the causal aspect of the phenomenon con- 
vincingly, wave -mechanics abandons causal arguments and, instead, gn es 
full expression to the statistical aspect The statistical character of the 
method of wave-mechanics also manifests itself in the fact that even m 
the case of hydrogen with its single electron, the theory leads to a con 
tinuous curve of charge -distribution which is obviously to be regarded as 
the mean of a very great number of individual cases 


To supplement the preceding calculations and to prepare for the next 
section we shall make a second calculation m which we take our polar 
axis B Q not m the direction of the electric force (tz-axis) but in the 
direction of emission (the rc-axis), by setting (cf Fig 19, p 187) 


sin B cos z ^ r sin 9 sin <f> (9a) 

”Ce ■“ gin 0 QQQ ^ j 

for which, by eqn (12), § 2, Chap I, and suppressing the radial com- 
ponent, we may set 


Then 


r cos 0, y = r 
lyy 




PJ (cos 0) cos 0 


Eqn (10) then becomes 

r-ir rSTT 

A(E') == J sin 6 dO^ ^<^PJ (cos 0) cos (cos 6)e ” 


(8b) 

(10a) 


Fiom this it follows that \ m\ =1 and that Z = 1 , the latter on account 
of the condition of orthogonality of the associated spherical harmonics, 
eqn (24), ^ 6, Chap I Hence the dependence of ^(E') on the angle 
now reduces to Pj (cos d) e ^ = sin d e ^ or rather to 

^(E') = sin 9 cos 4 > (12a) 


since of the two possibilities cos <t> and sin ^ included m only the 
first leads to a value of A(E'} different from zero, whereas the second is 
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again suppressed owing to the vanishing of the factor A In accordance 
with this we have in place of (13) 

J e--' sm^ Q cos^ ^ (13a) 

The direction distribution given by this expression is of course again re- 
presented by Fig 18 in view of the new position of the polai axis the 
maximum now lies at ^ = r-/2, = 0 , the rotational symmetry about 

the direction of the electric foice is not so immediately evident in the 
new lepresentation as in the old But the fact that both representations 
are identical can be seen directly m rectilinear co-ordinates the two ex- 
pressions (13) and (13a) both give by (9) and (9a) 



Here y and r at first denote the co-ordinates of the point at which the 
intensity J is observed But we may also regard them as the co-ordinates 
of the end-point of J in a polar diagram which, as in Fig 18, represents 
the magnitude of J for every direction by means of the radius vector r 
The equation of this polar diagram then runs in both cases simply 

which expresses besides the identity of both methods of representation 
also the rotational sy mmetry about the ^-axis 

The total number of photo-elections Jedd which is emitted in a cone 
between 0 and 0 -h d6 is obtained from (13a) by multiplying with 
sin $ dd d4> and integrating over In this way we get 

Jb sm® e (13b) 


C I%e One sidedness of Electronic Emission %n the case of Light of 

Short Wave-Length 

The whole difference between this case and the case of light of long 
wave length consists in the fact that the exponential factor in (2) is not 
neglected now We take the negative sign in the exponential factor, 
because it belongs to the integral I of eqn (1) and because II is of no 
direct physical mterest (cf Note 3) By analogy with (7) we then get 

A(B') = rWr 

For convemence we use the polar co-ordinates (9a) and, m view of (4) 
and (8a) we get 

A(B') = - -O f "e " ^ Ei Ato (15) 

io 

^im = 6 do ^ dd> sm 0 cos ^ e ^ (cos 0) (16a) 
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In (15) E; denotes the ladial component of , the suffix Z indicates 

that it will in general depend on I We shall imagine the normalising 
factoi of the proper function included in it 

Prom (15a) it necessarih follows that | wz ] = 1 , as A vanishes for 
m = 0 and ] m | > 1 But A 'vvould also vanish for \m \ = 1 , if we eie 
to substitute sin </> for [cf what was said in relation to eqn ( 12 a)] 

The only value of which does not vanish is therefore 


All = Trf sin2 0 e ^cos 0)d0 (16) 

J 0 

We next expand the exponential function in (16) and retain onh the 
and membei of the power series, bv assuming that k is still large 
compared with the atomic dimensions r that come into question W e 
thus obtain 

Aa = ttJ sin^ ^ cos (cos 9)d9 (17) 

The ** 0*^^ ” term of course agrees with the integral ( 10 a), since this 
denoted the approximation for an infinitely gieat X, provided w e set w = 1 
in it and mtegiate over 9 S As m the case of ( 10 a) it follows that this 

term diffeis tiom zeio only for Z = 1 We denote its value for Z = 1 

by Ao 

Aq = Trj* sin^^^Z^ ~ " x^)dx = (17a) 

In the second term of (17) we introduce the abbie\iation Aj by 
writing 

= Trf sin^ 9 cos 9 (cos d)d6 (17b) 

J 0 


We calculate Ai by making use of the expression foi Pj” m eqn (12) 
on p 12 




Sin® 9 cos 6 


^ dFi (cos 6 ) . 
d cos 9 


r + i 




( 17 «) 


or by integrating by parts once 

Ai = ‘ (3®'’ - l)Pz(a!)da: 

But by Fig ( 1 ) p 12 , the first factor under the integral sign is equal to 
2 P 2 (£d) Thus 

=» 27rJ F2(x)Fi(x)dx 
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changed, being likewise displaced forwards of the 7r/2 direction 
calculate it by (19) and (20) from the equation 


0 “ ^ sm^ ^{1 + /c cos 6\ = 2 sm d (cos 6 -Jr k cos^ ^ - g sin^ 


In the last bracket we may simplify the terms multiplied by the small 
quantity k by substituting for them as a first approximation 0 = ■;r/2 The 
bracketed expression then gi'ves for the locus of the maximum 


cos 0 = 2 ^ 

0 = O max 


( 22 ) 


Thus the maxzmum has likewise become displaced in the forward 
directmi , the amount of the displacement is twice as gieat as in the case 
of the bisecting cone (cf Pig 19) 

This position of ^max allows us to write the distribution law (19) for 
the region in the neighbourhood of the maximum more simply as follows 

J = sm2 (b 4- 0 cos^ (23) 


Por, from (23) it follows by expanding in terms of /c, 




sm 0 4- 2 B 


1 


cos^ = (1 4- K cot B) sm2 0 cos^ 


and for the immediate neighbourhood 



of the maximum (sm B ^ 1, 
cot B cos B) this be- 
comes identical with (19) 
Eqn (23) admits the 
following interpretation 
The distribution of the 
photo-electrons in the case 
of light of short ware- 
length about the displaced 
maximum B = *7r/2 - #f/2 
IS in its immediate neigh- 
bourhood the same as for 
light of long loare-length 
about the undisplaced 
maximum B = '7r/2 


'Em 19 — ^Photo eleetnc emission m the case of 
short waves (Bontgen rays) More intense emission 
forwards than backwards 


We shall reduce the 
displacement of the bi- 
secting cone, eqn (21), 
to a simpler form 
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By eqns (24:a), (19), and (3a) of § 7, Chap I, the meaning of } ^ was 
= ^2 = ^(E' - E«) (24) 

Coriespondmg to our present nomenclatuie and noimalisation we 
have written E - Eq for the energy pieviously denoted bj E (E > 0 in 
the continuous spectrum) Our value (24) thus depends on the paiticulai 
point of the continuous spectrum that we happen to be considermg Now, 
we see in Note 3 that only the point E = Efc -f as guen b\ the 
lesonance denominator m integral I, eqn (1) is significant If we insert 
its E' in (24) and take into account eqn (5) m which € = fjLt j 2 denoted 
the kinetic eneigy of the emitted electron, (24) fields simph 

k = (25) 


(We may remark in passing that this may also be wiitten 



wheie denotes the de Broglie wave-length associated with i ) e 
next calculate the denominator in (21), namely Z-ja- If we insert 
the value (24) foi and the value Ejfe + hv for E', 




STT^fJLV 

~ir^ 


-h 


nr 


(Efc — Eq) 4- 




On the right, however, the last two terms cancel out, foi 


a = 


7^2 




/y.-J 


and for the ground state of the hydrogen atom with the nucleai charge Z 
Ejfc — Eq = — E/iZ^ (R = Rydberg constant) 

Accordingly there remains 

7;2 

(26) 


*2 + 

nA 


h 


If we substitute (25) and (26) in (21), it follows that 

K V ^ V 

4 ~ At/ g 


(27) 


It suggests itself to us to bring this value into relationship with the 
Tnomentum of the hght-quantum which led to the emission of the electron 
This momentum is hvic and has the direction of the ray The momentum 
of the electron is and favours the direction perpendicular to the ray, 
except for deflection due to the momentum of the light-quantum Thus 
the deflection amounts to 


hv 
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It we then use Bmstein’s law and, neglecting the ionisation potential T, 
set 



(28) becomes identical with (27) except for the faotoi 2 to which shall 
re\ert latei 

When we just now spoke of the momentum of the light quantum, we 
forsook the statistical basis of wave-mechanics for the causal basis of the 
light-quantum hypothesis which underlies Einstein’s law Instead of the 
momentum of the light quantum we may also adopt a more phenomeno- 
logical attitude and regard the 7 adiatzon pressure of the light as the leason 
for the forward deflection of the photo-electrons, foi this pressure is only 
anothei way of expressing momentum of the light-quantum 

But it must be added that in this way we arrive only at a qualitative 
explanation of the forward deflection of the photo-electrons , for a quanti- 
tative explanation we require wave-mechanics and the factor 2 which 
was emphasised just above 

Our treatment was restricted to the ground state of the hydrogen 
atom or, as we may say more generally, to the K-shell We perceive 
immediately that the results for the L- and M-shells will come out 
differently on account of the piopei functions in geneial depending 
differently on the angle of deflection 

Compared with the psychological advantages of the causal view the 
statistical wave-mechanical treatment here has the piactical advantage, 
which we must again emphasise, of answering questions of intensity 
We have seen this in calculating the relative distribution of photo 
electrons But we may go further and ask what is the total number of 
photo-electrons released, that is, the absolute value of the photo-electric 
emission ^ This would lead us to a rational theory of the absorption 
coefficient of light and Bontgen radiation , in the case of Bontgen radiation 
we should be concerned not with, one absorption coefficient but with St 
series of such coefficients foi the absorption phenomena in the K-sheli, in 
the three L-shells, and so forth. Wentzel (Zoc cit ) has sketched out this 
theory Here we may pomt out that, besides being essential for under- 
standmg light and Bontgen phenomena this theory is also of fundamental 
importance for gaining a knowledge of the internal constitution of the 
stars (Eddington) 


D Comparison with Experiment 

We shall flrst speak of the general character of the distribution of 
velocities which we studied m B, and shall then pass on to discuss a 
little more closely the one-sidedness of the distribution which was 
derived in G Indisputable results can be obtained only in the case of 
light of sufficiently short wave-length, that is, Bontgen rays 



4 Photo-electric Effect 


191 


Eqn (13), or (13a), xefers to polaiised lays The initial diiection 
of photo-electrons that aie released by Bontgen lays was studied with 
the help of a number of steieoscopic pictuies of tracks in a Wilson 
cloud chamber by F W Bubb ^ and F Kiichner,t who used a considei- 
abh gi eater number ot individual measurements Even the first expeii- 
ments, those of F W Bubb, showed that the direction of the electric 
vectoi exhibits a clearly marked favoured direction for the photo electric 
emission — in qualitative agreement with the geneial lines of reasoning of 
p 186 Quantitatively, the measurements of Kirchner gave a direction- 
distribution which agreed, within the limits of eiror of the statistical 
method, with the cos^ 0 law of eqn (13) A fmthei agreement: with eqn 
(19) occuis m the experimental result that the form of the ‘‘azimuthal ’ 
distribution cuive (angle <^) is independent of the wa\e length m the 
legion between \ = 0 3 and 0 8 A , and from the ionisation potential in the 
region between J == 300 to 3000 volts As to the “ longitudinal dis- 
tiibution curve (angle 0) the sm^ & law for Jg, which was first deduced in 
eqn (13b) for polarised i&ys, but which obviously applies equally well to 
unpolarised rays, was experimentally established b;^ P Auger t for un- 
polarised rays 

The fact that the centie of gravity ot the photo electric emission 
moves further and further ''foi wards as the wave length deci eases was 
early the object of a whole series ot electiometiic measuiements The 
advance of the maximum was established quantitati\ ely onlv qui^e 
recently by those methods which allow elementary processes to be 
registered individually, namely by means of the Geigei point-counter § 
{Spitzenzahler), and Wilson s cloud chamber i| 

By eqn (21) or (27) the bisecting cone should be displaced foiwaids 
by an amount pioportional to the velocity v with which the electron 
leazes the atom This is in qualitative agieement with the expeiimental 
result that the maximum moves further and further forwaid accoidmg as 
the wave-length of the incident ladiation becomes smaller, and also that 
it moves less forward the greater the work of ionisation to be performed 
on the atom (Bothe, Auger) 

Eqn (21) also gives the coiiect order of magnitude quant itatiz ely for 
the position of the bisecting cone, as is seen from Fig 20 This represents 
the forward angle 7r/2 — Bq {VoreilwznkeV) as a function of the velocity 
with which the electrons have in each case left the atom , the continuous 
straight line corresponds to the theoretical result given b^ eqn (21) The 
earlier measurements almost all he below this straight line In the 
figure only the most recent measurements have been mserted , these were 

W Bubb, Pbys Rev , 23. 137 (1924) 
t P Kirchner, Ann d Phys , 885 521 (1927) 

JP Auger, Journ d Phys , 8. 83 112 (1927) 

§ W Bothe, Zeitschr f Phys , 26* 59 (1924) 

II Wilhams, Nuttal, and. Barlow, Proe Boy Soo , 121, 611 (1928) , P Auger, 
Comptes Rendus, 186, 75S (1928) , 187, 141 (1928) , 188, 447 (1929) 
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Gained out with homogeneous rays reflected from crystals They come 
notably neai the theoietical ^ continuous line in the figuie 

We should theiefore like to assume that oui numeiical factoi 2 by 
which the wa've-mechanical calculation deviates from the interpretation in 
terms of radiation piessuie has a basis in reality The dotted straight 
line coriesponds to the latter mteipretation, which seems to suggest itself 
more leadilj^ physically 

An agreement \\ich the theoietical assertion contained in eqn (23) is 
also to be seen in the experimental lesult, particularly emphasised by 
Auger, that the foim of the distiibution is independent of the position of 
the maximum and of the amount of the work of ionisation The theory 
does not, however, comprehend some subsidiary maxima that ha\e been 
found by Auger and Bothe in the longitudinal cuive of distribution , these 
maxima do not yet seem to be expeiimentally secuie 





Fig 20 — Forward displacement of the bisecting angle {Halbierungswinkel) of 
the photo-electnc emission 

Continuous line calculated by wave mechanics 

Broken line expected results according to the elementary view 

° 4.uger, X Williams, Nuttal and Barlow 

Our calculation in C was only a first approximation, since we broke 
off the expansion of the exponential function (16a) at the first power of 
r/A- In the case of hard Eontgen rays this is, strictly, no longei admis- 
sible, as then the wave-length A becomes of the same order of magnitude 
as the radius of the K-shell of the atom m question In the case of 
y-rays the power-expansion becomes illusory altogether, we aie then 
driven to integrate the exponential function exactly 

§ 5 Dfilraction at a Smgle Obstacle Collision Problems of two 

Particles 

To Imk up closely with the preceding sections it would seem most 
natural to continue with perturbation problems and to treat the Compton 

* We vsash to call attention to the fact that in the German edition of this book 
the factor 9/5 occurred by an oversight in place of the correct factor 2 [cf above m 
eqns (27) and (28)] Correspondmg to this the tneoretical straight line in Fig 20 of 
the German edition lay a httle lower than m our present figure 
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effect by the method of wave mechanics We find it prefeiable, however, 
to postpone the treatment of further perturbation problems and first to 
occupy ourselves with the simpler diffraction problems IncidentalU we 
shall pave the way mathematically for the later treatment of the Compton 
effect 

In the diffraction problems of optics we distinguish between diffractmi 
by a single object (slit, aperture, disc) Oindi di fraction by a system of regularly 
arranged objects (grating lines, crossed gratings, space lattices) In the 
present section we shall deal with diffraction due to a smgle object, 
which we shall imagine to be an atom, nucleus or molecule , in A the 
diffracted wave will first signify a stream of a-particles, in B and C 
a stream of electrons In the succeeding section we shall then pass on 
to the diffraction of electron waves by a regularly arranged s\stem of 
diffracting objects 


A Deflection of cx.-rays by Atoms and Atomic Nuclei 

Miciomechanics claims that the wave-equation is the key to phenomena 
which are usually treated in a less refined way by the methods of ordmaij^ 
mechanics A characteristic example* is given by the experiments re- 
ferred to in the title of this sub section, which in the hands of Rutherford 
first led to the idea of the nuclear model and so form the foundation of 
the whole of atomic physics 

We imagine an a-particle (or, in the sense of § 8, Chap I, rather a 
stream of a-particles) incident from the direction of the negative a; -axis 
By eqns (14) and (16), § 1, Chap I, this phenomenon is described 
micromechamcally by the wave-function 


ijjQ = h 


%r ^ h _ h 

T’ ^ Mi? ~ 


( 1 ) 


M is the mass of the a-particle, E = its energy and at the same 

time the proper value of our problem As we here wish to consider only 
ordinary scattering without the transfer of energy to the atom, that is, 
only elastic collisions, E does not become changed by the disturbance 
emanating from the atom Thus we simplify our problem by regarding 
its proper value E as known from the outset 

Let the disturbing cause be a neutral atom with a Z-fold charged 
nucleus at the zero pomt (origin of the co-ordinate system) , we imagme 
its Z electrons — ^in contravention of all the rules of the periodic system — 
as united m the K-shell and without mfluence on one another The effect 
of these elections at external points is then represented wave-mechamcally 
by the Z-fold electron cloud of hydrogen m the ground state, that is, by its 


* G Wentzel, Zeitsohr f Fhys , 40, 590 (1927) In relationship with, more general 
problems M Bom, Gottinger Nachr , 1926, p 146, and W Elsasser, Zeitsohr f 
Phys , 45, 522 (1927) 
von. n — 13 
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chaige-densit} (cf Table I on p 71), a = ladius of the first Bohr circle 

eZ^ - 2r^ 


Let V be the potential energy between the a-particle and this electron 
cloud, including the nucleus We calculate V most simply from the 
electrostatic differential equation 

A'V = 4:7rp (3) 

m which the factor 2e takes into account the charge of the a-particle 
In perfoimmg the integration of (3) we must take mto consideration as 
boundary conditions 

V == 0 for r = 00 (neutral atom) ^ 

>- (3a) 

V = — ^ for r = 0 (Z-fold charged nucleus) f 
Smce V as well as p is spherically sj^^mmetncal, we get 

If we introduce the temporary abbieviation q = 2rZla, (3) becomes 

Integiation gives, as may easilj be vexified, 

,, 4e2ZV, a\ 




which, in view of (3a) is unique 


V = 2fi2z(^ + I) 


Z\ -2r- 
— )e « 


For the rest, we must remaik that the special foim of this expression 
IS of no importance for the sequel The essential feature is the vanishing 
of the exponential expression for r = oo , which expresses the screening 
of the nuclear charge by the electron cloud, and, secondly, the infinite 
value of the expression for r = 0, which expresses the action of the Z-fold 
charged nucleus Both properties remain preserved if, instead of uniting 
the electrons in the K shell, we distribute them over various shells, or if 
we follow Wentzel (loc cit) and omit the addition term Z/a in (4) and 
make a more phenomenological assumption foi V 

The wave-equation of the total system, a-partiole + atom, now runs, 
if we regard the state and position of the atom as given, and so do not 
introduce the corresponding degrees of freedom into the calculation, 

- V)^ = 0 (5) 

We regard Y as a perturbation term and assume ift to be of the form 
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which allows us to neglect the product Eqn (6) then becomes [cf 

the explanation of 7c m eqn (1)] 

Since here the first two terms, taken by themselves, \anish, we get for 
the diffeiential equation,"^ 

( 6 ) 

which has become non-homogeneous, owing to the addition of the peitur 
bation function Y 


^ f 

itciys\ 



^lbratlon Theoi}' 

= — 4Tcr, 


Fig 21 — Scattenng of a beam of a raj s b} an atom at O 

The method of integrating this equation is shown b\ the tollowmg 
comparison 

Potential Theory 

a<A = - 

^ 4> = ^fe'^dr 

The integral expression for c{> is the well-known foim coi responding to 
Newton’s law In the same way, namely from Greens theorem, eqn 
(14) of ^ 5, Chap I, we deduce the integral foim of ip, by using as the 
characteristic function, instead of 1/r (the solution ot A<f> = 0), (the 

solution of the corresponding homogeneous equation Ap + I tp = 0) 
Using the characteristic function m (6) we get 

'1’^ a) rpQ ^ 

P (ef Fig 21) IS the reference point (Aufptmkf) for which is to be 
calculated, Q is the point of integration For in the expression of 

V, 

- i;r#« 

* In the same way we get for the perturbation jpn of the Tith order the recurrence 
formula ^ 

E 1 
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we have to replace r by = distance OQ and x by On the other 
hand, r denotes in the espiession of the characteristic function the 
distance PQ, which we have denoted by Finally, let r, without an 
index, be the distance OP We are interested only in the positions of P 
for very great values of r We then have, in vectorial language, 

^PQ = |r - rj = [r- - 2(rrQ> + 3 ^]i/2 '| 

= - pK) + ) = ’* - (e . rQ)J 

where e denotes unit vector in the dnection OP , further we introduce the 
unit vector in the direction OX (cf Fig 21), by which £Cq is expressed 
as follows 

= (eo . r<j) (8a) 

It is clear that the 0^^^ approximation rp^ = r will suffice m the denomina- 
tor of (7), and we need use the first approximation (8) only in the exponent 
of e Eqn (7) then becomes 






Z\ — “T’q + (eo — e , tq) . 


The integration may now easily be performed in an appiopriately 
chosen system of polar co-ordinates, wfiose polar axis OA lies parallel to 
the difference vector Oq — e Let the co-ordinates of the point of integra- 
tion Q in this system be 

p = '^Qi ^ = /"AOQ, = Zl about OA 
Then we get simply 

(®o - ® » 2:^) = 1 Co - e 1 p cos P 

According to the figure, however, ] — e | is the base of an isosceles 

triangle, whose angle at O is equal to ® (@ = XXOP = angle of diffrac- 
tion or scattering angle) and both of whose sides = 1 Thus, 

[ - e I « 2 sin (eg - e , Tq) = 2p sin 5 oos 6 (9a) 

By performing the integration with respect to immediately and writing 
again in place of ^p, (9) becomes 


01 = C, I + On I 

n _ 4:7i^e^Z 


On — - 




sm dd& 


Cl = J sin Sd$ 

c = — , d = 
a ’ 


I pdp e - (c - 1 
Jo 


%d cos S)p 


id cos e)p 


2k sm 


(lOa) 
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Integration with respect to p gives for I and II, respectively , 

1 2 
(g — ^d cos 6)^' (c - id cos Sf' 

and integration with respect to 0, if we make y = c — id cos d, 

I _ ^ p ^ 1 / 1 1\ 2 

"" id]c- id c 4- id) 


+ 


_ 2 + ^ 2 / 1 1 \ _ _ 

— JSj fi - Id 2/^ 2^dV(c - ^df (c + ” {c^ 


4c 


id)^ (c + idy) (c^ -f d^^y 

We fiist consider only the first component Oj I of , on account of 
(10a) we have 

, , , 8^VZ 1 


X^Er 


4Jc^ sm2 ~ + 4^ 


By our definition of tpo in (1), we have ] j = 1, hence, by taking out 
the factor 4k^ in the denominator of the last equation and observing that 
kX = 27r, we may write 



h- 

r - 

^ 1 

(11) 


•I'o 

1 V2Bry 

(sm®-? + 

with the abbreviation 


a = 

X Z 
a 2r* 

(lla) 


Eqn (11) may then be interpreted as the ratio of the number of pao tides 
I 1 2 deflected through an angle to the number of incident particles 

I ^ 0 1^ agrees exactly with the formula of classical mechanics (see below), 
according to which Rutherford originally worked out the results of his ex- 
periments — on the assumption that we may neglect the correction term cC 
We now test the validity of this last assumption By (1) we have 


3 6 10^9 

Mz; pv M. ^ 7u00 


(lib) 


where the denominator 7000 denotes the ratio M//4 (mass of the helium 
atom divided by the mass of the electron), and the numerator denotes 
the quantity hjpv with z; = 2 10® Hence, for o — 0 53 10 " ^ (cf I, 

p 212) 

-^^10-* (11c) 


and for Z — 79 (Au) 


a — 12 10-3 


Thus we should have to consider extremely small angles @ if the 
correction term is to be taken into consideration with sm® ®/2, 
for all values of ® accessible to observation it may be neglected 

For the same reason the second term m (10) is to be neglected m 
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comparison with the first According to the data ]ust given we actually 
see that 

C„ II Z 2c 1 _ oc2 


a 


(h) 


(if ® IS not veiy small) Hence we may compress oui final result 
piactically under the conditions of a lay scattering into the formula 


^0 VaErJ , 


It now only lemams to deiive this formula from purely coipusculai 
theoi j The following method which Imks up with I, Chap VII, p 472, 
seems particularly convenient Let the continuation of the original 
direction of the paiticle pass at a distance p from the origin, that is, the 
position of the deflecting nucleus 

We write down the law of areas and the law of conseivation of 
^ energy in plane polar co-ordm 

^ ates (cf Fig 22) 

V ^ fi r^4> = pv, 

We insert the value of <p from 
the first equation in the second, 
Fig 22 — Deflection of an a particle by a legard fj> as the independent van- 
nucleus aooordmg to classical mechanics ^ dependent 

^ ariable This gives 




To aiixve at a Imeai differential equation, diffeientiate with lespect to <f> 
and cancel the common factoi ds/ci<t> We get 

d^s ^ n n ^ 

^^2 + S - O, - ^2E 

The geneial solution of this equation is 

s =z — C + A cos <3E> + B sm ^ (13) 

The initial state <^ = -jr, s = 0 (cf the figuie) makes 

A = - C (14) 

From this, if we write m place of (13) 

1 == - 0(r -h x) + (13a) 

we get likewise for the initial asymptote 

2 / = ^ + 55 = r - Irrl == 0, 

and so b;y (13a) 

B = ~ 


(15) 
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Let the final asymptote be inclined at the angle <f> 
when combined with (14) and (15), 


0(1 H- cos 0) = — sm 0 
P 



1 

Op “ ^ 


0 Then (13) shows, 


(16) 


(13) IS the polar equation of the hypeibola, O its (external) focus, the 
centre M has been shown in the figure as the intersection of the 
asymptotes Let the number of particles that fall on unit aiea at right 
angles to the direction of the primary lays be n, so that 
fall on the surface 7rp^ By (16) we may therefore wiite 


N 


nTTi 


( t ) “‘■5 


Hence the number of particles that are deflected 
between 0 and 0 + ^0 is 


(iN = mr 



Cot ^ d0 


thiough an angle 


These particles fall at a distance r on to the zone of a sphere of area 

dP = 27rr2 sm © d(i> 

Hence the number that fall on unit area at this distance is 


dF 2\rB/ 



sm 0 sin*’ 


0 

2 


If we here replace sm © by 2 sm 0/2 cos 0/2 and form the latio of the 
deflected to the incident particles, both bemg calculated for unit area, 
that is if we calculate 

1 dN 
n dE 

we get exactly eqn (12) 


B Gom^par'ison with Experiment Application of the Preceding Besults 

to Electron Bays 

The flrst question that is to be decided is whether the deviation, ex- 
pressed by a^, of our formula (11) from Eutherford’s formula (12) is of 
wave-rnechamcal or statistical origm, that is, whether it is due to the 
refined treatment of mechanics or to the statistical interpretation of the 
atomic model which Schrodinger’s formula (2) entails The answer to 
this question is that the a^-term in question is of statistical origin This 
follows from an investigation of W Gordon,"^ which deals with the 

* Zeitschr f Phys , 48, 180 (1928) , of also J B Oppenheimer, ihid , 43, 413 
(1927) 
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collision of an unaccompanied nucleus (without its neutiaiising electronic 
envelope) with a stream of parallel coipuscles and leads iigorously to 
Rutheiford s foimula without the oc'^-term Thus in the case of the 
collision of two particles that act on each other puiely according to 
Coulomb's law, wa\e mechanics agrees exactly with classical mechanics * 
Concerning the methodological features involved we must make the 
following remaiks In the diffraction of light two supplementary 
methods ha\ e long been known on the one hand, the method of 
Hu} gen's principle, on the other, that of expansion in senes, the formei 
being suitable for small wave-lengths, the latter for long wave-lengths 

Gordon’s method is expressly based on 
the method of expansion in series and 
IS worked out exactly , in contrast with 
this, ouz piocedure, which follows along 
the lines of Wentzel, coi responds m a 
certam sense to Huygen’s principle and 
IS in the first place an approximation 
The exact working out of this method by 
means of approximations of the second 
and higher ordei has been given by Born 
and Elsasser, cf the refeience at the 
beginning of section A 

We now turn to experiments with 
beams of electrons It is clear that the 
collection term <x? here plays a much 
more important part than in experiments 
with a-rays Bor in oui estimate of A, in 
eqn (11b) the factor 7000 now diops out 
of the denominatoi, so that kja, eqn (11c), 
becomes of the order of magnitude 1 For 
a there also results accoiding to the pai- 
ticulai value of the nucleai charge Z and 
the velocity v the order of magnitude 1 
Mr F Kirehner has kindly looked through the statistical data 
published by him earhert to see whether the a^-term makes itself 
felt m them The cathode rays involved were of velocities ranging 
from 10 to 40 kilovolts, in particular m argon, and the results were 
obtained by Wilson’s cloud-chamber method In counting the collisions 
only strong deflections, 20® and more, were considered, these are 
deflections m which the electron approaches sufficiently near the 
nucleus, or, as we may now say, penetrates into the K-shell The 

* Disagreements wiiioh have been found for fe»st a particles m the Cavendish 
Ijaboratory appear to be due rather to some cause in the nuclear structure than in a 
failure of classical meehamcs 

t Ann. d Phys , 8a, 969 (1927) 



Fig 23 — Deflection of o rays m 
argon 

O Velocity >• 15 l^V 
-i- Velocity 10 kV 
X Arithmetic mean of both 
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deciding velocity of the electron in an individual collision was esti- 
mated from the length of path of the emergent electron in the "Wilson 
photograph 

In Fig 23 the abscissae denote the angles of deflection @ between 
0 and 180” (strong deflections on the left) , the oidinates aie the numbers 
N of all particles that aie deflected by more than ® The formula foi 
this integral number of particles is, by (10) and the associated calculations, 



The integration may easily be performed , in particulai , we get 

for oc^ = 0 the expression N = 20 cot^ The corresponding curve, 

which is thus in agreement with Eutherford's law, has an infinite 
maximum for @ = 0 As we see, the observations lie far below this 
curve The averaged observations ( x ) may be regarded as following 
the theoretical curve for cc^ = , the observations at higher velocities 

(O) he above this, those at lower velocities (4-) he below this, as is to be 
expected The theoretical value of a' comes out according to eqn (11a), 
for argon (Z = 18) and for a velocity of 15 kV to about a third Accord 
mg to what we said at the beginning of this section, this deviation from 
the curve for = 0 is not a wave-mechanical diffraction effect but a 
statistical screening effect of the K-electrons, which are near the nucleus 
This screening effect could also be calculated according to the older theory 
by averaging suitably over all possible positions of the K orbits But it 
IS immediately obvious how much simpler and more direct this calcula- 
tion becomes in Schrodinger’s theory which has taken up the statistics 
of all possible orbits m its foundations and hence furnishes directly the 
necessary means for discussing the obseivations 

C ColUs'bons between Electrons and Gas Molecules 

E Fermi * gives a particularly instructive and simple example of the 
application of wave-mechanics to collision phenomena To allow it to 
be pictured in three dimensions, he makes the following idealisation 
electrons are incident from any particular direction m the a; 2 /-plane as a 
parallel beam , they encounter gas molecules which can rotate only about 
an axis fixed in space, say perpendicular to the aji^-plane Thus we have 
three degrees of freedom the co-ordinates xy of the electron and the 
angle of rotation of the molecule We introduce the latter as a third 


Zeitsohr f Phys . 40, 399 ( 1927 ) 
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rectilinear eo-ordmate _ 

5 = JU (17) 

A 

where J is the moment of inertia of the molecule about its axis of rotation, 
/X the mass of the electron The wave-equation of this problem is, then, 
just like the %Nave-equation for a point-mass in the three-dimensional 
space of the x, and z 

+ ^(E - V),fr = 0 (18) 

Y IS the potential eneigj of the mutual action between the election and 
the molecule, E the total energy of both together 

We first see that, (17), z has the dimensions of a length, since the 
dimensions of J is mass multiplied by the square of a length We next 
remark that the kinetic energy of the electron + the molecule is 

%{X^- + y^) + 

So our definition of z leads to the same kinetic eneigy and hence also 
(cf ^ 11 A, Chap I) the same wa'v e-equation as for the individual point- 
mass in three dimensions 

Let the molecule be situated at the pomt a; = ^ — 0 , according to its 
phase of rotation {Umdrehmigsjalia^e)^ however, it will be represented by 
a varpng point on the ^-axis When the electron is at a great distance 
from the molecule Y = 0 and E = -h B,, where Ej denotes the kinetic 
energy of the electron, Ej that of the molecule The coefficient of t/f in the 
wave-equation, which corresponds to the square of the refractive index 
(cf eqn (8), § 1, Chap I), is then constant Thus we have an optically 
homogeneous and isotropic medium, except vn the vicimty of the z-ax%s 
Here Y is periodicall'v variable, simultaneously with the phase of the 
motion of the molecule The period is [cf (17)] 



In the theory of waves this denotes a linear grating Actually, a periodic 
change in the index of refraction, such as has just been described, is 
exactly the same m wave-mechanics as a linear succession of diffracting 
apertures or of optical obstacles of some kind or other So we apply the 
ordmarj^ grating formula, eqn (1), § 1, Chap lY, 

a - = 71^ (20) 

Here A is the wave-length of the de Broglie wave corresponding to our 
movmg system we get its value most simply from the wave- equation 
n IS the order of the diffraction phenomenon , ao and a denote the 
cosmes of the angles of mcidenoe and diffiraction, both measured from the 



203 


§ 6 DifFi action at a Single Obstacle 


z direction We do not mean, however, the angle of incidence of the 
arimng election with respect to the z axis, which by our initial assump- 
tion is equal to 90°, like the angle at which the diffracted election leaves, 
but the corresponding angles for the de Broglie wave coi responding to 
our total system W e also best obtain these angles from the wave-equation 
oi its mtegral 

At a great distance from the ;s-axis (18) becomes, on account of V = 0, 


= 0 , & = 

This det 61 mines A. , for 

> 2Tr Ifl 


( 21 ) 

( 22 ) 


We integiate (21) as in the optical problem of the plane light wave and 
write 


ip = ® X + 2/ sin sin X + 3 cos 0) 


(23) 


0 IS the angle the wave-normal makes with the 2 r-axis, so that cos ^ = ao 
or = a, according to whether we consider the incident oi the diffracted 
wave X determines the direction of the incident or the diffracted 
electron, respectively, in the a;^/- plane 

But we may also separate eqn (21) by factoiising ip as ipj^ xp^ and 

writing Ejl + E 2 foi E, and then making ip 2 obey the equations 

separately 

( 5 : + (24.) 

+ Vfc - 0. V - (24b) 


Our justification for this is that Ej^ belongs to the electronic motion, 
E 2 to the molecular rotation, and that at great distances these com- 
ponents are independent of each other when the election and molecule 
are at a great distance from each other 
Integration of (24a) and (24b) gives 

ipj^ = X + 2/ sin x)Y 

= i ^ ^ 

where x the same meaning as before A comparison of the coefficients 
of £C, y, z in (23) and (25) gives 

h sm 0 1g cos 0 — (26) 

On account of (21) and (24a, b) this is equivalent to 

sm e = e = (27) 

The periodicity of V leads to the wave-state also bemg periodic in the 
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^f-direction, with the period a, eqn (19) So we shall demand foi the 
incident and the diffi acted w ave in turn 


wheie 171 and w* aie whole numbers Prom this we get for the 
rotational eneigy B* E,* lespectively before and after the collision by 
eqn (24b), 


This IS the Deslandres term [I, Chap VII, p 415], and it appears with 
integral, not half -integral rotation-quantum numbers w, m* correspond- 
ing to the fact that we are considering a rotatoi with a fixed axis [§ 3, 
0, Chap I] 

The value of cos 6 before and after the collision now follows from (27) 
and (28) If, as above, we call it oc^ and a we have 


mh _ 


(29) 


If we finally insert these values in the diffraction condition (20) and also 
the values (19) and (22) foi a and X, it follows that 

i)L^ — f?i = n (30) 

Thus the collision tnvohes quanta The rotator gams oi loses \n\ ivhole 
rotation quanta, according as n is positvue or negative 

At the same time, on account of the constancy of the total eneigy E 
the electron loses or gams the amount of energy determined by (28) 

- El = - (E* - E^) 

We hate a collision of the first or second hind (cf Atombau, Chap VII, p 530) 
according as this amount is negative or positive, that is, according as the 
molecule is excited by the electron or the electron by the molecule m the 
coUiswji In the case m = m*, E^ = E* the collisioii is elastic 

The angles x 3 «nd x^ ^he electronic motion of course remain in- 
determinate , for in our Imear lattice all azi muths within the diffracting 
cone described about the ^-axis (apertures being 0%, for the first, 

second rath order) are equivalent 

The particular elegance of this example taken from Fermi consists m 
the circumstance that — ^3 use as m the theory of the diffraction gratmg — 
no particular assumption about the nature of the gratmg (here, about the 
potential energy V) is necessary, so long as no quantitative data concern- 
ing the relative mtensity of the different diffraction patterns are required 
(here, the number of the different elastic and inelastic collisions that 
occur) 
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^ 6 Diffraction of Matter by Gratings 

§ 6 Diffraction of Matter by Gratings Interference of Electron-waves 

in Crystals 

We have already used the theory of gratings in the preceding section 
to treat the diffraction of electronic rays by a rotating molecule, by the 
method of wave mechanics In this case the diffracting object was only 
a single molecule, not a regularly arranged set of diffracting objects 
We now turn to the proper theory of gratings, that is, to the diffractym 
of matter-waves %n crystals 

The first experiments on this fascinating subject fall to the credit of 
Davisson and Germer The investigation concerned the diffraction of 
electrons from a single crystal {E'Lnhr%stalV) of nickel The observed 
diffraction phenomena are true Laue points (Flecke), the arrangement of 
which faithfully reproduces the symmetry of the single crystal as in the 
diffraction of Rontgen rays The later experiments on thin metal foils 
of micro- crystalline structure are equally impressive , the earliest experi- 
ments of this type are due to G P Thomson The observed diffraction 
phenomena correspond exactly to the Debye-Scherrer-Hull rings of 
Rontgen ray analysis We may here mention that the electrical con 
duotivity of metals also gives information about the diffraction and mter- 
ference of the conduction electrons in the lattice of metallic ions seeing 
that the newer statistics of electrons according to wave-mechanics allows 
the temperatuie dependence of the conductivity to be calculated* satis- 
factorily from the same formulae as are used foi the scattering of Rontgen 
rays in the crystal lattice But as the latter problem lies outside our 
scope, we shall restiict oui selves to the theory of the first-mentioned ex- 
periments 

A The Experiments of Davisson and Germer t 

A beam of electrons of uniform velocity in a vacuum falls perpendicu- 
larly on to the surface of the nickel crystal (octahedral surface 111) , 
observations were made on the side of incidence by an electiometric 
method The potential of the electron tube varied in the different ex 
periments from 30 to 370 volts 

At 100 volts the velocity is, as we know, 

V ^ J^Y 10® = 6 108 cm /sec 
V m 

By de Bioglie’s formula 



mv 


* W V Houston, Zeitschr f Phys , 48» 449 (1928) , of also A Sommerfeld, 
Naturwiss , 16, 374 (1928) 

t Phys Rev , 30, 705 (1927) , cf also Kature, 119, 568 (1927), and Proo Hat Acad , 
14, 317 (1928), as well as the earlier experiments of Davisson and Kunsman, ibid , 22, 
242 (1923) The theory given m the text is due to H Bethe , cf the provisional notices 
m the Naturwiss , 15, 786 (1927) and, m particular 16, 333 (1928) As early as 1925, 
W Elsasser [Naturmss , 13, 711 (1926)] interpreted the experiments of Davisson and 
Kunsman by means of the interference of de Broglie waves 
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We get fiom this 

A = 12 10-s cm =12 1 

This calculation can be easiH lemembeied by the mnemonic 

^ - Vf m 

where V is in volts and X in Angstiom units Thus, corresponding to the 
range of potentials given abo\e the wave-length vanes from 2 2 to 0 6 A 
In the sequel we shall denote the “wave-length in air” by A and 
shall distinguish it fiom the wa'v e-length X in the ciystal We call the 
ratio of the two the “ refractive mdex ” 



^lieieas the lefractive mdex for Eontgen rays is almost exactly equal 
to 1 (onlv the phenomenon of total reflection at almost giazing incidence 
shows that it differs from 1 and then only by a few millionths), the ex- 
penments of Daiisson and Germer, if correctly interpreted, show that the 
refractue indices for electron waves are appieciabl^ greater than 1 This 
fact gives us the kev to the quantitative discussion of the experiments 
The maxima observed b} Davisson are of a selecUve nature, that is, 
thev occui onlv for a more oi less sharply defimd region of velocities 
(wave-lengths) of the incident ravs From this it follows by Lane’s 
theorv that thev arise through the joint action of diffi action centres in 
space (cf I, 1, Chap III, p 115 et seq , concerning the contrasting be- 
haviour between a crossed grating or plane lattice and a space-lattice) 
We therefoie stait fiom the fundamental equations of Laue’s theory 
(I, eqn (3), p 115) 

a{a - oo) = n-^X ^ 

h{p - A) = ^2^ (3) 

<^{y - To) ^ ^3^ J 

The co-ordmate axes to which the direction cosmes a, /3, y and ao^ojo ot 
the diffracted and incident ray refer, as well as the unit axes and order 
numbers ot the interference are assumed mutually perpendicular 

and are to be called 1, 2, 3 

Let the directions 1 and 2 lie m the limiting octahedral plane, that is, 
the direction 3 is chosen as the normal to the octahedron Nickel, like 
most metals, crystallises in space-centred cubes In the octahedral plane 
the Ni-atoms form a network of equiangular triangles We can choose 
1 as the side, 2 as the altitude of one of these equiangular triangles , 3 is 
then the space diagonal of the cube The eqns (3) refer to the interior of 
the crystal, as the symbol X indicates Just as we had to distinguish be- 
tween X and A we must also distmguish between the direction cosines 
inside and outside the crystal If we introduce polar co-ordinates with 
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the axis perpendicular to the bounding octahedral surface, which we shall 
call 0, <j> and Bo, <po, respectively, inside the crystal, and @, ^ and ©q, 
respectively outside,* we have 

a = sin 0 cos ^ yS = sin ^ sin ^ y = cos 0 "I 

olq == sin 0Q cos <f>Q /3(^ = sin d,j sm = cos J 

According to the law of refraction, we have for the passage from air to 
crystal or crystal to an respectively, 
sin @0 sin © 

- iS? - («) 

If we substitute this in (4) and (3) and take (2) into account, we get 


sm © ^ sin ©0 ^ \ A 

cos ^ — cos = Wi— 

. /^ V V 

sm ® ^ sm ©n ^ \ 

sm <I> - ^ sm = n, 

. /A M V ' 


/sm © 

a[ 

\ 

V M- 
- - 


sm^ © 


. nA 


In the first two equations /jl may be divided out , they have then 
exactly the same form m A, ©, ^ as eqns (3) m A, 0, (f) But this means 
that the diffraction at the crossed grating which is formed in the bounding 
surface by the directions 1 and 2, takes place m exactly the same way as 
for Eontgen rays of wave-length A, that is, as if the index of refraction 
were /x = 1 In the third eqn (6), on the other hand, yu occurs in an 
essential way , it differs from the third eqn (3) From this it follows 
that the crystal dimensions appear distorted in the direction of depth, 3, 
if we calculate them as for Eontgen rays, that is without taking into 
account the index of refraction /x This is just what Davisson and Geimei 
deduced from then experiments agreement in the general relationships 
between wave-length and inclination, as follows m the case of surface 
lattices from the first two Laue equations, but difference in the choice of 
wave-lengths, which are determined only by the help of the third Laue 
equation, that is by the space-lattice effect This last disagreement with 
the corresponding experiment in Eontgen lays has provisionally been 
formulated by Davisson and Germer as being equivalent for slow elec- 
trons to an apparent contraction of the crystal lattice in the direction of 
the depth by the amount 70 per cent 

We shall next get an idea of the true reason of this apparent distortion, 
that IS, of the magnitude of the index of refraction /x Schrodmger’s 
equation for the electron in uniform motion serves this purpose , we shall 
write it in the form 


- 1 - 


Sirhne 

~hr^ 


(E + V)^ = 0 


( 7 ) 


* According to what was said above about the direction of incidence © = 0 in the 
experiments of Davisson and Germer But it keeps thmgs clearer to calculate m the 
sequel with an arbitrary Oq 
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The change m the manner of writing it now as compared with formerly 
consists m the addition of the factoi e to the left-hand side and reversal 
of the sign of V This means that eB now denotes the total energy of 
the electron and - eY its potential energy at the point in question If 
we measure the eneig^y of the electron, as usual, in volts, then E is 
directly the number of volts and V the electric potential likewise measured 
in volts (except for the factor 10 ^ or - 3 ^ according as a is measured in 
e s u or € m u , this factor is of no account in the sequel) E, being the 
proper- value parameter of the whole problem, has the same value in 
vacuo as in the crystal Y, on the other hand, suffers a sudden change 
at the surface of sepaiation, or, as we shall assume simply in the sequel 
a discontinuous change In a vacuum (outside the crystal) Y must be 
set equal to 0 , in the lattice of the crystal Y will be periodically variable, 
but so that the mean value Yo of Y is positive For the electron is in 
stable equilibiium m the metal Hence its potential energy heie, com- 
pared with the outside of the ci^stal, must be negative which according 
to the above method of introducing Y is equivalent to saying that Yo be- 
comes positiie We can consider the intenoi of the metal as an energy- 
pocket (dfi^Zde) for the negative electron Work must be done to lift the 
electron out of the pocket (Eichardson effect) Conversely, the velocity 
of the electron increases if it is fired from outside into the metal Since, 
by de Broglie’s fundamental equation, the velocities are in the inverse 
ratio of the wave-lengths, the wave-length m the interior of the metal be- 
comes STtvaUer than the wave-length in vacuo But, by (2), this means that 



For electron uateSy then, the metal is the denser medium optically An 
electron ray incident obliquely is refracted towards the normal , when an 
electron lay moves out of a metal total reflection may occur (cf below) 
Whereas the velocity of the election (group-velocity of the wave) is 
greater in the optically denser medium than outside, the phase-velocity, 
according to de Broghe s relation ah =* [cf eqn ( 6 ), § 5, Chap I], is 
smaller m the optically denser medium than outside The distinction 
between group- and phase- velocity is essential for deciding the old con- 
troversy, corpuscular versus undulatory theory of light According to 
Newton the velocity of the light corpuscles m the optically denser medium 
should be greater than outside (like our electron or group velocity) , but 
Foucault showed that the velocity of light” in the optically densei 
medium is less (corresponding to our phase-velocity) We may express 
this by saying that the verdict on Newton’s theory of optics was falsified 
by an ambiguous use of the word “ velocity ” and requires revision 

We now come to the numerical determination of the mdex of re- 
fraction If eqn (7) is integrated by assummg a plane wave, the wave- 
number [the quantity k m eqn (13), § 1 , Chap I] becomes equal to the 
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root of the factor of ijs Since the wave-length is inversely proportional 
to the wave-number, it at once follows from (7) that 



The observations of Davisson and Germer make it possible to deteimine 
fx and hence Vq empirically It is assumed, of course, that the indu idual 
diffraction maxima are correctly interpreted, that is, allocated correctl3 
to the reflecting net planes in the interior of the crystal The method of 
allocation m the table differs from that which Davisson and Germei 
originally gave (in Nature) and agrees with that which they suggested as 
an alternative in their final publication (in the Physical Review) 


TABLE 3 


E (Volt) 

A (A ) 

A (A) 


Vo (Volt) 

54 

1 67 

1 49 

1 12 

13 

106 

1 19 

1 13 

1 06 

11 5 

160 

0 97 

0 92 

105 

14 

188) 

1901 

0 89 

0 85 

104 

15 

310 

0 70 

0 68 

103 

1 

370 

0 64 

0 62 

1 03 

25 


The first column contains the volt numbers for the incident electron ray , 
only a few representative results are taken out of the total number of ex- 
periments The selectivity of the phenomenon and at the same time the 
space nature of the action of the lattice is expressed in the fact that ever^ 
diffraction maximum occurred or attained its greatest intensity only 
at a definite velocity (that given in the first column) The second 
column gives the wave-length outside the crystal, calculated accoiding 
to de Broglie’s fundamental relation The third column shows the wave- 
length in the interior of the crystal, which is diffeient, calculated from 
Laue’s theory in the sense of eqn (3), or from Bragg’s equation (which 
IS identical with eqn (3)) The values of jx in the fourth column are then 
obtained from the quotient of A and X , the average decrease of yu in the 
sequence from above downwards (mcreasmg velocities) corresponds to 
eqn (8), according to which yu approaches 1 more and moie closely, the 
greater E becomes Eqn (8) at the same time shows how for a Itoown 
value of fx the value of Vq m the last column of the table is to be cal- 
culated. The mean value of Yq from all the measurements of Davisson 
and Germer comes out approximately as 

Yo - 15 volts 

The value of Yo found in this way is instructive as giving us an 
insight mto the nature of metals For, according to the above remarks, 
TOL n — 14 
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it gives us duectly the work of escape which an election must perfoim if 
it IS to leave the metal, wheieas the Biohardson effect does not give this 
work itself, but only its excess over the work perfoimed against the 
pressure which is exerted by the conduction electrons in the interior of 
the metals on the escaping electron* The possibility of deteiminmg 
the work Yq individually by electron experiments is cleaily due to the 
electrons fired into the metal belonging to a lange of velocity quite 
different from (higher than) the conduction electrons This circumstance 
also shows that Pauli' ^rmciph (Chap I, § 8) which governs the dis- 
tribution of velocity of the conduction electrons does not restrict the 
motion of the rapid electrons fired into the metal 

We may enquire what place the law of refraction, which in eqn (5) 
above, we simply took over from optics, is to have in the foundation of 
the theory of waves Its origin in electiodynamics is, of course, no 
longer \alid here nor are we obliged to accept it For the law of re- 
fraction is a kmematic relationship, — even in optics, — which is inde- 
pendent of the particulai boundary conditions which obtain at the surface 
It must; always be fulfilled so long as the phase of the waves on both 
sides of the common surface is to be the same For the propagation of 
this phase is determined by the value of k sm 6 {k ^ wave-number), and 
the equality of the propagation of this phase on both sides of the common 
surface alieady involves the law of refraction 

It is necessary to go into the question of the limiting conditions more 
closely in optics only if we wish to deduce the Fresnel formulce foi the 
coefficients of reflexion and refraction We may also ask for the values 
of these coefficients in the case of electron waves, and we then also require 
definite boundary conditions These are, as very general considerations 
sho’^, 



The fact that for the transition vacuum metal and so /j.' = 

for the transition metal -> vacuum allows us to foresee total reflexion for 
such electrons as reach the surface of the metal at a sufficiently small 
angle from the interior This is actually shown to occur in the experi- 
ments of Davisson and Germer certam electron rays which are to be 
expected accordmg to the uncorrected Laue theory are not observed 
outside, electron rays that emerge at very small angles (called ‘'grazing 
beams*’ by Davisson and Germer) show that the index of refraction 
cannot be smaller than 1, as otherwise there would be a certam empty 
angular space m which no rays could be observed 

This sketch is, of course, only a first step to the complete theory of 
election difbaction m the crystal Just as the finer features of Eontgen 
ray interferences cannot be fully accounted for by the kinematic theory 

* A. Sommerfeld, Zeitschr t Phys , 47, 1 (1928) , cf in particular § 5 
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of Laue but require the dynamic theory of Ewald,* so in the case of 
electron interferences in the crystal we must enlist a theory of wave- 
mechanics We have first to expand the variable potential V in the 
metal lattice in a three-fold Fourier series and to assume the proper 
function ^ for the totality of electron waves in the corresponding form 
The introduction of the index of refraction is justifiable in this way to 
a first approximation In a second approximation we find a certain 
breadth for the maxima of reflexion and also a certain displacement of 
their position compared with that obtained by elementary theory From 
the weakening which the electron waves experience through leflexion, we 
calculate the number of net planes which the electron wave can traverse , 
in the experiments of Davisson and Germer it amounts to between 10 
and 100 layers , we have here disregarded the weakening of the electron 
wave by inelastic collisions with the metallic ions Through the latter 
the number of layers traversed becomes further diminished , in the ex- 
periments of Davisson and Germer this numbei is greatly diminished 
because the velocities used by them are in a favourable region for the ex- 
citation process Finally the mean value of the potential, that is, our 
work of escape may also be determined purely theoietically, whereas 
we derived it empirically above from the observations To do this it is 
neoessaiy to use a wave-mechanical model — mo e or less similar to that 
of hydrogen — for the metallic atoms The value of so found agiees 
very well with the above value of 15 volts for nickel, but >et depends on 
the number of electrons that are imagined detached from the individual 
metallic atom as conduction electrons The possibility of determining 
this numbei from comparison with the observations gives a particularly 
interesting example of the application of expeiiments with election rays, 
which IS of importance for the theory of metals Details of the more 
refined theory here indicated will be given in a comprehensive paper by 
H Bethe 


B Exper^ments by G P Thomson and others 

As already mentioned in the introduction to this section, Thomson 
used thin foil or leaves of micro-crystalhne structure the material was of 
Au, Al, and celluloid, its thickness amounted to only about 300 atomic 
layers Observations were made behind the leaves, xhe electron waves 
winch passed through them being recorded photographwaMy The poten- 
tial used was much greater than in the experiments of Davisson and 
Germer In individual experiments it varied between 17 5 and 61 2 kV 
By eqn (1) the corresponding wave-length is 0 1 to 0 05 A This high 
value of the potential (magnitude of B) makes the index of refraction 
practically equal to 1 m Thomson’s experiments If we use a mean value 

P Ewald, Ann d Phys , 54, 519 (1918), cf also Handb der Phys , 24, 
Sprmgei, 1926 
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of E = 30,000 volts and set Vq = 15 volts, the value above obtained for 
nickel, we get from (8) 

Thomson’s photographs unmistakably have the chaiacter of Debye- 
Scheirer rings, especialK the one obtained for gold leaf (Fig 24) m 
which the gram was clearly sufficiently fine In the case of aluminium 
(not reproduced heie) the photograph is something between a Laue 
pattern and a Debye-Scherrer pattern, the micio-crystals seem in this 

case to have been orientated with respect to 
the surface The calculation of the diameter 
of the ling m the case of Au agrees wuthin 
the limits of experimental error with those 
\alues which result from the known crystal 
dimensions of Au and from photographs with 
Rontgen ra,ys This opens up the possibility 
of analysing crystal structure with electron - 
waves instead of with Eontgen waves 

E Eupp* has repeated Thomson’s experi- 
ments with electrons of lowei velocity The 
most beautiful diffiraction patterns with elec 
trons of high velocity have been obtained by 
S Kikuchit by means of mica According 
to the thickness of the mica sheets either two-dimensional nets of the 
nature of patterns obtamed from crossed lattices, that is, true Laue 
diagrams are produced, or else moie complicated pictures traversed by 
light and daik lines, which correspond to the diffraction patterns of 
y-ra^s previously described by Euthei’ford and Andrade 

§ 7 The Compton Effect 

As was shown in I the change of wave-length of scattered Rontgen 
radiation discovered by A H Compton, and the electronic emission as- 
sociated with it, IS represented quite adequately by the corpuscular theory 
of light quanta "We should prefer still to regard this representation as 
the true causal treatment of the Compton effect Eut it gives no answer 
to the following questions of intensity, which are of particular importance 
here What is the relative intensity of the displaced line compared with 
the fixed line How do these intensities depend on the angle of scatter- 
mg ^ What is the state of polarisation of the displaced Compton line ^ 
What IS the number of Compton electrons for the different angles of 
emission ^ The answers which Compton and Debye give to these 
questions vary (cf Atombau, Note 2 m Chap I, p 56, and Note 3, p 761) 
Here wave-mechamcs agam mtervenes as the ideal statistical method 

* Ann d Phys , 85. 981 (1928) t Japanese Journal of Physics, 5, 83, (1928) 
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§ 7 The Compton Effect 

A The Wave-mechamcal Equivalents of the Laws of Energy and 

Momentum 

The fact that wave-mechanics can account foi the Compton shift of 
wave-length seemed doubtful so long as the photo-electric effect had not 
been interpreted by wave-mechanics But now that we have learned 
that the continuous spectrum is to be associated with the hyperbolic 
paths and electronic emission, the wave -mechanical interpretation of the 
Compton effect is indicated We have only to look round for a pheno- 
menon in which a primary wave simultaneously gives rise to two pro- 
cesses, of which one denotes the excitation of an energy level of the 
continuous spectrum, that is, electronic emission We follow G Wentzel 
in recognising the phenomenon of ** Smekal transitions as being of this 
type, cf ^ 3, D, Eig 17a (Fig 17b, in which the atom is supposed to be 
in an excited state initially does not come into question for the Compton 
effect) We set out these two phenomena accoidmg to the following 
scheme — 

TABLE 4 


Smekal 

transitions 

hv 

energy element 
of the incident 
light 

excitation energy of 
the atom 

non coherent 
scattered radiation 
displaced towards 
the red 

Compton 

II 



effect 

energy element 
of the primary 
Rontgen radiation 
and of the undis 
placed part of the 
Compton scattered 
radiation 

E^ > 0, energy in 
the continuous 
spectrum 
= energy of the 
recoil electron 

Bjfe < 0, energy m 
the discontinuous 
spectrum, in 
particular m the 
ground state of 
the atom 

Oompton scattered 
radiation displaced 
towards the long 
wa’ve side 


Oul scheme shows that the change of frequency vu m the Compton 
effect arises from two amounts of energy from the energy of the 
electron emission and from the work of release (— B*) of the emitted 
electron At the same time our scheme shows that the wave- mechanical 
interpretation of the Compton effect takes over the one mam support of 
the corpuscular theory, namely the law of conservation of energy — 
actually, the equating of the frequency is nothmg other than the equating 

* Zur Theone des Oompton Effektes, I and II, Zeitschr f Phys , 43, 1 and 779 
(1927) Of also the earlier works of W Gordon, %bid , 40, 117 (1926) , E Schrodinger, 
Ann d Phys , 82, 257 (1927) , O Klein, Zeitschr f Phys , 41. 4:07 (1927) , G Breit, 
Phys Rev , 27, 362 (1926) , P A M Dirac, Proo Eoy Soo , 111, 40o, (1926) Went 
zel’s work denotes an advance as he considers doztwZ electrons whereas tiie other authors 
quoted dealt with free electrons 
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of the energy The fact that the other main support of the corpuscular 
theory, the law of conservation of momentum, also comes into its own in 
the wave-mechanical interpietation will be seen presently 

We calculate the intensity of the scattered radiation m the Compton 
efifect according to the formula (36) developed in § 3 In doing so we 
shall need to take into consideration only the fiist term of the right- 
hand side (vibration numbei v* = v — vu), since the second term 
(i/* ^ V + via), as above remaiked, coi responds to an excited initial state 
If we take eqn 35 of § 3 into account, the formula is 


M = 




4t‘rc m 




E, - 


hv Bjb — Ej + hvJ 


(1) 


Following Wentzel we shall assume that the emitted election is weakly 
bound compared with the energy hv of the incident Pontgen ladiation, 
that is, I Ejfc I <C hv, and that the coirespondmg condition holds for all 
the energy levels Ej that essentially occur in (1), | E^ | << hv, including 
the energy-levels m the continuous spectrum, in particular the energy 
E; of the recoil electron We may then replace the denominators in (1) 
by + hv and obtain 


4t7n m cv 


(^jl 


( 2 ) 


The summation over j may now be conveniently perfoimed Com- 
paie the analogous calculation of § 3 By (9) of § 3 the following relations 
hold [we ha\e to choose the upper sign in (9) and to give A double 
indices] 

( 3 ) 

In both equations the sum on the right-hand side denotes a summation 
over the discrete spectrum as well as an integration over the continuous 
spectrum Further, we see from definition (34) of § 3 that the quantities 
Qj^ and Q* respectively, are expansion coefficients of a simple function 
namely 


at/ 




, S t I 

By multiplying eqns (3) and (4) together appropriately and integrating 
over the co-ordinate space we get 


C ^ ^ /A+n* ^ A 
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For if we integrate the products of the sums that will originally have 
stood on the left of the last equation only the terms with would 

remain, owing to the orthogonality of the and these terms would 
come to 1 owing to the normalising condition 
Oui formula (2) for M thereupon becomes 


Tv/r 1 CL 

4:7rl m Cv ^ 




2 * 71 ^, 


Vx* X/ 


dr 


( 5 ) 


The vector character of M is contained in the factor q = x, y, z under 
the integral sign x is the direction of the piimary Rontgen radiation, 
y the direction of the component of the primary electiical field as well 
as of the vector potential A, coi responding to eqns (1) and (la), § 3, a is 
the amplitude of the vector potential, s denotes the optical path in the 
direction of the scattered radiation, reckoned from the centre of the 



atom, as was explained m § 3, D , the direction of s is the direction in 
which the scattered radiation is observed 

In performing the integration m (5) we proceed in a manner similar 
to that m § 5, Fig 21 Let e be the unit vector in the direction of the 
a;-axis (primary radiation), e* the unit vector in the direction of the 
optical path s (scattered radiation), Q the point of integration, situated 
in the element of integration dr, and r =* OQ We then have 


X = (e, r), 5 = (e* r), 

and hence 

s X __ /e* ^ e \ 

P “ X “ VP “ X’ V 


( 6 ) 


Following Wentzel, we introduce a co ordinate system r, <f>, which has 
the vector u for the polar axis (Fig 25), where 
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d denotes the angle between r = OQ and this axis OA, <{> the angle 
described about this axis We may then write eqn (6), according to the 
meaning of the scalar product 

( 8 ) 


- - = 1 u I r cos 9 


We ma}^ reckon the proper function thk as being spherically 
s;y mmetricaly since it is the ground state of the atom , in accordance with 
eqn (2) m § 7 Chap I, xjji, being a proper function m the continuous 
spectrum will depend on the angles m a manner denoted by/(d, <^) If 
we use the hydrogen formulae of Table I, § 7, Chap I, on p 71, and the 
asymptotic representation in eqn (24), p 67, we get 

1 1 

= e - V, = f{e, <t>)-e ± 




The result 






- St- 

^2 “ 


,1 


( 9 ) 


(9a) 


follows if we perfoim the diffeientiation asymptotically and strike out 

7^9 c)c£> 

the unimpoitant factoi (— ^ ± 1 X 2 ), for the terms with — , ^ vanish 

more rapidly with ^ than the term wiitten down Since the co-or- 
dinate q IS proportional to r and since 


is independent of r, we see that 


'by 


y 

r 




(10) 


is also independent of r The integral to be integrated in (5) with lespeot 
to r now runs, in consequence of (8), (9a) and 10, 


j: 


r-dr ^ *** + 2in i u 1 cos 0)1 ^ 


and comes ont as 


( - Ar, ± tA:, + %n | n ] cos Of 


( 11 ) 


Next, the mtegration with respect to 6 and ^ is to be performed, namely, 
by (5), (10) and (11) 

f f F(d, <l>) smd ddd<f> fa = — As, ± b = | u I),"! 

JJ (<x+6cosd)» 1 ^ ’ 
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The function E {d, <f>) may be expanded m surface harmonics 
(cos 6) , if we straightway integrate with respect to <f> and set 

cc = cos 0, (12) resolves into a sum over Z of integials of the form 

P?(x)dx 

J^i(a^bxy ^ ^ 

We integrate by parts and retain only the term with the highest negative 
power of a- + bx, which is alone decisive for us, as we shall presently 
see This term is 

and so, by (12), is proportional to 

( - kj, ± ± 27rt I u 1) ■" 2 (14) 

Here we can neglect in comparison with A;^, if we wish to take into 
consideration only recoil electrons of a fairly large observable velocity 
For, by (9), we have 

[kj ~ h? 

thus with a = h^l4:'7T^me^ (radius of the hydiogen atom) and 

I Ejb I = 2Ti^me^lh^ 

(work of ionisation for hydrogen = amount of energy in the ground 
state), 

(I)’ - A 

Thus so long as the energy of the recoil election is many times gi eater 
than the work of release [ B* |, &2 ^Iso be many times greater than 
and the right-hand side of (14) reduces to 

( 16 ) 

Now J2niEi, with B^ = mv^l% is the momentum mv of the recoil 
electron Thus the other terms within the same bracket are also 
momentum quantities ^ namely 


h hv 

= e— = p 
X c ^ 


momentum of the primary radiation 


a-* 

® X* ® 


== p* = momentum of the secondary radiation 


If we use the lower sign in (16) and set the expression in brackets equal 
to zero, we get the law of conservation of momentum the momentum of 
the recoil electron is made up of the vector difference between the primary 
and the secondary radiation 

mv (17) 
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Equating to zero m this way coriesponds to a sharp maximum in the 
expression (14) and hence also in the expression (5) for the moment 
and in the intensity of the seatteied radiation Thus the secondary 
momentum p* m eqn (17) is to be understood in particular as that 
momentum which corresponds to the maxvniwm of the secondary spectrum 
emitted Hence the Compton-Debye foimula {AtombaUy Chap I, p 56, 
dk = sm- 0/2) holds rigorously foi the difference of wave-length 
which this maximum has as compared with the primaiy wave-length 

In (17) we have deduced only a pait of the law of momentum by 
wave-mechanics, since we calculated only the magmttide of the momentum 

7 nv and not its direction fiom the radiation -momenta p and p'*' This 
signifies a certain gap m our representation It is tiue that this part of 
the law of momentum, combined with the energy law, sufi&ces for deter- 
mining the Compton change of wave-length AA. (cf Atomhau^ Note 3, 
eqns (1) and (3), or (1') and (3')), where we used only the formulae ]ust 
now re-discovered by wave-mechanics, namely the energy law and that 
part of the law of momentum, which refers to the magnitude of the 
momentum, whereas we did not in our earlier calculation require the 
fact that the directions of the two momenta are the same 

But observations * make it appear probable that the momentum law is 
valid in its full vectorial sense in the Compton effect 

This is also shown bv those theoretical treatments tGrordon, Schro- 
dmger, etc , cf footnote, p 212), which deal with free electrons In 
them the momentum law is obeyed in a sharp sense It is easy to 
understand that m our tieatment and Wentzefs, which deal with bound 
electrons, the momentum law comes out unsharp Eor the electron can 
derive a part of its momentum from the atom and this part is, like 
all atomic happenings, onl}. statistically determinea To complete our 
treatment we should have to show that this statistical unsharpness of 
the momentum-law decreases to zeio as the binding energy decreases 

B Width of the Displaced Compton Line Polarisation Intensity 

The transition from (14) to (16) shows that the maximum of the dis- 
placed intensity becomes increasingly sharper as ^7^, that is, the work of 
release J becomes smaller If we cannot neglect the maximum of the 
expression (14) does not become mfinitely sharp, but spreads out simi- 
larly to the well-known conditions in the case of a resonance- maximum 
with a damping term A pronounced Compton line is to be expected only in 
the case of outer electrons, whose energy is of the order of the work of release 

* A H Compton and A* W Simon, Pbys Bev , 25, 306 (1925) Observations by 
F Kirchner, cf Mow, can be mtexpreted m the same sense Important observations by 
Bothe and Gteiger exhibit the simultaneous occurrence of recoil electrons and scattered 
radiation, but give no information about the dependence of these two processes on 
direction It is, however, reported that the most recent results obtained in Compton’s 
laboratory do not confirm the allocatiozL of directions given by CJompton and Simon 
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{ionisation energy) for the hydrogen atom (j E& [ = 13 5 volts) , the moie 
tightly bound electrons of the K-, L-, shells of heavy atoms give 
only a blurred impress, no pronounced line This is in agreement with 
the view taken by Compton * that the recoil electrons are (nearly) free 
elections, but the photo- electrons are bound elections Of course, it is 
not the absolute value of the ionisation potential which is significant but 
its magnitude relative to that of the primary light-quantum In the case 
of hard primary radiation the displaced line becomes shaipei, according to 
theory, than in the case of soft primary iadiation,t the scattering bodies 
being assumed to be the same [cf the calculation of E^/ | Ejt j in eqn (28) 
at the end of this section] 

It would be false to assume that the sharpness of the Compton line 
would have to decrease with increasing atomic weight of the scattering 
body For the strength with which the outer electrons are bound is no 
wise proportional to the atomic weight of the elements, but lemains con- 
stant on the average in the periodic table (In the case of the alkalies, 
indeed, it decreases in the row Li to Gs, cf I, Table 36, p 345 ) Actually , 
observations by Woo J njiade with an ionisation chambsi and dealing with 
a large number of different scattering bodies (from Li to Cu), and photo- 
graphs taken by P A Ross,§ show that there is no decrease in the sharp- 
ness of the lines with increasing atomic weight 

The polarisation of the Compton radiation can be best found by trans- 
forming the integral (5) by integration by parts with respect to y For 
q == y there thus results a different form of dependence than for q = x oi 
q ^ Zf namely. 

My + 'Ny, (18) 


M here aiises fiom the differentiation of the factor q under the integral 
sign in (5) with respect to y If we omit the factor in front of the 
integral sign, we have 

M = - j dr (19) 

On the other hand, N results from differentiating the exponent of e under 
the integral sign in (5) with respect to y , we get the following factor 


2 * 77 ^ ^irl f v 


For N we get in this way (g = x, y, z) 

Na = - ^ cos (s, ^ dr 


( 20 ) 


* Phys Bev , 31, 59 (1928) 

tWentzel (Zoc cit , p 193) gives expemnental indications of this 
J A H Oompton and Y H Woo, Proo Hat Acad , 10, 271 (1924) , of also A H 
Gompton, X rays and Electrons, ISTew York, 1926, p 268 

§ Proo Nat Acad , 10, 304 (1924), and A H Oompton {loc cit , p 269) 
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If we make a very rough estimate we may say that N is to M as g is to 
X*, where g stands for a mean of the radius vector g taken over the volume 
of the atom (a mean radius of the retarded charge-density pjci) From 
this we infer that in the case of Bontgen radiation that is not too hard 
I N I < { M 1 and hence also [ M*, | <C | | is valid That is to say 

the scattered radiation zn the Compto7i ejfect will show essentially the same 
polarisation as the prmiary Rontg^n radiation, so far as this is compatible 
with the transversality of the scattered radiation To determine the 
polarisation of the scattered radiation, we must divide the exciting 
momentum into two components (cf Fig 25, p 214), a longitudinal 
component in the direction of emission s and a transverse component per- 
pendicular to it By the general laws of electrodynamics only this trans- 
verse component of the moment gives radiation in the 5-direction If 
we observe, in particular, in the direction ® = 7r/2, namely along the 
^-axis, and if, as we have hitherto assumed, the primary radiation is 
polansed in this direction, the transverse component of M and hence also 
the intensitj^ of the displaced Compton line is zero The same, of course, 
holds for the undisplaced line of the scattered light Bxpiessed in other 
words the conditions of polarisation in the displaced and undisplaced lines 
are the same If the primary radiation is not polarised but unpolarised, 
so that besides By there is a primary component E^, the Compton line, 
just like the ordinarv scattered line, will be completely polansed in the 
2 f-direction when obseirved in the ^/-direction, and vice versa 

Experimental proof of these facts is given by very beautiful lesearches 
h> H Kallmann and H Mark,* who compare the intensity of the dis- 
placed line with that of the undisplaced line in the neighbourhood of the 
angle of scattenng @ = -/2, after both had been reflected by a crystal 
The ratio of the two was found to be constant, that is, their polarisation 
was the same The method is modelled on the classical arrangement of 
Barkla (cf I, Chap I, p 26) An mdirect proof of the polarisation of the 
displaced Compton line is given by observations of the corresponding 
recoil-electrons m a Wilson-chamber, carried out by F Kirchner t 

The observations of Kallmann and Mark were made with fairly soft 
Bontgen rays (K-series of zinc) In this case we are justified m eqn (18) 
in neglecting N compared with M In the case of harder lays N must 
of course be taken into consideration , the angle of complete polarisation 
(vanishing intensity of the parallel component) also then, however, ap- 
pears to he + at 7r/2 m contradiction of earlier semi-classical arguments 
mvolvmg the so-called “ substitute electron {Ersatz-Elehtron) 


,, f. Phys , 36* 120 (1926), cL also the comprehensive survey by the same 

^ “Eigebmsse der exakten Naturwissenschaften,” Springer, 


f Phys Zeitschr , 27, 385 (1926) 

iTius first shown theoreticaily in the paper by Dirac quoted on p 212 and 
men confimed ezpenmentally under Compton’s supervision by 0 8 Barnett and J A 
Bearden, Phys Rev , 29, 352 (1927) ^ ^ ^ ^ 
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Passing on to questions of intensity we next follow Wentzel and cal- 
culate the total scattered radiation, that is, the sum of the intensities J, 
which are emitted in transitions from the ground level k to all possible 
levels Z of the continuous and of the discontinuous spectrum In doing 
so, we use the simplified value (19) of the moment, which we shall 
now call Mfci, and, as m (19), we shall leave out the factor in front of the 
integral sign We then have 

^ J = ^ 1 ^ ^ (21) 

with the abbreviation 



The value of (21) comes out simply as 1 To prove this we proceed in a 
manner similar to that used in eqns (3) We expand the two functions 

f + n and g ^ i/j^e “ (22) 

according to the complete system of proper functions ifsi 

/ = ^ g = (23) 

and find from this by means of multiplication and integration ovei the 
region of co-ordinates, paying due legard to the orthogonality and normal- 
isation of the proper functions, 

^fgdr = ^ (24) 

In oui case the left-hand side becomes, on account of (22), 

^ilfk^tdr = 1 , 

on the other hand, the right-hand side of (24) becomes identical with the 
right hand side of (21) Por by (23) we have 

= I 

Eqn (21) together with (24) thus actually expresses that the total intensity 
becomes SJ — 1, which is what was asserted 

We also remark that eqn (24) is a generahsed form of the so-called 
completeness relation" Vollstandigkeits-Belatwn "), which we touched 
on in § 1 A, cf the footnote on p 147 

In the case of very long waves for which oy — 0 we clearly have 
Mjbi = 0 or 1, accordmg as Z #= & or ~ & The sum (21) then consists of 
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only the one term 1 In this case it is obvious that the intensity-sum 
here calculated merges into the value of the intensity of the scattered 
radiation, as obtained by classical calculations But since the value 1 of 
the sum, as we have shown, is generalljr valid [so long as it is peimissible 
for us to neglect the component N, eqn (18)], the result that the emitted 
radiation^, summed up oier all the energy levels I retains the classical value 
independently of the waie-length of the primary radiation remains unaffected 
This can be tested by takmg into account m (5) the factoi in front of the 
integral sign, which was omitted in (19) as well as by consideimg the 
meanmg of a [amplitude of the vector potential, eqn (1) of ^ 3] This 
method, besides showing that the intensity is independent of the wave- 
length, also seems to show that it is independent of the angle of scatter- 
ing, m opposition to the classical theory of scattermg We must not lose 
sight of the fact, however, that only the component of M transverse to the 
direction of scattering ® contributes to the emission, so that actually in 
forming the components the factor sin © and, m the intensity, the factor 
sm^ © occurs, as should be the case according to the classical formula for 
scattermg 

For very shoit waves our calculation is insufficient, as already em- 
phasised in dealing with polarisation, the component N of the moment 
may then no longer be neglected in comparison with M That is why 
the classical formula of scattering fails for y-iays , the scatteiing coefficient 
approaches the value zero (cf Atomhau^ Note 3, p 761) The reason foi 
this is that in the integration over the atom the zones of different sign for 
C03 

sin ^ each other owing to interference This was calculated in 

gi eater detail for the undisplaced line by J A Stratton 

In reckoning up the sum of all the transitions ^ Z in (21) we also 
included the “ transition ” ^ ^ This corresponds to ordinary scatter- 

ing, that is, to the undisplaced hne in the Compton effect oi, in the sense 
of ^ 3, to ordinary dispersion not modified by Smekal tiansitions So 
we deteimine the intensity of the undisplaced line to the same approxi- 
mation as befoie from the “diagonal matiix element ” 

Mjbjfc = ^iffji;ip2e^^dT (25) 

If we msert the value of from (9) and add the normalising factor 
(cf Table I, p 71), we have 

Hence we must form 

Mjtjb = f e ““ ^ 1 ** + dr 


Helvetica physica acta, 1, 47 (1928) 
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We use the earlier abbreviation (8) and the same co-ordinate system 
r, 9, <j> as m Fig 25 We get 




fir 

= 2Jcj^ I sm 9 d9 \ i u i cos 

- 


sm 8 dd 


4- 2irt 1 u I cos ff)^ 

. (x = cos 6 


_ 2A:iY 1 1 

~ b\{a- 


a = - 22;i 

[ft = 2n-t I u 




,(a - hf {a + 

From eqn (14) we can see that for the maximum of the displaced line 

^ "b 


So we can write 

I 1 = ^1 




or, on account of (15) 


Ma;* 


4fc. 

Ea 




- (i rran) 


(26) 


The intensity of the undisplaced line deceases with the latw oj the binding- 
energy | Ejfe | to the recoil-energy E; (moie exactly, to the recoil -energy that 
corresponds to the maximum of the displaced line) 

This result, which according to the earliei meaning of | E* | was first 
derived for the hydrogen- electron, can also be applied to the vaiious 
electrons ot the other atoms 

From (26) we at once get the ratio of the intensities of the displaced 
and the undisplaced lines Foi since the intensity is geneially measured 
by the square of the moment and since the sum of the intensities is 
equal to 1, we get foi the ratio m question 

1 - ML r. . Ez 




kk 


- - rSn)‘ - 


(27) 


To cany out the calculation further we get from the Table on p 213, 


Ej — Ejfe = h(y — V*), 


Ez 


= ” 1 + 


I Ejfe I vk 

if Vjfe = I Ea; 1 jh denotes the ionising frequency in the state Ea; Further 
we set vk ~ GjXk and express the Compton change of frequency v — v* = — Av 
by the corresponding change of wave-length AX 


Accordingly 


^ AX 2X(j 2 ® 


1 + 2^ 1 


(28) 



( 29 ) 
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and 


1 - 2 ®y 

-Mir -\i^ 2; 


- 1 


In this we substitute the values 

A-o — 24 10 A (from Atombmi, p 57), 

X.I = 10® A (approximate limit of the Lyman series), 
A. = 1 0 A (K radiation of copper) 


We then get for 0 = ^2 


2A.^ 


sm 


, 2 ? 


2 7, 


1 -Mf, 

ML 


140 


Thus most of the tntensity goes into the displaced line This is the more so 
the hardei the primary radiation and the greatei the angle of scattering 



Fig 26 — ^Intensitj ratio R of the 
displaced to the undisplaced line for 
A. = 0 709 k and angle of scattering 
© = 120 ® as a function of the atomic 
number Z of the scattering body 
( 4 av« Cl to the numerical 

' V < < ; 



Fig 27 — ^Intensity-ratio B of the dis 
placed to the undisplaced hne for 
\ — 0 709 A (Ka of molybdenum) as a 
function of the angle of scattering O 
(according to Woo) 


[But if we consider the electrons of the inner atomic shells, the work 
of release in thexr case is considerably greater and X* correspondingly 
smaller If we calculate with a X* ten times smaller then we get for our 
intensity ratio, other assumptions remaining the same, the value 0 08, 
that is, the j^ncipal part of the %7itensity goes %nto the und%splaced Vine 
Moreover, at the same time the displaced line becomes blurred, as we 
saw at the beginning of this section , it thus eludes our observation, both 
on account of its feeble intensity and on account of its diffuse character 
This result, too, agrees with Compton’s view that the displaced line and 
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tance of the two elections from each other , r^, are their respective 
distances from the nucleus 

We may regard it as agreed that the new ‘‘ model is in accordance 
with the facts Heisenberg * * * § was able to show that it gives the correct 
structure of the helium spectrum qualitatively, namely, that it accounts 
for the division of the spectrum into the two non-combming partial 
systems ortho- and par-helium he was also able to calculate the mutual 
position of the two partial systems approximately correctly Further, by 
using the idea of the spinning electron, he determined the finest? ucture of 
the ortho-s;^ stem as abnormal triplet, which was piomptly confirmed by 
the ver} caieful experimental investigations of W V Houston t and 
G Hansen t Finally numerical calculations (of Chap I, § 9, p 112) were 
possible which allowed the energy in the ground state of helium and 
hence the ionisation potential of helium to be deduced , this also now 
agrees exactly with experiment An analytical calculation by Unsold § 
along the lines suggested b^ Heisenberg approaches the correct result as 
closely as may be expected from the bad convergence of the pertuibation 
method for the giound-state 

A First Approximation and Scheme of the Pert?irhatto?i Theory Ge?ie?al 
Structure of the Helium Spectrum 

To a first approximation we neglect the mter-action term and 
can then separate eqn (1) We set 

e = e, + b2, ^ = ^(1) m 

in which we arbitrarily denote the one electron by 1 and the other by 2 
The separated equations are 

- ^ + = 0 (2) 

^3^(2) + ^(^2 + ^ + = 0 (3) 

\ is the separation parameter which is introduced according to the method 
of eqn (la, b), ^ 2, Chap I, that is, it is a quantity independent of all the 
co-ordinates We shall have to make it equal to zero m section C 

Eqns (2) and (3) differ from the simple wave-equation for the hydio- 
gen atom only m formal respects, m that the proper- value parameter is 
(sailed Ej^ — A. and E 2 -J- X respectively Using the known proper values 
and proper functions of the Kepler problem we thus have, if we integrate 

* Uber die Spektra von Atomsystemen mit zwei Elektronen, Zeitschr f Phys , 39, 

499 (1926) Of- also tke mtrodnctoiy paper, zbid , 38, 411 (1926), and the generalisation 
to problems of many bodies, ibid , 41, 239 (1927) 

f Phys Eev , S®, 749 (1927) J Kindly communicated personally 

§ Amu d. Phys. (of. the reference on p 85 of § 8, Chap I) 
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(2) by means of the proper function for n = 
function ipn for n >> 1, 


El - X = 


E7iZ2 
12 > 


Ej + X =s 


1 and (3) by the propei 


'RhZ^ 


(4) 


Our solution of the helium problem to a first approximation thus runs 

u = ^i(l)iA»(2) (5) 

It satisfies the differential equation of the first approximation, 

T / \ A ^ Ze2 Ze^\ _ 

L(2i) Au -i + ^2 + ~ + ~r^y ^ ^ 

But the same differential equation is also solved by the assumption 

« = ^i(2)^„(l) (7) 

In the configuration space of our six co-ordinates (7) and (5) are two qznte 
distmct functional relationships except when w = 1, which we have ex- 
cluded But their pioper values are exactly equal, namely, to E^ -f- E^ 
This is therefoie a case of “ degeneracy ’ , we shall call it “ exchange - 
degeneracy’* (Austamch-Enta7 tung) Heisenbeig also uses the term 
resonance-degeneracy ” {Besonanz-Entartung), because the absolute 
equality of mass and binding of the two electrons, which leads in ordinarjr 
mechanics to resonance phenomena, is also a condition for the present 
case of degeneiacy * 

In the case of exchange-degeneiacy the conditions are exactly as in 
that of the square membrane, Eig 14 in § 1, in which all piopei values 

n with m ^ n were two-fold, and only those with m = n were single 
In the case of helium the only single proper value that comes into con- 
sideration practically is that of the ground state, since, as we know, 
the inner electron is in the K-shell, so that the condition for non- 
degeneracy reduces to = 1 

We have to bear in mind the fact of degeneiacy when we now pass 
on to correct our first approximation by means of a perturbation calcula- 
tion Since neither of the solutions u and v has an advantage over the 
other we form a combination of them, 

— a-w; -f- (8) 

with arbitrary constant coefficients a and yS and set 

^ “ -14; -i- </», E = Ej 4- E 2 -1- 97 (9) 

* Besides this exchange degeneracy we also have the degeneracy in angular co 
ordinates known to us from hydrogen, since to the given energy value (given principal 
quantum number n) there belong n? different proper functions which differ in regard to 
the quantum numbers Z and m Of these two cases of degeneracy, namely in I and m, 
we regard the m degeneracy as e limin ated by means of a magnetic field The degeneracy 
in Z IS eliminated owing to the disturbing mteraction between the two electrons , it is 
n fold, as may easily be seen, cf eqn (10a), § 7, Chap I We shall therefore disregard 
this degeneracy in the sequel as it is of no account practically To prove this we should 
have to resolve this degeneracy by means of a perturbation calculation (with a deter 
minant of the nth order) This would lead to energy levels extremely near to each 
other 
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where rf> and 17 are small quantities, whose products with the perturbation- 
member e^/r-^2 ^ neglected For the differential equation in ^ we 

get from (1) and (6) 

+ B, + ^ + = (5 - .)w (10) 

On the right hand we have used the abbreviations 

STT^m _ ^ ^ 

* “ r^T’ * “ 

in Older to fit m with the working of ^ 1 , B, which now comes into action 
for the first time 

As in ^ 1 , B, we say that m order that the “ non-homogeneous ** eqn 
(10) should have a solution at all, its right-hand side must be ‘‘ ortho- 
gonal*’ to the solutions ti and v of the associated “homogeneous” eqn 
(6) Hence the conditions 

^(s - €)ibudT =« 0 and “ e)wvdr =* 0 (Ha) 

Here dr = dr_> is the 6-dimensional volume element of all the degrees 
of freedom and it subdivides into the two 3 -dimensionai volume-elements 
dri and dr^ Inserting the value (8) of w, we get two conditions foi 
a and 


(s - €)uvdr — 0 
(5 - €) v^dr = 0 


OcJ(s — dr -f- p 
aj'(5 - ^u%dr -f I 
Let the u's and ^*s be normalised to 1 , so that 

*= 1 

Further, they are orthogonal to each other For 

0 = = |^i(l)^(l)dri j^i(2)^„(2)dT2 

as both the integral m drj and that m dT2 vanish 

If we link up with p 152 by introducing the abbreviations 


( 12 ) 


*11 


^U^dr, = ^uvdr, €33 = 


SV^dr 


( 13 ) 

we may wnte, bearing in mmd that c, being constant, can be placed out- 
side the integral, in place of (12), 

«'12 + yS (*33 - *) = 0 / <^ 2 a ) 

Elimmatmg a and /S we get a quadratic equation for c 


^11 "" 

^12> ^2 “ « 


*12 


(U) 
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Now v arises from u and hence also €22 from eu by exchanging the two 
electrons But since the integration with respect to dr considers both 
electrons equally, and since also s [eqn (11)] is symmetrical in both 
electrons, we get 

^22 ^11 

Oui quadratic eqn (14) thus becomes 

(^11 “ ^)‘' ~ ^i 2 '^» ^11 ^ — ^12 ( 1 ^) 

and has the two roots 

^ “ ^11 + «12 (^^) 

In this way we have obtained the second appioximation to the proper 
value The two-fold first appioximation E = Ei -f- E 2 of the proper 
value splits up into the two somewhat different \ alues 

h2 

E = El + E, + (e^j 5 : (16a) 

As we know c we can calculate the latio a /3 from (12a) We get 


a ± ^ = 0 

Inserted in (8) this gives 

w = (x,(u v) 


a is determined by the condition that w is to be noimalised to 1 From 
this we get at once that 1 2a^, hence 




These are the two solutions of the first approximation with which the 
peiturbation links up continuously As we see, the favoured role of an 
“ inner electron ' which we had ascribed to one or other electron in u or 
V becomes lost in the combinations w which aie alone of importance 
in the sequel w is constructed symmetrically or anti-symmetncally in 
both electrons Heisenbeig expresses this by speaking of an “ exchange 
of position ' of the inner and outer electron We wish to emphasise here 
that this exchange of position {Platzwechsel or Austausch), coiresponding 
to the derivation of eqn (17), is a direct analytical consequence of Schro- 
dinger s theoiy of perturbation and does not signify a new physical hypo- 
thesis The fact that the individual electrons cannot be numbered and 
distinguished individually in wave-mechanics (just as little as the light- 
waves of optics) is contamed m the foim of the wave-equation and forms 
the fundamental principle of the statistics of wave- mechanics, a question 
into which we cannot, however, enter here 

We shall now show that the two systeim of states that are represented 
to a first approximation by (17) cannot combine with each other To prove 
this we must link up with § 5, Chap I, p 46, by formmg the matrix- 
element of the co-ordinate q If qnm vanishes for every component of q^ 
this means that the transition m — ^ is forbidden (yields no radiation) 
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This leads us to test the transition fiom the state — 7 =(^ 4* v)^ to the 


state •— =('2* “ '^)n 


The associated matrix element is 


qnm = + 22 )(^* + - v)ndTidT2 ( 18 ) 

The integiation is to be perfoimed over the whole co-oidinate space of 
the with the space -elements dri, dr^ To explain the factoi 

qi 4 qj we recall that the matrix-element of the co-ordinates was origin- 
ally calculated as an electrical moment (cf p 45), and that, for example, 
the a?-co-ordinates of both elections cleaily contribute to the moment in 
the direction of the x axis in such a way that the aj-moment is to he 
formed with the “ leverage *' 4 x. Corresponding to this we have in 

(18) the factor q^ 4 q^ (but written in a somewhat more geneial form) 
Instead of qnm consider the integral 


r -h a C + a 

X = I dxA dxjix-^y 
J — a J — (36 


With the assumption 

/(a!i, = - f{x,, x^) (18b) 

We argue as follows the numerical value of X cannot change it we ex- 
change the names of the variables of integiation So we must also have 


r + a c -r a 

X = I dx2 dxjixj, x^ 

j — a J a 


If we reverse the ordei of sequence of the integrations and take into ac- 
count (18b), we get 

r -i- a r -r a 

X = - I dx^f{x^, JJ,) 

J— a 

Comparison with (18a) shows us directly that X = 0 

Piecisely the same argument is applicable to (18), since u — v and 
hence also ~ (5i 4 4 ^>)(u — 'v) changes sign if we exchange 

electron 1 for election 2 -llso the limits of integration in (18) are the 
same for both sets of three variables, being ± oo , 3 ust as in (18a) they 
were the same for both variables x^Xj, namely ± a Consequently q^m = 0 
for every co-ordmate q — x, y, 2 and for all values m 

The decree which forbids combinations between the states w q: ^ 
{Interk(mhi7i^iom-V6rbot) itself pomts to the existence of the two term- 
systems of orthO'" and para-Jielium which do not combine with each other 
The important feature, however, is not that this decree does hold to a first 
approximation, as has just been proved, but that it holds exactly This 
follows from the fact that by adding a second- approximation, that is, the 
function from eqn (9) and all further approximations, the even or odd 
charaM3t6r, respectively, of the first approximation remams preserved with 
respect to the electrons 1 and 2 Here and in the whole of this section 
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we have taken no account of election spin In the case of He the spin 
of the electrons leads to an exceedingly weak combination between the 
two term-systems , this combination becomes incieasingly stronger for 
the heavier atoms 

We now enquire into the diffeience in the position of the energy -levels 
that belong to the systems u v These energy levels are given to a 
second approximation by (16a) , so their difference is 

7,2 

AE = Eu _ -w — Eli ^ ^ - 2 €i2 (19) 

On the other hand, the mean energy-level of these two comes out by 
(16a) as 

1 M 

Em = — u + E-u ^. ^) = Ej -h Eg + Cji (20) 

Eqn (19) already allows us to come to a provisional decision as to 
how the allocation of q: ^ is to be made to the actually observed ortho- 
and para-states By (13) positive, since s is positive throughout 

and u and on account of their normalisation, are at any late positi\e 
on the average (for a more exact proof see C) Hence, by (19), AE be- 
comes negaPbve From I, Fig 84, p 323, we see, however, that the oitho- 
levels always he a little lower than the corresponding para-levels (we shall 
presently discuss the ground-level n = 1 m greatei detail) The difference 
ortho minus para is therefore negative Hence the states u — v must 
correspond to the ortho-terms^ the states u v to the para-terms We arrive 
at the same result by considering the ground state 1 S We know from 
experiment that this is present only in the para-system In our theoretical 
representation the ground-state is characterised by = 1, that is, w == -i; 
For this state, then, 24 — -u = 0 and -h = 2w Thus the system given 
hy u — V has no state 1 S (a vanishing proper function never counts as a 
proper function) So, in agreement with our previous result, this s^^stem 
must be the ortho-system On the other hand, the system belonging to 
u V has the ground-state u if the normalisation is appropriate , hence 
this IS the para system (The normalising factor which m (17) was found 
to be 1/ generally is clearly 1/2 in the para-giound-state ) In the follow- 
ing section we shall show in yet a third way that our allocation of u + v 
to the ortho- and para-systems is correct 

B The F^ne Structure of the Helium Spectrum 

In the case of helium as in that of all the heavier elements the fine 
structure is essentially due to the “electron spin ’* As has already been 
shown in Fig 10 of ^ 9, Chap I, this spin also contributes together with 
the relativity correction to the fine structure of the hydrogen spectrum 
Dirac has shown (cf § 10 of the present chapter) that the electron spin 
has au fond the same root as the relativity correction 



23 S Chapter II Pei turbations Diffi action Problems 

Whereas there was a mutual action of electrical origin Ej2 = 
between the centres of gravity of the two electrons, let there be a mutual 
action Mi 2 == M(o-i, 0-2) of magnetic origin between the two electronic axes 
0-1, 0-2 Purthei , we imagme an external magnetic field of axis H along which 
the axes 0-3^ and o-,, each taken separately, set themselves Let tp(<r) be the 
proper function of the individual electron in the field H , we imagine ^(o-) 
formed, for example, after the manner of § 3 , Chap I, as the proper 
function of the rotator (in space or m a plane) In it there occurs the 
magnetic quantum number which we shall here call or respectively 
From Goudsmit and XJhlenbeck’s hypothesis (Chap I, p 86), subject to 
the proof in § 10, we assume that and m2 can have only the values 
± We then ha've the following combinations of quantum-numbers 
or proper functions, respectively 


! 

nil 1 

1 

I wij 

i 


Proper Functions 

1 

i \ 

1 

1 i 

1 


i 

-i 

0 


-i 1 

i 

k 

- i 

0 

-1 



mg is the quantum sum + m_5 The proper functions a, b, c, d are 
calculated to a first approximation as products of the partial functions, 
just as ti and v in section A Of these lour proper functions a and d are 
not degenerate, just as earlier the ground state of helium was not de- 
generate On the other hand, h and c have the same exchange-degeneracy 
as the excited states of helium, smce their magnetic energies to a first 
approximation m the field H, namely (Ho-j) + (Ha-g), are themselves equal 
To o\ercome this degeneracy we have to carry out a perturbation-calcula- 
tion with the mutual action analogous to that previously carried out 
for the mutual action E22 In the determinative equation for the change 
of energy e to a second approximation the same coefficients occur as 
m (12a), except that now, of course, the perturbation quantity s is pro- 
portional to Mjj On account of its symmetry with respect to o-j and 0-2 
we here also ha\e €22 = and e = €^3^ + Hence the two combina- 
tions with which the proper functions of the second approximation 
are continuously connected are b + c The proper functions of the second 
approximation that develop from the non- degenerate states a and d, 
on the other hand, are clearlv continuously connected with a and d them- 
selves So we have three proper functions symmetrical m 0*3, 0-2 and 
one unsymmetncal, namely, written to a first approximation 
a, 5 4- c, d and b — g, respectively 
The first three form a triplet, the last a singlet of possibilities of orienta- 
tion The magnetic quantum-numbers are, by the preceding table, 

= -h 1, 0, — 1 and 0, respectively 
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The propel functions of the whole problem, motion of the centre of 
gravity 4- orientation, are composed, to a first appioximation, of the 
proper functions of the two partial problems Four combinations aie 
here possible, which we divide into the two groups (1) and (2) 


( 1 ) 


{u + 'y)( b 



(u - v){b - c), 


( 2 ) 


(u + 'b){b ~ c), 


(« - 1 ,)\ 


b 



Oui division into (1) and (2) is performed in such a way that all states of 
group (1) retain their sign when the two electrons are exchanged (sym- 
metrical states), whereas those in group (2) change their signs (un- 
symmetrical states) In itself, that is, without a knowledge of the helium 
spectrum, the group (1) of states would be just as possible as the group 
(2) In eqn (18), however, we have seen that combmations betvveen 
symmetrical and unsymmetrieal states are foi bidden Hence if a state 
of the group (1) were realised, it would never be able to combine with a 
state of the group (2) 

The question as to which of the two groups occur in nature in the case 
of helium must, at the present state of the theory, be answered by experi- 
ment In the first group the para-system, wlych we had to allocate to 
the proper functions ii, -t- u, would be a triplet sybtevi, the ortho-system 
a s%nglet system As we know, the reverse is the case in realm The 
combination (1) therefore drops out and the combination (2) is alone ad- 
missible empirically 

A deeper reason, namely the Pauli Exclusion Principle (^ 8, Chap I, 
p 85), becomes added to this For in the ground state both electrons 
have, on account of u = r?, exactly the same quantum numbers for the 
motion of the centre of gravity , hitherto we have had to mention only 
the piincipal quantum number n, but it is self-evident that the angular 
quantum numbers I and m must also have coincident values for both 
electrons , for from ?z == 1 it follows foi both elections that 1 = 0 and m = 0 
By Pauli’s principle the fourth quantum number which refers to the 
electronic axis, must be different for the two elections In oui table 
this quantum number was called and Hence in the giound state 
we cannot have m-^ = the orientations a (wq = = 4- i) and d 

(m^ = mg = — •^) are not allowed to occur in the ground state Hence 
the ground state is not allowed to occur in the triplet system, as was the 
case in the combination (1) In the combination (2) the ground state of 
the triplet system drops out of itself on account oi u = v, and the ground 
state of the singlet system is associated only with the orientation b — c 
not with a and d 

We are still left with the problem of making assertions about the 
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magnitude and interval-relations of the fine structure Heisenberg solved 
this on the basis of calculations supported on the old ideas of quantum 
orbits The calculations aie rather cumbersome and no longer correspond 
to the present state of the theory, which has been attamed by Dnac’s 
work on the spinning electron therefore give only the result of these 

calculations in the form of the following figures taken from Heisenbeig 
(Fig 28) All three figures represent the teim 2 m the triplet system, 
with the three subsidiary terms Pi> Po relative quantum weight 

2j -h 1 which are m the proportion 5 3 1 (in Heisenberg’s diagram the 
negati\e energ}^ steps are drawn and are so in the reverse order to our 
term -steps) Let us first consider the limiting case Z oo Here we 
have the regular sequence of terms P 2 , Pi, Po and the normal interval- 
ratio 2 1 (cf Atonibau, p 659) , the term greatest weight 5 

has the smallest numerical 
value For Li + we have a 
“ partially inverted ” (par- 
ttellverhehrte) order of se 
quence , the “ most intense ” 
level p 2 lies in the middle 
In the case of He the order 
of sequence is ‘^inveited’’ 
throughout compared with 
the normal order , this 
triplet, which is highly de- 
generate in its interval- 
ratios was, as we know, 
formerly regarded as a 
doublet experimentally but at the same time its apparent doublet chai- 
acter doubted on theoretical grounds (cf Ato 77 ibau^ p 699) The Av’s 
maiked under the figures denote cm ~ ^ and are results of observation, 
below them and in brackets are the values calculated by Heisenberg 
The data concerning that is, the distance p^Pi follow from the 
formula developed by Heisenberg 

W V Houston * has applied these results to other atoms with two outer 
electrons, namely to Cd, Hg, Sn, Pb The anomalous Zeeman effects of 
these atoms also allowed themselves to be calculated theoretically 

G Quantitatize Conipletio?i of the P&ttuihatwn Calculatwns 
Following the general plan of the theory of perturbations we have so 
far developed, we have burlt up the first approximation from the proper 
functions for hydrogen i[sn for the case of a Z~fold charged nucleus in 
eqns (5) and (7) But this is unfavoura fie for the convergence of the 
perturbation calculation The inner electron is indeed subject to the 
action of a Z-fold charged nucleus, but for the outer electron the nuclear 
charge is screened down to the value Z — 1 by the inner electron 

* Pbys Bev , 33, 297 (1927) 



< > < < > 

f,07 

(cah 0,62) (calc 3,65) 

Av ^ ^ ^ = -^Av AVf 

Fig 28 — Tnplet resolutions for He, Li + and 
veiy great nuclear charge The weights of the levels 

are in the proportion 5 3 1, the ratios of the 
intensity in the case of these strongly distorted 
triplets of He and Li t will possibly not have the 
normal ” values of the summation rules 
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Heisenberg takes this into account by adding to the potential energy 
V = — Ze^/r, in the case of each of the two electrons an additional eneigy 
f{r) which has the value + e^jr in the region of the “ orbit of the outer 
electron ” but is constant in the region of the “ oibit of the inner election,’* 
and so corresponds to no force Let the boundary between the two 
regions be r = , the graph of f(r) is given in Fig 29 In view of 
this additional energy term we rewrite the differential equations (2) and 



Fig 29 — Diagraromatio representation of the perturbation function for the two 
helium electrons ^ <C denotes penetiation into the “ shell ” of the “ inner 
electron ” 


(3) of the first approximation We first set X = 0 m them For since 
X is a separation-parameter it would have to be of different signs in 
the two equations, but on account of the possibility of exchanging the 
two electrons it would simultaneously have to be of the same sign 
Hence it necessarily follows that X = 0 The two eqns (2) and (3) aie 
then, if we take r <^rQ in the first and r > ? ^ in the second, 

= 0 ( 2 ) 

= 0 (^') 

The nth proper value of (3') now becomes 


The first proper value of (2') is 





This fulfils the purpose aimed at above of making the electron near the 
nucleus subject to a Z-fold charge, that further away to a (Z — 1)- 


fold charge The constant addition term in the case of the 

electron nearer the nucleus corresponds to an “ external screening ’* (ef 


Atovibau, p 544) Nevertheless, we cannot, strictly speaking, con- 
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sider the proper functions of the two electrons as having been calculate! 
from eqns (2) and (3'), vihich are meant only for rC^r^ and 
respectively , but we must consider them as coming from the equation 

xm + - /(n) + = 0 (6') 

which IS common to the two electrons = 1 or 2),/ signifying the same 
function as that illustrated in Fig 29 , for otherwise we should introduce 
an asymmetry between the two electrons, which would destioy then 
inter changeabilit\ By replacing these eqns (5') by (2'), (3') for the 
purpose of calculating the pioper values of a first approximation (4'), 
(4 ') we have introduced an inaccuracy which, however, corrects itself 
in the next approximation For the combination w = ecu + formed 
from the products 

u = ^i(l)^„(2) or ^ = ^n(l)^i(2), 
we get the following differential equation (5') for the first approximation 

+ B, - fir,) - fir,) 

^ h (6') 

Ze2 Ze^\ „ 

+ — + — W = 0 

If, as a second appioximation we set ^ = it’ + gS, B = 4- 

the diffeientiai equation for <j> now runs 

L(<^) = (s - e)w, (10') 

as a comparison of (1) and (6') shows The abbreviations s and e are here 
defined by 

s = c(£-/(rO -/(r,)). .^Gr,, G = ^ (11') 

instead of by (11) , the products €<f> and s<^, being small quantities of 
higher order have been omitted Further, the meaning o£ the quantities 
cji = €22 and e ^2 eqn (13) must be changed We now pass on to 
consider the calculation of 
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a little more closely 

We form the functions that occur in u and v approximately 

as solutions of eqns (2') and (3'), that is, as hydrogen propei functions 
(^j With the nuclear charge Z, with the nuclear charge Z — 1) and, 
taking up the normahsmg factors into the radial-components R^, we 
set 


^1 = Ri 1, (cos 0) 

\m\^l^ I — 1 

We form according to the scheme of €^2 ^ cqn (13) and perform the 

integration first with respect to <f>^, then with respect to 

finally with respect to r^, rg, in each case writing down only such factors 
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as contain the corresponding variables of integration The first step 
gives 

Cir ran* 

( 21 ) 


n 2ir 

s 1 P|" (cos d^) e - stn 

0 


The factor 1 is due to ^i(l) in u, the two following factors are due to 
(1) in 1: In the integration the terms f{r^ and /(r^) which do not 
contain 6-^, <^i drop out t m s With 

^12 = ’"i + ’"I - cos ®, 
cos ® = cos cos 6^ + sm 6^ sm 9^ cos (<^i - 

0 

where [r] denotes the greater of the two ladii r^, and x the ratio of the 
smaller to the greater r, we get from (21) 


2 JSl (*ir 


(22) 


Foi 'Py (cos <s>) we use the addition theoiem of spheiical harmonics, eqn 
(2) of § 8, Chap I 

+ 1^ 


Py (cos @) = 


(v - i 

[m 

LL! 

(v + 1 

\f^ 

1)' 


y-j (cos dj) Pf (cos 9,) ~ 


Of all the terms ot this series theie remains, on account of the Integra 
tion with respect to <l>i, only the term //. = tw, so that (22) becomes 


(23) 


27rj^ ^ (cos ^ 2 ) ^ H 

[r] ^ ( 1 / + m) • 

where II = f P'^ (cos 6^) Pf” cos (9jJ sm 9j^d9i 

Jo 

But by eqns (24) and (30) of § 6, Chap I, we have 

ro V =N Z, 

n = -| 2 (l "h fd) ^ j 

[2L + 1 (Z - m) t 

t It IS to be noticed that when the proper functions are written in the complex form 
the conditions of orthogonality (11a) are also to be written in the complex form, for 
example 

J (s - e)wu*dT = 0 

Aocordmgly the defimtion of in (13) must also be modified, for example, 

®i2 = = Jstt*txZr = €* 

t We exclude the case Z = 0 (S term) 
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Consequently (23) reduces to a single member (the factorial factor again 
cancels out) 

The second step consists in multiplying this expression by 

(cos $ 2 ) 1, 

where the 1 arises from v* and the preceding factois fiom u In the 
integration with respect to O 2 , <t >2 becomes 






pH, 


[r] 21 -h 1 

with the value of 11 3 ust now given, which does not vanish Thus the 
second step gives 

^ (Z + m) ^ 

^^[r] {21 + 1)2 (Z - 77i) i 

We now come to the thud step, that is, to the integration with respect 
to r, The expression to be integrated is [cf (13')] 


167r^e^ {I -r Wl) ^f^X^ ^ ^ f rj i\ 

’^1- “ (2Z + 1)- ^ m) ij 0 [r] 2 )E»(»-i, Z 

Ei(r2, Z) E„(r2, Z - l)r^^dr^ 

Heie we ha\e {a — radius of the first hjdrogen orbit) 

2Z 


(25) 


Ei(r. Z) = NifZ)e-p'=Lj(p) 


P = IT^’ 


E„0, Z - 1) = N„(Z - l)e-p'/>^L|'+/(p') 


, 2(Z - 1) 

p = — -1 

^ na 


The last formulae hold for r = as well as for 'i ^ T 2 The factors N 
contain both the normalisation for the dependence on as well as on r 
and run 

\a ) 2 2w 2^ 


N,2(Z) 

I 


^, 2 ,^ /2(Z - l)\\n - Z - 1) ^ 1 2Z + 1 (Z - m) t 

^ \ noi J 2n{n + Z) » ^ 27r 2 (Z + m) t 

We restrict ourselves to the case n = Z + 1 (circular orbits in the 
earlier sense), where the polynomials D become of zero degree, since 
then 

= ^1 + i = const = - (2Z + 1) f 

holds According to the definition of the quantities x and [r] the integrals 
m (25) are to be performed as follows 


r, e - ‘'•idr,| + 2 e - 


(26) 
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Here a denotes the abbreviation 

1 / 


a = -(i 
a\ 


Z - In 


we must imagine the constant factor 

[ ro7 n2 ISJ 2/rz 


to be added The rather laboiious working out of (26) gives 
oc - 2 Z - 5 2 - 2 Z - 3 (22 4 . 2 ) 1 (21 + 5) 
Taking into account the constant factor we get 

9E7i (Z + 1)^(2^ + 5) 


[(Z + 2)Z - ip^ + s 21 + 1 


where E = Eydberg^s number 

This IS our final result , 2rj^2 gives to the appioximation in question 
the energy-difference between para and ortho levels [of (19)], with the 
assumption n ^ I + 1 for helium-like atoms of nuclear charge Z 
Numerical values of have been calculated by Heisenberg We 

have tabulated them in Table 5 , the bracketed values aie the corre 
spending values obtained by observation 


TABLE 5 



l = 1 (2P) 

1 = 2 (3D) 

Z = 3(411) 

Z = 2 

7 65 10--’ 

2 57 10-5 

5 25 10 


(9 4 10 “ ’) 

(184 10 -“5) 

— 

Isi 

11 

00 

3 07 10 

189 10-^ 
(134 10“^) 

6 95 10 


There is agreement between the results of observation and calculation 
in order of magnitude, particularly foi greater values of I , we have reason 
for believing that this agreement can be made perfect by carrying the 
perturbation calculation still further More important than this quanti- 
tative agreement is the qualitative agreement of the structure and fine- 
structure derived in sections A and B with the results of experiment, 
and the numerical calculation of the ground term (the ionisation potential, 
cf the introduction to this §) We may therefore say that the helium 
problem has been solved by wave-mechanics and that therefore (cf ^ 1 , 
p 144) wave-mechanics need no longer be daunted by the problem of 
three bodies 

The method that Heisenberg has developed for the hehum problem 
may be applied to the problem of several bodies, that is, to atoms with 
more than two electrons With the increase in the number of electrons 
the exchange-degeneracy {Austausch Entartung) increases, the deter- 
minant for calculating the energy-perturbation e becomes of degree N ^ 
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for N elections, in the general case several multiplet systems occur in- 
) stead of a singlet or a triplet system The detailed investigation of 
these systems by the principles of the theory of groups has been advanced 
particularly by the papers of W Heisenberg, E Wigner, J von Neumann, 
and H Heitler In the general case, too, the possible proper functions 
resolve into seveial systems unable to combine with one another, which 
correspond to the gioups (1) and (2) of p 233 In nature only one of 
these groups, namely that of anti-sym metrical character, is actually 
realised This anti-symmetry of the proper functions is the wave- 
mechanical equivalent to Pauli’s principle and at the same time the most 
general way of formulating it 

The same methods have led Heitler and London * to a solution of the 
two electron problem of the H,-molecule, namely, to a deteimination of 
the energy and the moment of inertia of these molecules m the giound 
state Einally, it can be predicted by theory that on account of the spin 
of the two hydrogen nuclei this giound-state can occur in two different 
forms, an ortho- and a para- form, according as the spins are parallel 
or anti-parallel The ratio of these two foims of H 2 , which is 3 1 at 
higher temperatures, may be altered experimentally at low temperatures, 
as has been shown by Bonhoffer and Harteck t and also by Eucken J 
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We start from Schiodingei’s definition of density p = and form 
with it the wave-mechanical mean value of the co ordinate q or, as we 
may say, the co-ordinate of the centre of gravity of the wave-picture given 
by u 


q = — ^quu'^dr 


( 1 ) 


For the sake of brevity we make our calculations with an individual 
point-mass and so take dr as standing foi the thiee-dimensional element 
of volume , we remark, however, that all the following calculations may 
easily be extended to arbitiary systems of point-masses or electrons 
If m (1) we make u and m particular equal to the nt^i proper func- 
tion of a wave-mechanical problem defined m some way, then q simul 
taneously denotes the ntt diagonal-element q^n of the co-ordinate-matrix 
We extend (1) by replacing ii by and 2 ^* by and so obtain the 
general matrix element 

qmn. = [qUnUmdT (la) 


* Zffltsokr f Phys , 44, 455 (1927) 

+ Sitziingsbenchte der Preussisohen Akademie, Berlin, p 103 (1929) 
t Naturwiss , 17» 182 (1929) 
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A Energy and Momentum 

We define the wave-mechanical mean value of the potential eneigy V 
analogously by * 

U = (2) 

If in paiticular u = Un (n^^ piopei function), then U = Y^n (diagonal 
element of the V-matrix) Here, too, we ma^f generalise and pass on to 
the arbitiary matrix-element Ynm 

If V is independent of t the energy-law in oidmary mechanics holds 
in the simple form 

E = K 4- V (K = kinetic energ^r) (3) 

and in wave mechanics the differential equation for u reduces to the wave 
equation, which does not involve the time, 

lj2 

- W - 0 

By multiplying with and integrating we get fiom this 

+ E - XJ = 0 (4) 

We have here taken into account that owing to the constancy of E and 
of the normalising condition for iff, we get 


and that because of 


^Ei/,4,*dr - E, 


u= , ■u*=4>*e * , 

the mean value U defined in (2) is now identical with 


= I Y<Pili*dT 


A comparison of (4) with (3) invites us to regard as the wave- mechanical 
analogy to the kinetic energy the expression 




To bring this expression externally into correspondence with the element- 
ary definition 

K = ^(pl+pl+pt) (5a) 

we could re-write (5) by Green’s theorem m the form 

But we shall soon learn that the true analogy to (5a) occurs not in the 
form (5b) but actually in that of (5) 

■* The symbol U here introduced has nothing in common, of course, with the earher 
symbol V — Eq + U 

von n — 16 
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First we must find the wave mechanical expression analogous to the 
momentum p 89 Its definition is really already contained in that of 
the current S, eqn (8), ^ 8, Chap I For if we multiply S by m/e we 
pass from the wave-mechanical or probable value of the transported 
charge to the correspondingly defined value of the transported mass 
This is the sp&cific mo^7ie7itui7i for a definite point of the wave-mechanical 
field, just as S was the specific current Thus we obtain 

yS = grad 7L* — grad tc) (6) 


To obtain the total momentum from this we have only to integrate with 
respect to dr, 

At the same time we obviously have 


for the integral in this last equation may be written in the form 

j* grad (uu^)dT, 

and may be reduced by mtegiation by parts to a surface -integial at in- 
finity which at any rate certainly vanishes for the solutions u defined 
with discrete * proper values By adding the two eqns {6a, b) together 
we then get as the simplified form of (6a) 


P 



u^dr 


( 7 ) 


This is our wave-meohanical paraphrase of the classical conception of 
momentum We extend (7) to represent the momentum-matrix 


Pnm — 



{7a) 


We shall give (7) a symbolic form that will be important in the 
sequel 


P 


-i 


UTr%i/^d>T 

L A _ 

2m 'dq ' 


h h j 


( 8 ) 


We call TT the “ momentum-operator It is to be applied to the quantity 
which follows it The order of sequence in which the operator tt and 


*Iii the case of the proper functions of the continuous spectrum the order of 
vanishing at infinity is much less, so that a certam caution is advisable In the sequel 
we assume discrete proper values in order that we may always omit the surface integrals 
at infimty, as will be done m individual cases without further explanation 
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the factors u, occur is, of couise, of essential importance Opeiators 
are not commutative On the othei hand, we can exchange the order of 
sequence in eqn (1) in which only ordinarj^ factors occur, and e can 
obviously bung this equation into the form 

q = ^uqu'^dr 

which is analogous to (8) In Dirac’s terminology ordinary numbeis are 
called “ c-numbers ” (classical numbers), while operators are called 
“ q-numbers ’ (numbers arising from the quantum theory) 

The introduction of the opeiator rr is connected with the association 
of the momentum p with the action-function S in classical theory [S will 
further be used in a sense different from that in eqn (6)], namely 

We recall the original introduction of the wave-equation in ^ 1, Chap I, 
and its derivation from the Hamiltonian equation 

= 1 0 - 

If we here insert the symbol tt, that is, the operator (/z./27rt) ior p oi 
the differential quotient respectively, and apply the whole equation 

to then we actually get the wave-equation in the exact form (11) of 
P 5 

This at the same time justifies our expression (5) for the kinetic 
energy For if in each case we insert tt in place of p in the classical ex- 
pression (5a) and integrate after the manner of eqn (8), we get 


K 


== —(Jl 

2m\27ri, 


ttI + ’7-y + ■n-^)u*dT 


( 8 ») 


and this is, in actual fact, exactly our expression (5), except that now 
u and have taken the place of the earlier quantities if/ and which 
were a little more special 

To illustiate our definition (7) of the wave-mechanical momentum we 
consider the case of an electron which moves under no forces m the 
a?-direction We represent it by a plane wave (cf also § 1, Chap I) 

u ^ ae^ 

Here h and a> are defined by 




-T® 


E 


me® 4- K = rest energy f 

4- kinetic energy of the electron J 


(8b) 
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On account ot oui special foim of u we obtain for the densit\ p and the 
cuirsnt S 

p = e Sx = ^ 82^ = 83 = 0, 

and foi p, b\ (7) 

P = Px = 


But ^ (noimalising condition) * hence 


hJc h 


(8c) 


where X, as in § 1, Chap I, signifies the de Bioglie wave-length of the 
pai-ticle The fact that this quantity plays the pait of the momentum is 
easll^ seen For we have 

1 




since by (8b) 


TTT-r* = 7 r-( ?r- 1 ( -7- 2 m K = K 

2m (2^p 2m\27rJ \ h J 


B Laiv of Co7ise7 latwn of the Ce^itre 0 / Mass t 

We split up the law of conservation of the centre of mass of classical 
mechanics into the two equations (“definition of momentum** and “law 
of momentum**) 

p = mg and p = — grad V 

We transcribe them wave-mechanicaUy by taking q and p to stand foi the 
expression (1) and (7) and forming grad V according to the process of 
eqn (2) 

p = m q (9) p = - grad V dr (10) 

To prove this we calculate fiom (1) and (7) 


q = ^q{uu’^ + 'iiu^)dT (9a) 

p = ^ grad u^)dT (10a) 

(observing that q m (1) and grad m (7) aie independent of the time) 
Here we must insert the differential quotients with respect to the time 


* Thus a becomes mfimtely small* as is to be expected, for the density of the 
electron m a plane wave is evenly over the whole of infinite space (of also § 3, E, 

and the end of § 7, D, of Ohap I) 

fCf. the somewhat more special statement of this law for one dimension by 
P Ehreufest, Zeitschr f Phys , 45, 455 (1927> , also A E Enark, Phys Eev , 31, 533 
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fiom eqns (13) and (13a) of § 5, Chap I 


= .f 1 

4:7rZ?n 

= - 


h 


^TTim 


j\U^ - - j -r - Yu^ 


) 


Then the term in Y cancels out in (9a) and there remains 

h f 

mq = -^^\q{u*A 26 - i(,^u*)dr 


(11) 


(12) 


But 


div grad u - u div grad - 26 * 

= div {u* grad u - u giad u'*') 

By integrating (12) by parts we do away with the “ diveigence ** If, for 
example, q ^ x, then, of the three differential coefficients, of which div is 
composed in rectangular co-ordinates only that with respect to x gives a 
value different from zero In this case we get fiom (12) 


m 


^ 47rt J V c^a: 'hxj ' 


but by (6a) the iight-hand side is nothing othei than^a- Hence eqn (9) 
IS proved 

To prove eqn (10) we fiist form (10a) by integration by parts of the 
second term on the right-hand side We obtain 


h r 

p = grad — u* grad u)dr 


Substituting from (11) we get 


- - s?s<^ + 

I _ f(A» grad -w* -i- Au* giad u)dT 

f(y„ grad u* + Yu* grad u)dT 


II =- 


Stt'to ( 

IP' 


(13) 

(13a) 

(13b) 


We first occupy ourselves with II By integrating again by parts, it 
follows that 

grad u^dr = — grad (V^c)dT = - grad Ydr 

— grad udr 


If this IS substituted in II the last term cancels out and there remains 
II = grad Ydr 
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If we assume that I — 0, which we shall presently prove, (13) becomes 



and this is piecisely the eqn (10) which was to be proved, that is, the law 
of momentum or the second part of the law of the centre of mass 
The proof that I vanishes rests on the following identity 

A.U grad grad u = div T ( 14 ) 

Here T is a svmmetrical tensor * with the components 

^ . btl* bU ^ bu^ 

" bx^ bXk bx^ bxi Z 'bscj bXj 

j 

Zj k, ] ha\e the numerical values 1, 2, 3, where we are to imagine = x, 
a*, =s ojg = ir Stjfc IS the well-known unit tensor, div T signifies a 
vector whose i-component is given by 

and hence, according to (15), by 

bu ^ b^u"^ bu* b'^'ll ^ b**U bu"^ ^ bhi* bu 

b ^ bu bu"^ 

bXt, ^ bXje bXjc 

In the last term, on account of the meaning of h^]e, we have leplaced 



and, for convenience, have written h for the summation index j used in 
(15) If we carry out the differentiation in this last term we see at 
once that it cancels out with the two preceding terms But the first two 
terms are identical with the ^-component of the left-hand side of (14) 
This proves (14), and lU also shows that I vanishes Por by (13a) and 
(14) we have 

I - I d., T* - 2 ||-Ta<ir - 0 

G The Law of Sectorial Areas (Kepler^s Thwd Law) 

To formulate this law we require the wave-mechanical transcription 
of the conception “ moment of momentum ” on the one hand and 
“moment of a force” on the other The moment of momentum with 
respect to an arbitrary ongin from which the radius vector r is reckoned, 

* Our T IS closely related to the tensor S introduced by Sohrodinger, Ann d. Phys ♦ 

82 , 265 ( 1927 ) 
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is classically defined by [rp] By eqn (8) it is symbolised wave- 
mechanically by 

P = grad W^^dr (16) 

The moment of a force is given classically by — [r giad V] vith lespect 
to the same origin, if a potential V exists, and translated into the language 
of wave-mechanics it is 

M = “ V]tc*dT (17) 

Now, the law of areas asserts that 


P - M 


To prove this we must work out 

h ( C 

=- ! I mXlt* m*QY 


J^A[r grad u'^]dT + J^[r grad u'^]d7 


The second integral is next transfoimed in accordance with the scheme 


xix^dr 


nu 


With V =s 76*, this gives 


J76[r grad 76*]dT = - |76'*[r giad u]dr 


Hence we get, instead of (19), 


P = u^]dr - j'76^[r grad 


76]drj- 


We have now to enlist the help of eqns (11) We write, in a similar 
way to (13), 

P--S^{I + IIl (21) 

I = J{A76[r grad 7 ^*] A7^*[r grad 76]}dr (21a) 

n §^^j{V 76 [r grad 76 *] -t- V 76 *[r grad u]}dT (21b) 

Here, too, the integial I vanishes For, taking (14) into consideration, 
we have 

I “ J [r, A76 grad 76* -f A76* grad 76]dT = J [r, div TJdr 

By considering the component given by the indices of the vector- 
product and using the index notation of (15) we get 
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From this it follows by the rule of (19a) that 

I = - (22) 

and this is in actual fact equal to zero on account of the symmetry of the 
tensoi T 

We nest apply the rule (19a) to the first integral in II 
|vt^[r grad ti*]dT = - grad (Vu)']dT 

= - giad Yjdr - grad ti]dT 


Here the last mtegial cancels out with the second integral of (21b) 
we get from (21b) and (17) 


STr'mC , STT^m^^ 

II = j^y I grad Y]tfr 


Hence 


(23) 


Through this result eqn (21) becomes identical with (18) 

Thus our laiv of area is ptoved in its general form The special form, 
such as occurs in the Keplei pioblem as the law of conservation of 
moment of momentum oi the law of the constancy of areal velocity, occurs 
if we assume V to be a function of r alone (central force) Then 


and hence 


grad V = 


r ^ 
r dr* 


[rgradV] = ^ J[rr] =0, 


M = 0 


(24) 


In particular it follows that 

P = 0, P = Const 


(25) 


T> Law of the Yirial 

Whereas the ^noment of a force is defined by the vector product of r 
and — grad V, the virial is defined by the scalar product of r and — grad V 
Calling the virial jR (say) we write classically 

E = - (r grad V) 


The wave mechanical paraphrase will then be 

B == — grad V)dT 


(26) 


In classical mechanics the name law of virzal is given, as we know, to the 
following relation, which follows directly from the law of momentum 


- 2K + E 


( 27 ) 
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Applied to periodic or quasi-periodic orbits it allows us to infer that the 
mean value of twice the kinetic eneig}^ is equal and opposite to the mean 
value of the virial The same inference is also useful for wave-mechanics 
We prove the wave -mechanical analogue of eqn (27) by starting from 
the quantity constiucted analogously to (r, p) [cf (8)], 


Q = J 


grad u*)&r 


(28) 


Its deiivative with respect to t corresponds to the left-hand side of (27) 

h f 

Q ~ ^ {u(r glad grad t^*)}5r 

= o^s-d u*) - ^*[3?^ -h (r grad u)])cV. 


(29) 


In the last transformation use has been made of the following relation 
which is related to (19a) 


= - [vUu + T f * = 2, 3, 

J V Z_ = x, = y, = Xj 

If we insert u and from (11) in (29) we get 

With the abbieviations 

I == 1 A^^.(r grad + At^*[3t6 4- (r grad u)]dr 
II = - J {Y^^(r grad u'^) -f- Yu'^[^u -t- (r grad u)']}dT j 

We first transform I by introducing the tensoi T from (14) 

I « f (r div T)dr 4- 3 f ub^u'^dT 


(29a) 


(30) 


(31) 


(31a) 


The first term leduces by integration by parts to 


-+ 1 2 HI?''" - - H”** 



If we introduce the second term from 
we get 


I = 


4 


u^u^dtT = 


(31a) and take into account (8a) 


nir 


2K 


(31b) 
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We then transform the first integral in II by (29a) 

Jv«(r grad 7i*)dT = - 3|vM?i*dr - Jv-M*(r grad u) 

— grad V)dT 

The first two integrals on the right cancel out with the two last terms 
in the equation of definition (31) of II, and, by (26), theie remains 

II = giad Y)dr = - (31c) 

Substitution of (31b, c) in (30) thus gives the analogue to the classical 
form (27) of the law of \irial 

Q>^ 2K H- E (32) 

If, in particular, we are dealing with a stationary state in which 
n and ti* depend on the time in the manner given by 



then Q becomes independent of t and Q = 0 Thus whereas in classical 
mechanics we must explicitly average over the time in order to make 
the left hand side of (27) vanish, the wave-mechanical method con- 
tains this avei aging over the time implicitly and makes the left-hand 
side of (32) vanish spontaneously Hence for stationary states we alw’-aj^ s 
have 

E = - 2K (33) 

If, fuither, all foices included in Y are of electrical origin, then Y 
becomes a homogeneous function of the — degree m the co-ordinates, 
and Euler’s theorem holds (cf I, p 548) 

(r grad Y) = - Y 

From (26) and (2) it then follows that 

R = = U 

Thus (33) states that the wave-mechanical mean of the kinetic energy is 
equal to half of the wave-mechamcal mean of the potential energy taken 
with the reverse sign The usefulness of the corresponding theorem in 
the older quantum theory is well known In wave-mechanics we have 
also made use of it occasionally (cf § 7, E, Chap I) Note the parallelism 
between our present pi oof of the theorem and the former proof in 
I, Note 5, p 647 

It is remarkable that the preceding calculations can be extended so 
that not one wave-state u is considered but simultaneously two states 
tCn ^1^3. It IS only necessary to replace uu* in forming the wave- 
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mechanical mean values by oi, respectively, u grad w* 

Un grad etc In the language of matrices this means that we 

can pass from the diagonal elements of the matrices m question directl;y 
to an arbitrary non-diagonal element 


E Law of Areas m D%fferenhals 

Besides the integral law of areas which we have treated under C theie 
is also a very interesting d'lfferenUal or specific law of areas, which \m 11 be 
useful to us in the following section We shall restrict ourselves to the 
simplest time-free wave-equation, which we shall write in the abbreviated 
form 

(A + = 0, X = ^(B - V) (34) 


From this equation we form the moment with respect to an appropriately 
chosen point r = 0 , that is, we apply to each member of (34) the 
moment-operator 

M = [r grad] (35) 

We get 

MA0 + = - MX ^ (36) 

Since E =* constant, 

- MX=^[rgrad7] 


denotes the non-integrated moment of the force (except for a constant factoi) 
in contrast with the previous integral moTuent M of the force of eqn (17) 
We shall show that 

= AM^ (37) 

holds, so that we may also write 

(A + X)M^ = — MX ifs (38) 

This equation is particularly interesting in the case where V is a pure 
function of r and hence, cf (24), MX becomes equal to zeio Then, by 
(38) satisfies the same linear differential equation as ^ itself, namely 
the equation 

(A -h X)M^ = 0 (39) 

Thus must be built up in a certain sense linearly with constant co- 
efficients from the integrals of (34), that is, from the proper functions ^ 

that belong to the same proper value E This is the wave-mechanical 
equivalent of the special law of areas, that is, the conservation of the 
moment of momentum, being now in a differential and not, as above, m 
an integral form 

We have yet to supply the proof of (37) We first do this somewhat 
unsymmetrically in rectangular co-ordinates x,y,z, it is sufficient to con- 
sider the component 
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We apply it separately to the three summands of Ai/r 
we obviously get at once 


M 


'dz- 



In the case of 


On the other hand, we get in the case of the other two summands 


bx^ \ by ^x ) 

b^Jt b^y biff\ , o 

^ 5 ^ “ ^t/x) 




'bxby 

ixiiy 


(39a) 

(39b) 


In the sum of these three expressions the additional term actually 

drops out and we get, in agreement with (37) MA^ == AM^ 

Our proof is not quite satisfactory, as M is a vector, whereas the 
diffeiential operator A is only to be applied to a scalar This circum- 
stance IS known to be of no account in the case of rectangulai co-ordinates, 
but IS an obstacle wheie other co-oidinates, for example polar, are used 
We theiefore give in addition to (37) the general vectorial form, that is, 
the form \alid for arbitrary co-ordinates 


MA^ = — curl curl (37a) 

so that we get instead of (38) 

(— curl curl + A.)M^ = — MX 0 (38a) 

The proof of (37a) is most conveniently carried out by means of the 
symbolic V-operator of ordinary vector-calculus We have 

curl = [V[rV]]0 = r(VV^^ - V(Vr)^ 

= xAiff — 3 grad 0 

If we once again take the “ curl” here, the last term drops out and we get 
curl curl = [Vr]A^ = — [rVjAiA = — MA^, 
that is, (37a) 

We apply eqn (39) to the Kepler problem or, moie generally, to a 
motion under the influence of aibitrary central foices that origmate in 
a nucleus at the point r = 0 We conclude as above that must be 
bmlt up linearly with constant coefficients from the proper functions ip 
that belong to the same E (Only the proper functions come into question 
for this, that is, onlj the contmuous solutions of the wave-equation, not 
the solutions that are discontinuous at the singular points, because has 
the same properties of contmmty as In the case of the Kepler problem 
there belong to a proper value E = En all proper functions that have the 
same principal quantum number n, in the case of an atom with an 
arbitrary central force the degeneracy is less, the proper value E = E^, i 
depends on Z as well as on n (separation of the Balmer terms into the 



§ 9 Wave-Mechanical Tianscription of Classical Quantities S53 

S-, P , D- terms) The degeneracy then affects only the third 

quantum number so that to a given B there belong only + 1 diffeient 
proper functions ijs = which differ in the values of the suffix m We 
must therefore assume M0 generally as a linear combination of these 
proper functions 

^ (40) 

where the C^’s are constants that must be determined for each individual 
case 

This IS done most simply in the case of the a32/“Component of M (“ the 
moment about the 2 -axis For here 

(“) 

holds, according to the remarks made in connection with eqn (2) in ^ 10, 
Chap II, so long as we choose the ;£r-axis as the polar axis of an 7 , 6, 
^ system If, moreover, we write the proper function from which we 
start, in the form ^ = E PJ”* (cos 6) then by (41) = vm\^ So 

the sum in (40) m this case reduces to one term , we have C^i = %m 
and = 0 for all w'*s, which differ from the m of the initial function 
{Au^gang%fun'kt%ori) 

On the other hand, we find for the other two components of M bj means 
of calculations with spherical harmonics that we shall suppiess heie 


= (- Sin - cos </) cot 

= - + 1 + W + 1) - (w - 

x^m = (cos <f>^ - SUl<j> cot 0^) tlim 

= - + i - {K^ + 1) - (m - 


So the sum (40) m the present case consists of two terms 

It is clear that the process which brought us from (34) to (39) may be 
repeated For if we again assume, for example, that MX = 0, that is, 
V == V(r), and take Mg as standing for any two rectangular com- 
ponents of the moment- vector (35), we obviously have 

Mj^(A + X)M2^ = (a 4- X)MjM2^ = 0 

Thus, in the sense of eqn (40) must also allow itself to be built 

up linearly from the proper functions ^ of the same proper value The 
same holds of a sum of such products M^Mg or of a product of more than 
two factors M 

We consider m paj*ticular, as a preparation for the following section. 
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the sum of the squares 


M’ = + :si% 




( 42 ) 


applied to any proper function of the Kepler problem with the azimuthal 
quantum numbei I, and assert that then the expiession (40) resolves into 
the simple relation 

= -1(1 + l)tft (43) 


Poi, by (41) and (41a) the meaning of the opeiatoi (42) is 
M2 = ^ + (sm <f>^ + cos ^ cot ^ 


+ ( cos 4>. 


'7)d 


sin cot e^) 
1 


4- CO “h 0 ^^2 


(43a) 


But by eqns (1) et seq of § 2, Chap I, this is precisely the differential 
expression m the equation of the spherical haimonic functions (cf p 8) , 
when applied to a spherical harmonic function of degree Z, that is, to an 
aggregate of the foim 

S = ^ CwiPf (cos d)e'^^ 

- z 


It gives, eqns (la) and (11) of % 2, Chap I, the value — l(l + 1) S This 
proves eqn (43) 

If we further alter the meaning of M in (35) by adding the factor 
hj^TTi, 'which IS consistent -with the sense of the definition of the 
momentum-operator r- in eqn (8), that is, if we write in place of (35) 

M = ^[r grad] (44) 

(43) becomes converted into 

= l{l + 1}(^)V 

We can then say, if we extract the square root in a rather daring fashion, 
that 

lMl=VZ(m)^ (43b) 

This formula replaces in a certain sense the representation of the orbital 
momentum m the old quantum theory 

h 
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and leads to the substitution of r by l(l + 1) which we found necessary, 
for example in Atombau, Chap VIII, p 629, in older to be able to make 
the deiivation of the anomalous Zeeman effect on the basis ot the atomic 
model fit the expeiimentally confaimed ^-toimula of Lande 

F The Unce^tmnty-Belation and Indefimtemss 

Schrodmger has shown by using the oscillator as an example that in 
some circumstances a wave group limited in space, that is, a “wa\e- 
packet,'* can hold together without appreciably ditfusmg Some other 
simple forms of movements (free fall, cucular motion and so foith) have 
^Iso been investigated from the same point of view The interest in these 
problems was probably aroused by the wish to build up the material pomt, 
for example, the electron, wave-mechanically and to reduce it to con- 
tinuous distributions ot field We regard this objective, as already 
mentioned in the preface, as illusory That is why in the preceding pages 
we have not enquired into the way in which the wave-pictures hold 
together in space but into then behaviour towaids the fundamental laws 
of mechanics No matter how much the wave pictuie diffuses in the 
course of its motion, one point can be sharply defined that obej^s the 
01 dinar y law ot conservation of the centre of inertia In the same wa} 
on the basis of the wave-picture a moment can be defined which undei 
certain ciicumstances remains constant during the motion, and under 
other circumstances behaves ]ust like the moment ot momentum of the 
ordinary law of areas 

The questions of the conservation or flowing apart of wave-groups has 
been brought into a more general theoretical relationship by an important 
paper by Heisenberg To describe Heisenberg s ideas fully we should 
have to discuss the transformation theory of Jordan and Dirac, t which, 
with all other quantum-statistical questions, we wish to leave out of con 
sideration We therefore satisfy ourselves here with a few indications 
only 

We start out from the fundamental equation of quantum mechanics 
in the form m which we set it up in eqn (5), § 4, Chap I, 

5^2 - ^ (45) 

We see that in (45) p, q cannot have the classical meaning of these 
quantities, for otherwise we should have zero on the right hand side So 
if we assume eqn (45) to be correct — and we have no reason for doubtmg 
its validity — we must obviously revise our conceptions of locality and 
velocity 

* W Heisenberg, Uber den ansohauliohen Inhalt der quanten theoretischen 
Kmematik nnd Meehanik, Zeitschr f Phys , 43 , 172 (1927) , cf also N 3Bohr, 
Naturwiss , 16 , 245 (1928) 

t Of the references in Chap I, p 83 
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To fix the position of an object, for example, an election, we must 
peifoim expel iments Thus, following Heisenbeig, we may choose to 
direct a y lay microscope ” on to the particle The wave-length of the 
incident light is then veij small and we can fix the position of the elec- 
tron vei^ accuiatel\ Por the width d of a structure just within the 
range of lesolution foi a wave-length X of the light used is related to the 
numerical apeituie € of the instrument b} the equation 

d - t 

If we now assume that the mcident light is parallel, then we know, 
besides the quantity Ti/X of the momentum of the incident light-quantum 
(photon), also its direction On the other hand, the finite aperture of the 
instrument will prevent our being able to measure accurately the lecoil 
that occurs owmg to the Compton scatteiing of the light-quantum at the 
electron , we only get the momentum-component situated in the plane 
of the object after the collision with an error which is proportional to the 
size of the aperture and to the mitral momentum of the light- quantum, 
that IS, propoitional to 

2€Xyx (47) 

Hence, b} (47) and (46) the product of the accuracies and q-^ with 
which the momentum and the position q of the electron can be deter- 
mined becomes 

= h (48) 

This IS Heisenberg s relation of indefimte'ness It is postulated as 
being gmurally ^al^d fo7 any pair of canonically conjugate variables It we 
choose the energy and time as such a pair, then (48) teaches us directly 
that for stationary states in which the energy has a precisely fixed value, 
all statements about motions of the election m time become meaningless 
If one of the conjugate variables is fixed then in principle the other re- 
mains mdefimte This point was mentioned on pp 84 and 122 

As Heisenberg shows, (48) is intimately connected with the transfor- 
mation theory, due to Jordan and Dirac, of the probability amplitudes in 
the phase space To every particle there may be assigned a “ piobability- 
packet^’ {Wahl sclieiTiLicJil^eitspahet), the region of which expresses the 
possibilit} of sojourn {Aufenthaltmioglichkeit) of the particle, this 
“ packet ” spreads out m the course of time If, say, we have fixed the 
position X of an electron with an accuracy A£c at the time t, then after the 
interval the probability -packet has spread out over a region m such a 
way that m a new measurement the electron will be encountered at every 
point of it With equal probabi^ty The new measurement agam contracts 
the range of play {Bpielraum) to its original value Aa?, and so forth In 
the classical theory this was also the ease m principle when the mitial 
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state was insufficiently known The only new features are the statistical 
character of the laws of motion and the lestriction of the aecuiacy of a 
co-oidinate by its conjugate * 

But wheieas in the classical theoiy the object was to rendei all laws 
objective and to lelease them as much as possible from the observing 
subject and the obseivmg apparatus, this is no longer possible, according 
to Heisenberg and Dirac, now that theory and the means of obseivation 
have been refined , indeed, with Heisenberg we may regard the root of 
the quantum theory to lie in just that range of play in which according 
to theory the observation must become indefinite 

§ 10 Concerning the Nature of the Electron 

It IS difficult to report on the work of Dirac (cf the reference in Chap 
I, p 118) in its present stage of development But we cannot refrain 
from doing so, one reason being that his researches are of pie-emment 
importance and another that they urgently call foi a simplified treat- 
ment 


A The Electron under No Forces 


Dirac starts out from the relativistic wave-equation of the electron, 
which we have formulated in eqn (7), § 9, Chap I He objects to this 
equation on the ground that it is untrue to its model in classical mechanics, 
the partial differential equation of Hamilton With respect to the eneigy 
or the time differential quotient Hamilton’s equation is of the ii 7 st degree 
Hence in the corresponding wave-equation we should also expect only a 
differential quotient of the first order with regard to t But our ielati\ 
istic wave-equation was of the second order both in t and in the space 
co-ordmates For it was 

4 

2 = 0 ( 1 ) 


Here, as there %s no field m this case, Qk denotes, in consequence of eqn 
(5a) of § 9, Chap I, simply the differentiation with respect to and A, 
owmg to eqn (4) of § 9, Chap I, signifies the abbreviation 





(la) 


where a — the fine-structure constant, Eq = = the rest-energy, 

m ~ the rest-mass 


* According to B H Kennard, Zeitsohr f Phys , 44, P 326 (1927), tlie relation 
(48) may be reduced to the more precise form 

The generalisation for a pair of arbitrary quantities is treated by E V Condon, 
Sciences, Hay, 1929, and Robertson, Nature, 1929 
VOL n — 17 
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On the basis of this postulate of Dirac we shall try to resolve eqn (1) 
formally into two lineai factors, of which one, when equated to zero, is 
then to represent the wave equation of the (negative) electron 

It is true that it is not possible to resolve (1) into linear factors within the 
ordinary range of numbeis even if we treat Qk, as is suggested by our way 
of writing (1), not as proper differential quotients but as differential opera 
tors But we force a resolution if we introduce new numbeis a* whose 
laws of calculation have yet to be determined, and write in place of (1) 

4 4 

~ == 0 ( 2 ) 

1 1 

The ajfc’s are to be constants, that is, quantities independent of the co- 
oidinate values Then laws of calculation result if we multi 

ply out (2) and compare the powers of Q with (1) We find in this way 
that 

ajfcaz = 1 Z = (3) 

ajfeaz + OLiOLi = 0 I k (4) 

In settmg up (4) we have taken into account that with the present mean- 
ing of Q (in contrast with the following section) Q^Qi =* QiQh , the left 
hand side of (4) is the sum of the factors of both products QkQi and 
QiQk It must be equal to zero, because no such product occurs in (1) 
The form of (4) already shows us that our (x’s are not commutative , for 
we ha^e hy (4) that 

ajbaz = — oLiiXk I ^ k (4a) 

We now regard as the wave-equation of our electron under no forces the 
second factor m (2) [The first factor of (2) is only apparently different 
from it, for we can balance the change of sign of A with a common change 
of sign of the as, which is always possible by the equations of definition 
(3) and (4) ] So we assert that the behaviour of the electron is described 
by the following differential equation of the first order 

4 

U a.iPk + = 0 (5) 

1 

whose coefficients a do not belong to the series of ordinary numbers 

In domg this we have really overshot oui objective We desired to 
have a differential equation which was to be of the first degree only in t, 
that IS, in the relativistic co-ordmate Instead of this we have found 
a differential equation which is of the &st degree also m x^y This 
contradicts the model of the classical Hamiltonian equation in the other 
direction For the Hamiltonian equation is of the second degree in the 
differential quotients with respect to the space-co-ordmates, and hence 
would lead us to expect a wave-equation of the second order in rci, x^, 
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Hence we should probably regard the way that led us to (5) only as a 
heuristic method 

We have differed from Dirac in that we have added the co-efficients 
ajfc in a symmetr%cal mannei to the four operators Qt, whereas Dirac dis- 
tinguishes the differentiation with respect to the time (he writes 
for and gives it the coefficient 1 , on the other hand Dirac attaches his 
four coefficients (which he calls a^, and /?) to the quantities Q 2 , 

^3 (01 JPu JP 2 J respectively) and A This can make no material differ- 
ence We shall see that our symmetrical choice of the a's offers certain 
advantages 

We shall postpone the detailed investigation of the oc’s till section G It 
will be sufficient to obtain a special solution, and one which is as convenient 
as possible, of eqns (3) and (4) without oui lequirmg to discuss the 
question of the general form of the solution 


B The Electron in the Electromagmtic Field and its Magjietic Mom&nt 
We describe the field in terms of the 4- vector of p 100, 




^TTie 

ho^ he 


( 6 ) 


where A and 4 * ^^re the ordinary vector- and scalar-potential respectn elj^ , 
and we now define Q (cf p 101) by 


D* = — + i^k 


(6a) 


The equation of the electron is to letain exactly the form (o), the 
significance of the coefficients a being unchanged so that, as before, they 
are to be constant quantities and, m particular, independent of the field 
We enquire what equation arises fiom the multiplication projected m (2), 
if the now have the meaning (6), that is, depend on the field 
Instead of (2) we now write more simply 
4 4 

aifcflj, ^ a.icQk - A2 j-M = 0 (2a) 

'"1 1 

To multiply out the two sums let us firstly consider two terms with the 
same summation-index 

(X,JcQjc CLjcQh (7) 

and, secondly, let us combine members of unequal summation mdices h 
and I 

cnjcQk cLiQi + (x.iQi cL}£ijt ( 8 ) 


* The same is done by F Moglicb, Zeitschr f. Phys , 48» 852 , J V Ke niD a nn , %h%d , 
48, 868, H Tetrode, %M , 49, 60 S (i<^26) 
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The a’s being constant quantities may be commuted with the i3’s , in 
stead of (7) we*may therefore also write 

cclQhQL = Qf [on account of (3)] (7a) 

For the same leason we may wiite in place of (8) 

0Lk(x.iQkQi 4- oiiCLicQiQh == <x.h^i{QkQi - QiQk) [on account of (4a)] 

Now, by (6a), 

QhQm 


- (s + 


Xil, **') 


'bhv 

'hXj^Xi 


+ % 


Tiosjc 


^ £>2^ * * 


If we form QiQk'i^' m the same way, then in the expression foi the diffei- 
ence the first and the last terms cancel , but the middle terms only partly 
cancel For there remains 

- Q^,)u - (8b) 


The bracket on the right is the “ four dimensional curl ” of the four- vector 
0 According to the well-known lules of the theory ot electrons this is 
connected, on account of (6), with the field-quantities E and H in the 
following way 

for fe, Z = 1, 2, 3 


'bXh 


%7re , . 27re 


2)^4 

'hXk 


for Z = 4, Zs = 1, 2, 3 



2^, 

he 


Eifc 


(9a) 

(9b) 


Our method of writmg the quantities H and curl with two indices is fully 
3 ustified smee, m contrast with B and grad, they are not polar, but axial 
quantities, not distance but surface quantities 

If we collect together all terms (7) and (8) we get from (2a) by (7a) 
and {8a, b) 

1 Jfc,2 

The second sum comprises not 4 3 = 12 terms but only six, since in our 
method of derivation every number-pair Z?, Z is to be taken only once 
arranffe these six terms m groups of three, correspondmg to (9a) and 
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(9b), namely 

27rie, „ „ „ , 

(10a) 


^ ^ 

(10b) 


Sence^ according to Diiac, oiir earh&i i elati/iistic wave-eq^iatwn (1) is to 
be supplemented by these expressions as connection terms As they are attached 
to u they become added m a certain sense to the potential eneigy Y We 
lecall, for example, the two simplest (non-ielativistio) forms of the wave- 
equation 


and - 


47rtm 'hu 
h 'dt 


= 0 [eqn (13), ^ 5, Chap 1] 


A comparison, particularly of the last equation with (10a, b), shows that 
we must divide the expressions (10a, b) by - QTr^mujh^, in order to make 
them comparable with Y In this way we obtam quantities that we shall 
call Ym Ye as contributions 'to the potential eneigy 

'^)(^l<^2^12 + a20C3H23 + Ci^(X{H.2i) 

Our immediate interest is with the» first factor 


e h 

m 4:7rC 


( 12 ) 


It denotes the value of the Bohr magneton, I, p 249 Although we 
have assumed nothing about a magnetic axis or a magnetic moment of 
an electron we thus find that the chaiactenstic expression of a magnetic 
moment, derived in a purely formal way, here piesents itself, and to an 
amount exactly equal to that of a whole magneton such as the hypothesis 
of Goudsmit and IJhlenbeek demands for the electron We also have 
the same factor in Y®, the electnc energy, as m Y^^ the magnetic 
energy , this means that the electron also has an electnc moment of the 
same amount, which corresponds with an earlier postulate by J Frenkel,* 
who, for reasons connected with relativistic invariance, ascribes to the 
electron a moment of the character of a six-vector, with three real 
magnetic and three imaginary electric components 

If this were a question of a process of adjustment of an ordmary 
kmd, in which the magnetic axis of the electron formed the direction 


* Zextaohr f Phys , 37. ^43 (1926J , 47, 786 (1928) 
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cosines oCa-, with the co-ordinate axes, the magnetic energy of the 

electron in the magnetic field H would be given by 

= (ft, H) = //.(OfljHa; 4- oCyHy + ocsHjj.) 

Accoiding to this corresponds to our factor ( - ^) m eqn (11a) , 

corresponding results hold foi oCa;, CLy and for the position into which the 
electric moment adjusts itself 

We must, however, emphasise that the mterpietation of the sup- 
plementary terms ( 10 a, b) as magnetic and electric moments has a 
historical lather than a real foundation, as is shown by its derivation from 
the differential equation of the second oidei (2a) The true differential 
equation of the problem, which according to Dirac is of the first oider, 
does not lead directly to these moments In agreement with this we shall 
actually in the sequel not have to deal with them explicitly 


C The Mechamcal Moment of the Electron 
We next show that the “ law of areas *’ does not hold m the form in 
which we developed it in the section 9, E For this puipose we shall 
assume that, as in the case of the hydrogen atom, the electron is situated 
in the field of a cential foice, so that the potentials ( 6 ) assume the values 

4)^ = = *3 = 0, 3>4 = (13) 


We take M to stand for any spatial component of the momentum- 
vector, for example, 


M 


12 




for which we wrote in § 9 Applied to £2i or £2 2 ^^b®se components 
gi\ e, similarl}^ to the results of eqns (39a, b) of ^ 9, 



I 

II 



11 



- 






' <>a ;2 

_ _a_ 


= QMii 

+ 



r, we 

clearly have M;l 2 I 33 

— ^3^12 ^ 


ha?2 


vanishing of M^ 2 ^(^)> ^ 12^24 = Thus if we denote the linear 

differential expression on the left-hand side of eqn ( 5 ) by the abbreviation 
L, we have 

Mi 2 L(^) = -4- {cc^Qi — (14) 


In contrast with eqns (39a, b) of § 9 the supplementary terms arising 
from the differentiation do not now cancel One reason for this is that 
our differential equation is now of the first order and not, as before, of the 
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second order, another reason is that now oui coefficients a^, o ^2 have 
inserted themselves We may formulate this result by saymg 

The law of areas m %ts ordinary form, representing the conservation of the 
moment of momentum is not obeyed in the case of the electron in spite of our 
assumption of a central field of force 

But we can restore the law of areas if we change the opeiatoi M of 
the momentum to 

N = M + yg (15) 

where /3 is to be a number of the same chaiacter as our coefficients a, to 
which we shall presently assign convenient values Just as the a’s are 
not commutative among themselves (cannot be “interchanged'') so yS is 
not interchangeable with the a's , accordingly ySL =i= We next form 


NL - LN = ML - LM + yGL - L/? (15a) 

and consider, in particular, the component N 12 We then have, if we 
take (14) into account, 

N12L - LN12 = OL^^i - + /?L - L /5 ( 16 ) 

If we now choose fB so that 

ol^Qi - + ySL - LyS = 0 (17) 

then eqn (16) asserts that 

N,2L === LN,2 (18) 

And the same equation holds for eveiy other purely spatial com- 
ponent of N, that IS, for any two indices Tc and I of the senes 1, 2, 3 

NifciL = LNyfci A;, Z = 1, 2, 3 (18a) 

so long as we only determine p from the equation of condition 

oiiQjc — cnjsfBi -P ySL — Lyd = 0 (f^a) 

which IS analogous to (17) 


The fact that the eqn (18a) does not also hold for the space-time 
components, foi example, for A = 1, Z = 4, is due to our havmg used the 
relation M* 2 Y(r) — [r grad] V(r) =0 in deriving it, which is true only so 
long as r denotes the spatial radius- vector 

We shall see that the eqns (18) and (18a) respectively already contam 
the fact of electron spin First we shall deal with the resolution of eqn 
(17) m terms of (B We write (17) explicitly as 

4 4 

1 1 


In this expression we have twice omitted the term in L involving A 
since A is an ordinary number and hence, certainly, ySA — AjB = 0 In 
(19) the coefficients of all four must individually equal zero So we 
obtain four equations for determining yd 


*2 + = 0\ j8ag - = O'! 

— oci + y3«2 — OL^ = 0 j ^ ' ;S«4 - a^yS = 0 f 


(20b) 
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According to (20b) jB is commutative with ag and This is certainly 
the case if we set 

P = ( 21 ) 

where c is an ordinary number 

By applying the commutative rule (4a) we actually get 

ydag = = - ccl ^( x .^ cx .2 = + caga^ag = otgCaia^ = ag/? 

The first eqn of (20b) is therefore fulfilled by our assumption (21) The 
same holds for the second eqn of (20b) 

If on the other hand we insert eqn (21) in the fiist eqn (20a) we get 

(x,2 + — ca^aia, = 0, 

or, in \iew of (3) and (4a), 

c^2 “ - ccf2'oiL2 — IX.2 — 2ca2 = 0, 

that is, 

= i (21a) 

But the second eqn of (20a) leads to the same value of c , foi by similai 
calculations we get 

- ai + oa^asaj - - ai + ca^aa^ + 

== - ai + 2cai 

We thus have, if we at once generalise’ (21) for arbitrary indices, 
A,, Z = 1, 2, 3, as a possible solution of eqn (17a), 

^ == (22) 

and for the symbol (15), 

Nii = Mjci + -Jajfcaj 

As at the end of § 9, B, we here wish to make a coirection m the definitions 
of N and At by taking up in these definitions the appropriate factor lij^Tri 
From the preceding equation there then arises 

i (23) 


which we supplement with the corresponding equation of definition of 



We now revert to eqn (18a) and apply it to a solution of the eqn 
Ijit ^ On account of the vanishing of the left-hand side (18a) then 
states that, besides w, is also an mtegral of L = 0 From this we 
infer as in § 9, E, that 

= Gu (24) 

or more generally an aggregate of solutions Ux, which satisfy the 

same differential equation L — 0 
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Intioducing polar co-ordinates r, we assume for u (with the usual 
special foim of dependence on the time) the form 


— 

u = E@<I) e ^ 


(25) 


and choose ^ = 1, ? = 2 

We then get [cf eqn (41), § 9, and oui above convention about the 
factoi 72/2-77^ that is to be added] 


^12 


_ h 7)u 


and our equations (23) and (24) state [it is sufficient in this case to use 
eqn (24), that is, the single-termed form of the right hand side] 

h 'bu 1 h 

Thus u satisfies a linear differential equation in <f> with constant co- 
efficients , such an equation is generally integrated means of the 
exponential function Hence we are justified m setting 

O = (26a) 


where, on account of the one- valued character of m must be an integer 

Consequently eqn (26) runs 

- W) - ° 


It determines the value of the constant of integiatiou C Eurthei it 
tells us that C has the significance of an areal constant, that is, of the 
moment of momentum for the z axis (the axis ^ = 0) This moment of 
momentum has not, as in the eailier theoi^, the \alue hut is sup 

pleme7ited hy a moment of Tnomentum of the amount 

1 A 

2 27r’ 


whzch we must vnterpret as electrooi spin The tactoi — in (27) is, as 
we have already remarked in connexion with eqn (11a), a soit of direction 
cosine, namely the cosine of the inclination of the magnetic axis of the 
electron to the 0 -axis We may therefore say the inclination of the 
electron spin coincides with the inclination of the magnetic axis But wheieas 
the value of the magnetic moment is that of a complete magneton, the 
mechanical moment is equal to only half the quantum unit hj^ir of the 
moment of mornentum 

In this way the hypothesis of Goudsmit and Uhlenbeck is derived as 
regards not only its magnetic but also its mechanical moment in a purely 
formal way, without our havmg had to base our argument on an arbitrary 
model concerning the structure or the motion of the electron So this 
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conditions (3), that is, == = 1, are of no account here since they 

allow themselves to be fulfilled afterwards by normalising the two opera- 
tions (addition of a scalar factoi to each), without the condition (37) 
bemg affected 

We choose and €2 reflections, as the reflection at an axis for 
which we may take the rr^-axis, €2 the reflection at an axis A 2 , which 
we shall suppose forms the angle y with A^ (cf Pig 30b) transforms 
any arbitrarily taken point P into P^, eg transforms the same pomt into Pg 
Let the point P^g correspond similarly to the combined operation (first 
eg and then e;^)^ and the point P 21 to the combination We write down 

the angles at which these pomts he, eountmg from the rr^-axis and assum- 
ing that <j> IS the angle coriespondmg to the initial point P 

p Pi P12 P21 

^ ^ -t- 2(y — <^) — ^ — 2(y — <^) — <j£> 4- 2(y 4 - <^) 

The condition (37) is equivalent to the condition that the pomts Pjg and 
5^21 should lie diametrically with respect to each other, that is, then 
angles are to differ by tt This means that 

— cfi 2(y 4“ <^) -i- 4“ 2(y — <jS) = 4y = di tt 

Thus the axes A^ ayid Ag must form an angle of 46® with each other Our 
result IS unique except for a common rotation of the axes in their plane 
and irrespective of which of the two we call A^ or Ag The conditions 
= € 2 ^ ==s 1 are cleaily also fulfilled m oui reflections, so that in this 
case it is unnecessary to add particulai normalismg factors 

Our result recalls the characters of symmetry in crystallography 
When we speak of a “ two-dimensional cubic ^ crystal, that is, of a 
square, its elements of symmetry are reflection at the sides and reflection 
at the diagonals 

We next write down the Ivnear transformations that correspond to the 
operations and cg Let be the co-ordinates of the initial point P, 

and x^ and xf those of the transformed point P^ or Pg lespectively We 
clearly ha\e the following, expressed in the usual diagrammatic way^ 




a?2 

r 

1 


^2 


1 

0 

‘ij ^1' 

0 

1 


0 

- 1 

L ®2 

1 

0 


Which scheme corresponds to the order and which to For the 

sake of generality we first investigate this for the general transformations 




a ?2 


r 


^2 

®i' 

<hi 


B- 

i O' f 

I ^ 

&11 

^12 


0-22 


L 

&21 

^22 


To form AB we therefore apply the operation A to the pomt xfxf which 
has already been transformed by B, and we obtam a pomt xf\ 
namely 
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“ ^11^1 ^12^2 “ + ^ 12 ^ 2 ) + ^ 12 (^ 21^1 + ^ 22 ^ 2 ) 

= (^11^11 + ^12^21)^1 (^11^12 *t- %2^22)®2 

= ^210:3^ + ^5^22^2 ” <^21(^11^1 + ^12^2) + ^22(^21^1 + ^22^2) 

= (^t2i5ii + <3.22^21)^1 + (^21^12 + ^22^22)^2 
The result is the “ multiplication of matrices ** defined on p 31, but 
here taken over from schemes of an infinite number of teims and ap- 
plied to quadratic schemes Thus the “ composite matrix ’* AB is formed 
according to the rule a row of A multiplied by a column of B and is 
lepresented by the scheme (Jc — 1, 2) 


r 

1 

1 ^1 

X 2 

AB-^ x," 

! X " 

^(hh^hi 



Applied to our operations and €3 J^tile ob\ lously gives, if e lea-v e 
out the variables x from now on, 



0 1 

1 0 - 1 

€1^2 == 

- 1 0 

= 1 1 0 


as eqn (37) demands and as we have already established m connexion 
with Fig 30b 

In addition to the two fundamental operations Cj, €3 we take the 
operation €-^€2 derived from them, after having noimalised it preciseK 
like €1 and €3 Thus we set 

«3 = ^^ 1^2 

and determine c from the condition € 3 ^ = 1 This clearly gives c-= — 1 , 
c = ^, for on account of (37) we have 

«i«2€i^2 == “ = - 1 

Thus our three operations, with this normalisation of €3 and in view of 
(38), run, 

0 1 

They not only fulfil the condition ef = 1 , but also for every pair of mdices 
k, I they also fulfil the condition 

€*€z = - €z€jfc (39a) 

This is shown either by working out the corresponding matrices or 
more simply on the basis of the definition of €3 by the following equations 

/ ^1^3 = = + ^€ 2 , 

Vs^l = ^«i€ 2 €i = - = - ^€2y 

JCgCg == ^€2 ^i€2 = ” 

\c 3^2 “ “ d* ^€2 

It IS mterestmg also to consider the quantities normalised to — 1, 
although they differ from those normalis^ to + 1 only unessentially, 


1 

0 


0 1 

0 

- 1 

j ^2 “ 

1 0 
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namely by the factoi % We call them Sj §2 ^3 have 


= 


ij ^2 — 


0 ^ 
i 0 


,83 — '163 — 


0-1 
1 0 


( 40 ) 


lO - 

Like the e’s the^ also behave anti-commutatively But the followmg 
cyclic relationships also hold bet^ een them 




(41) 


We lecognise this from the relationships between the 8 *s and €*s 

3 ]^ 67 = ^ ~ ^^3 ” ^3» 

§2 S3 = “ '^^l ~ ^1> 

^ 3 ^^^ ^2 

Consequently the S’s become identical with the units z, j, k oi the theory 
of quaternions introduced by Hamilton (the double use of ^ as a quaternion 
unit and as the imaginaiv root of — 1 is unavoidable heie) Actually, the 
quaternion units are defined bj Hamilton by the relations 


y ^ h ^ = J. 


which are eqm\alent to (41) , to these theie are added the normalising 
conditions = -1 and the commutation rules zj == - etc , 

m complete agreement with our rules of calculation for the S’s 

The quaternion units and likewise oui quantities B foim, when supple- 
mented the leal unit ± 1 , a closed group of foui elements which 
reproduces itself aftei aibitraiy multiphcations among its elements , it 
forms a four-group ” In the case of oui c’s this holds only when they 
are extended not only by the real units but also by the imaginary units 
± i, on account of then different normalisation 

The quaternion units have already been intioduced into the theory of 
elections by Pauli Linking up with this, Dnac elaboiated Pauli’s two 
dimensional matrices to four-dim ensional matrices We shall letuin to 
this point later Foi the present oui two-dimensional matrices, which 
are due to Pauli, are sufficient 

Our matrices c are Hermitean in chaiacter [that is, are conjugate 
imagmaries with respect to the prmcipal diagonal, of 63 in (39)] It is 
interesting to note that in the region of three variables a;^, X 2 , matrices 
of this character, which are at the same time anti- commutative, cannot 
exist * The existence of four-dimensional matrices and the fact that they 
can be reduced to our two-dimensional matrices is clearly due to the 
circumstance that 4 — 22 


P iTitegration in Angular Go-ordmates 
We can put our law of areas to still further use than we have already 
done in section C As mentioned in § 9, B, the moment operator can 
be repeated We are now dealmg with the operator N, eqn (23), which 

* i am indebted to my colleague Dr S Bochner for the proof of this 
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by (18a) and (24) is an integral of the eqn L = 0, and not with the 
original operator M Thus we form 

N2 = + N|3 + N|i (42) 

then the eqn N^L == LN\ analogous to (18a), also holds for , so, if u 
IS a solution of L = 0, is also a solution of the same equation, 

whence the following relation, analogous to (24), follows 

= Dio (43) 

D IS a new “imtegiation constant,*’ which we shall soon find is 
/ h\^ 

^(j 4- 1) \^j » where j is half -integral and corresponds precisely to the 

total momentum of the motion used earlier In the sense of § 9, p 254, 
corresponds to our earlier L, but, in contrast to N**, is not con- 
stant,” a fact we indicated on p 96 

On account of (23) and after reduction, (42) runs 

3n 


+ 


\27rt 


) (- - I) 


(43a) 


Here we have used the equation of definition (34) of X and the 
equation that follows from the rules of commutation, namely 

{ockOf-iY = oc&aja&az 

Hence eqn (43) assumes the form 


-1 

(44) 

1) - = 0 

(45) 


In X the products ag, (x,^, occur We shall shov that they 

can be allocated to our three quaternron quantities 8 It is evident that 
they correspond to them in their general properties, for, like the latter, 
they are anti-commutative in pairs and are normalised to - 1 [cf (44)] 
The way in which this allocation is effected in detail is as follows 

Calculating with matrices of two rows means in the first place that 
we have to consider not one unknown function u but a pcovr of functions 
u^, U 2 j which take the place of the pair of variables Thus, by 

eqn (40), B^u, for example, corresponding to the first or second row of 
this matrix, signifies 

r® + 0 “2 = 

OiU = -{ 

\Jj -- l U2 = — IU 2 


Linkmg up with (25) and (26a) we assume the two functions to 

be of the form 
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Like X so eqn (45) is to be wiitten in two lows After the factor 
^viiYi 4 y oi respectively, and the dependence on time have been 

cancelled, it runs 

+ %{m + 1) cot 6 E 2®2 + ^^ 2 “^ = 0 1 


A2E2®2 - im cob d Ej®! -f ^Ej-^ = 0 


with the tempoiary abbieviations 

A. = ) V 


(M2 - D) - m - I 


_ D) + m + 1 - 


Here the dependence on 0 must also cancel out, if these equations are to 
hold simultaneously for all values of 0 This is the case if m the first 
and second equation the factors of and ^E^ become propoitional to 
®^ and ® 2 , respectively, and if, besides, the two factois A^ and A^ 
become independent of 6 The first condition demands that 

(m -f 1) cot 6 @0 + = a®i 

^ d®, 

- m cot ^ ®i + -g— = 

in which the two factors of proportionality a and b here intioduced are 
constants Elimination of ®2 from (52) gives for ®^ the difieiential 
equation 


+ cot d ^ + ^m(w + 1) - a6 


®i = 0 


By eqn (lb) on p 8 this is the differential equation of the spheiical 
harmonic 

(cos 6) (52a) 

if we make 

^ 1(^1 + 1) == w(m -t- 1) - a6 (53a) 

In the same way the elimination of 6^ fiom (52) gives 

d ^®2 2. n f f 7- (m + 1)^\ - ^ 

-W + + 1 ) - = 0 , 

that IS, again, the differential equation of a spherical harmonic, namely of 

+ i (cos 0) (52b) 


where now 


h^2 + 1) — ^(w + 1) - a5 


The assumption (52a, b) of a spherical harmonic form for ®]^, ® 2 , how- 
ever, also satisfy the other condition that we made for allowing the eqn 
(51) to be fulfilled, namely the constancy of the factors Aj^, A^ For 

VOL II — 18 
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denotes pieciseh the diffeiential expiession of the spherical haimonic 
functions [eqn (43a) in ^ 9], so that on account of (52a, b) we get m the 
fiist and second eqn (51), ies]iecti\ely (note the factoi hj^Tn in the piesent 
definition of M), 


= - Ul, + 1), = - Uh + 1) - D' - m - I 

+ 1), A, = - Uh + 1) - D' + m + 1 - 
We have heie used the abbieviation 


D' 



3 

4 

j 


(54) 


(54a) 


Fiona (53a, b) it follows immediately that 

h{h d-l) = h{h + 1) 

and hence eithei Z, = or Z2 = — (Z^ + 1) But since the Z s, bemg 
piopei values of the spheiical harmonic problem, are necessaiily positive 
we must exclude the second choice, so we may wiite 

Zj^ = Z2 = Z (o4bj 

From (53a, b) we then also get 

ah = mipi 4- 1) - Z(Z + 1) (54c) 

But, by (52), a and h are also deteimmed individually, namely 

& = - 1, a = Z(Z 4- 1) - rti{m 4. 1) = (Z - m){l 4- 4- 1) (54d) 

It then follows fiom (51) by eliminating the B^’s and ’£ 12 ^ taking into 
account (52) that 


0 - 



^a 

A. 


= A2 4- ab 


If we substitute foi A^, A2, Z^, I 2 and ah from (54) and (54 b, c), then a 
quadratic equation for D' results which, using the abbieviation, 

f - Z(Z 4- 1) 4- f + D' 


ve may wiite 

^ = lil + 1) or (f - iy = (Z 4 - i )2 01 ^ = i ± (Z + i) 
Aceoidingh , 

D' - i ± (Z 4- iJ - /{Z 4- 1) - T = ± a + i) - + V)2 (55) 

D' may also be written in the foim 


T>’_ f - a + iKi- i).\ 

correspondmg to the positive or negative sign in (55) So if we set 
Z q: i = y = orbital moment of momentum 4- electron spin 


= total moment of momentum 
then I>' assumes the form 


(56a) 
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Fiom this it follows by (54a) that 

and by (43) that 

N = ^/i(7TT)^ 

Thus we again find heie the chaiacteiistically replaced b^ + 1) 
and we also see how the quantum number j is not introduced by a special 
hypothesis but arises spontaneously out of the stiuctuie of the equation 
L = 0 and its integral 

To the two values of D' in (55) there correspond two valties of our 
operator X For if we apply eqn (45) to one of the two solutions or 
U 2 , then we certainly get 

= - l{l+ l)u 

and eqn (45) gives 

[- Z(Z + 1) + X - I - T)']u = 0 
It therefore follows that 

Xw = [Z(l + 1) + I + D ]ii = [{I + J.)’ + ^ + D']it 

- ± (Z + i)]« 

So we have for both functions u 

eithei == (Z + T)u or Hu = - lu (56) 

This circumstance is the first indication that our pair of functions, 
that IS, our two-dimensional scheme of matrices is not sufficient The 
double value of X shows that there are not two but twice two functions 
{n^, U 2 , 243 , u^) that are coupled with each other 

We next complete the representation of our functions U 2 so far 
used and then supplement them by the functions u^, yet to be intro- 
duced If we disregarded the time-factor that is common to all the ^ 4 ’s, 
we should have, according to (46), (48a), (52a, b) and (54b), 

= B^pr (cos 6)8^^^, U 2 = E^pr"^^ (cos + 

Between B^ and B^, however, there still exists the relationship expressed, 
for example, in the first row of (51) In view of (52) it states that 

AiBi -f- mB^ = 0 (57) 

in which, on account of (54) and (55) 

= - m - i T (I + i) (57a) 

From the law of areas our value D' m (55) followed, which, bemg a 
true integration constant, must be common to all solutions Thus the 
double sign m (55) does not signify that there are two values of I>' but 
rather that there are two different possibilities for the allocation of Z to T>', 
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If according to definition we lelate the upper sign in A^, D' to 
the lower* to ^3, W4, we ha\e 

_ + I + j ) ^ 


and as expressions for 21 ^, U 2 

= E^PJ" (cos 


m 4- 1 


(cos + 1)4- 


( 58 ) 


The coiiesponding substitution for 21 ^^ luns 

'^^3 = EgP^ (cos 21 ^ = (cos + ^59) 

In this we have alreadjr used the fact that the new numbei s Z', w! must 
agree with the consequences (48a) and (54b) deduced from the law of 
areas 

Having chosen the upper sign in (55) for Z and the lower sign 

belongs to V and 21 ^ So we conclude from (55) that 

+ (2 + i) ~ (Z + i)2 = - (Z' + i) - {V + i)2 
and this is equivalent to 

(Z' + 1)^ = ¥ 

On account of the positive chaiactei of Z and V it follows fiom this uniquely 
that 

Z' = Z - 1 (60) 

There further results from (60) the lestriction 

Z 4: 0 (60a) 

as otherwise V would become negative 

Prom the allocation of the signs in (55) to and Z on the one 

hand, and and V on the other, it further follows that in (56), too, 


the first value is to be allocated to -W2, Z, the second to 
Accordingly , eqn (56) now runs 


and 


X?6 = (Z + 1)^^ for u = Uy 


U-, 


X'ZA = — Z't^ = (— Z 4- l)u for 21 = 21 ^ 

By means of the matrix of four ro 2 vs 


€ — i 


0 0 

1 0 

0-1 

0 0 


0 

0 

0 

- 1 


we compress the two cases mto the smgle form 

=={ 14 - d)u 


W4, V 

(56a) 

(56b) 

(56c) 

(61) 


* The fact that we may not take the same sign for Wj, and in A^, D' (that 

IS the upper or the lower sign for each of «5, simultaneously) follows from the 

fact that otherwise, by ( 55 ), ti,, would acquire the same I value (in the sphen 

cal harmomc function), and that would mean that MHi = const u would be true with 
the s am e constant for all tt*s — which is impossible For cannot be an integral of 
Xi =s 0, since (M^Xi — LM®) t4 4= 0 (cf. sub section 0) 
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Like D' or D the quantity G introduced in (24) is also a true integra- 
tion constant of the problem, which must have the same value for 
as for Hence (48) shows directly that 

m' ^ m 


To make oui assumption (59) quite precise we must use eqn (57) with 
Eg, E 4 in place of R^, E .2 lower sign of in (57a), Z being 

replaced by Z' = Z — 1 In this way we obtain 

s* = 

^ Z + m 

and finally 

1 (cos 0) 

e^(™+ ixf 



But eqns (58) and (62) do not exhaust all the possibilities of integra- 
tion In eqn (57a) we could have carried the lowei sign of o\er to 
Uj^, Uj The values of then simply change places with those of 

Wg, W 4 , in this piocess it is, of course, permissible to call the radial com- 
ponent of and E^ and Eg, respectively, as before We shall '^rite 
down the solutions that result in this way 


i 


= RiPfL 1 


— .J J.UO 7 

I — m ^ ^ 


E^Pr'*'^ e^C’n + l)0 1 
J 


Further, we then have 


(58a) 

(62a) 


X-M = ( — Z -f- l)u for ti == u^, ii>, 

X.U = (Z 4- 1 )U for 21 = 7 ^ 3 , 

that IS, X.U = (1 - d) 2 C 


(61a) 


with the same matrix e as in eqn (56c) Thus the two systems of 
solutions differ in X only in the sign of Z, as we recognise by comparing 
(61a) with ( '>!) For Z the relation 


again holds 


14^0, 


G Determination of the Matrices cck with Four Bows 

We first show that must be equal to our matrix c of eqn (56c) 

This follows from the fact that (X - 1)^^ is, with u, an integral of our 
equation L = 0, or, expressed otherwise, that 

- l)u — ¥u 


(63) 
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If we sum it up over all three pans of indices h,! = 1, 2, j = 3 , ^ = 2, 3, 

j — and Z = 3, 1, ^ =2 we get 

20C^(0Cj(Xo0C2i53^Mj2 d" Cy2^3®^1^1^^23 ”1” OC20C20t2‘^2^^3l) 

= + ^1^22 + i32^4l) 

and it can easily be verified that this last contribution 'vanishes, because 
Mi 2 + M 23 + becomes equal to zero Hence eqn ( 66 ) is 

pioved 

Having found in (65) the meaning of (a 4 ) we can now also determine 
0 ^ 1 , ^ 2 ^ 1 elation 

ajfce = - ea*, ^ = 1 , 2, 3, 

which follows directly from our postulate (4) serves as oui starting-point 

-^14 I 


■^44 


If we assume in general that 

Axi 

at = I 


A. 


12 


then we get on account of (56c) [by the rule rows multiplied by columns 
of p 267, applied to our four-row matrices], 


An 

Au 

“ A23 

<1 

1 

A21 

■^22 

~ A23 

-A, 4 

A31 

A37 

~ A33 

“ A34 

Aa 

A42 

A43 

- A44 

- A„ 

“ Ai2 

- A,. 

- Ax4 

<1 

1 

— A22 

“ A23 

— A34 

A31 

A32 

A3 3 

A34 

A41 

A42 

A43 

A44 


From this it follows that in the scheme of all three a* s only the light 
upper and left lower half squares are occupied, the other half-squares are 
zeros The a^’s are therefore once again reducible to matrices with two 
rows, which, for a^, we shall call a and a\ for 0 L 2 , b and b', for cc^, c and c' 



(67) 


Besides the a, c\ the zeros here also denote schemes of two lows 
The condition 1 = = 

here denotes that we must have 


cbo! 0 1 
0 a*a I 


oor' = ala = 1 (= diagonal matrix) 


Like'wise we must have 

W = Vh = 1, GO* = = 1 


( 68 a) 
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We finally foim ai, oii by means of (67) and compare the result of the 
multiplication with the expression (47), (49) in section F 




= |Si 


0 

Si 


Uq 

= 0® 



82 0 

, agai == 

0 §2 


(69) 


Wntten in this form with foui rows (the S*s as well as the zeros are 
matiices with two rows) this expression states, in agreement wuth our 
conclusions in F, that it holds foi the pan of variables U 2 just as much 
as for On the other hand, it follows from (67) that 

\a¥ 0 \ \ he' 0 . 

~ 0 a’b \’ “ 2 “® ~ 1 0 h'c 

A comparison of the two values of gives 

ah' = a'b = 

Multiplication by a and a, respectively, gives, by (68), 

b = aSj, h' = a\ (69b) 

and multiphmg according to (68a), ha\ing regaid to the normalisation 

=s - 1 we ha\e 

1 = Sj = - aS^a' 

^ aSj (70) 

At the same time we have 

Sj^a = — Sj^b = — Sj^b' = — b'S^^ (70a) 

Put, taking (40) into account, we calculate that 


] 

j ^ 0 , 

^11 ^12 1 


««ii 



1 

0 

^21 


— ^(l2i 

— ^^22 


1 ^11 

®12 1 

- 4 0 


— 



®22 ' 

0 4 


^(^21 

^^22 


Hence, on account of (70), 


Likewise from (70a) 


^11 — ^22 — ^ 


(71) 

^■>2 ^11 ^22 ^11 ^ ^22 ^ C*^l^) 

Thus at present two elements remain in each of the matrices a, a , 
6, b ' , but by (68) these are alternately reciprocal, 

^12^21 = 1» ^31^12' = 1 ( 72 ) 

Likewise, by (68a), 

^ 12^21 = 1, ^ 21^12 = 1 (72a) 

and by (69b) 


^12 '^12» ^21 — ^2l» ^12 — ^12 > ^21 — ^21 

Becapitulatiiig, we have, if we set 012 = <*21 = S 

0 P I a' ° ^^2 1 

e 0 r 1/p 0 1 

0 - *p [ r- ^ 0 - t/q 

*2 0 i ’ tip Q 


a = 


( 73 ) 
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So far we have made use of only the first of the relations (69) The 
second gives hd = Vc = S3 and hence, on account of (68a) and (40) 


^ %q 0 

1 

O 

1 

0 “ 

- 'bp 0 

0 - 'iq 

<= = ,/p 0 

0 

1 

1 

O M 

II 

o 

1 

1 

But (68a) also makes 




cd = 1 

- piq 
0 

0 1 
- <ib 1 

= 1 

and this means that 

3 = 

- p 





i 




(73a) 


(74) 


The value of p remains undetermmed, for we see immediately that 
the following expressions for the a’s, which result from (67), (73) and 
(73a) 

0 0 Op 000— 

_0 0 -pO „_0 0-*p0 

1 0 - 1/p 0 0 ’ ^ ~ 0 Ijp 0 0 

1/p 0 0 0 i/p 0 0 0 ; 

0 0 ^ ^p 0 

_ 0 0 0 

ijp 0 Q 0 

0 - -i/p 0 0 j 


together with oui expression for satisfy the initial postulates (3) and (4) 
for the a's foi arbitrary values of p Accordingly it is not necessary to 
treat the further conditions contained m the eqns (69), as these must he 
fulfilled of themselves 

In the next section we shall require besides the a’s also the pro- 
ducts ae 


0 0 0 - p 

_ 0 0 p 0 

~ 0 - 1/p 0 0 ’ 

1/p 0 0 0 

0 0 0 
_ 0 0 0 — %p 

~ zip 0 0 0 

0 — -a/p 0 0 


0 0 0 tp ' 

_ 0 0 ip 0 

•2' ~ 0 zip 0 0 

^|'p 0 0 0 

^ h (76) 


J 


Here we should apply a remark about the behaviour of the a’s m 
Lorentz-Einstem transformations By their definitions as matrices with 
four rows the a*s transform m an orthogonal substitution like four- vectors 
The O’s do the same, by p 102 But the exact proof of the invariance 
of %<x.icQk m eqn (5) requires further consideration, which we must omit 
here 
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H The Radial T) Equations of the Kepler Problem 

We revert to eqn (36), first dealing with the equations that belong to 
the system of solutions (o8), (61) and (62), which we shall call I for 
short , we shall then call eqns (58a), (61a) and (62a) system II 

Substituting for y from (29) and fot X fiom (61), we get for eqn (36) 

i “vG? + ^ 

1 

For Xk we write 

r sin 6 cos — r sin $ sin ^ r cos 6 

We get ajb and oci€ out of (75) and (76), from the first row of the cor- 
responding matrices So we obtain as the first term of (77) 

^3 sm e cos ^ - W sin 0 sm ^ 

- W cos « 

or, with terms con-veniently collected, 

/b.l — Z\, ^ 


sm 0 u. -- i cos 6 


(77, 1) 


We obtain corresponding results for the subsequent rows 

- i>(^ + - ~ -^{3in ^ e + “^ Wj - i cos 0 u^} (77, 2) 

“ \Qr 5 e “ **^2 - * cos e Ml} (77, 3) 

1(1^ + - icos du^ (77, 4) 

We write down the first of the equations bracketed in (77) after 
substituting and from (62), and from (58) in (77, 1), and taking 
(65) into consideration, 

p(^~ + + (cos 9) 

- t cos 0 Eg e«™^ P]"_ ^ (cos 9)1 j- (78) 

“ S' C+ (E - V) - Bo]Ei P™(cos 9) 

We see that the dependence on drops out , the same is the case 
for & Hence eqn (78) may be written, as an easy calculation shows, 

+ (B - V) - Bo]E, (79, 1) 


1 - l \ 
KTyr r J 


rC+ (B - V) - Bo]E, 


(79, 1) 


* To prove this, use the well hnown formulae 

by successive diSerentiatiou we get correspondmg formulae for the associated, functions 
It IS convenient to transform from Bg aud to B 4 and. Bg by meatns of the relations 
given m (58) and (62) 



283 


§ 10 Concerning the Nature of the Electron 


The second row of (77) gives exactly the same result We shall not pro\e 
this, as it is not difficult and is of no mteiest For the thud row we get 


^p\7)r r J 


;C± (E - V) - B,]E, 


(79, 3) 


^p\7)r ^ r ~ he ^ ^ ' 

The fourth row again gives the same result as the third 

If we now consider the case of the system II, m (36) only X changes, 
and in X we simply replace + Z by — Z, according to the remark on eqn 
(61a) Accordingly eqns 77, 1 to 4, remain unaltered except for the 
substitution of q: Z by ± Z respectively in the operator 

£)r r ’ 

for the calculation of the matrices oc^, a^, cx.^ is quite independent of the 
choice of the systems I or II 

We then get for the first and second row of eqn (77) 


;[± (E - V) - Bo]B^ (80, 3) 


•p(|; + ^‘)e. - ijt=F (B - V) - E JE. (80, 1) 

and for the third and fourth low 

m - r '* 

We see at once that the eqns (79, 1, 3) transform into the eqns 
(80, 1, 3), if we replace Z by - Z and conversely We ma\ combine 
the two pairs of equations into one by setting,^ 

= ± Z, fc = ± 1, ± 2, ± 3, 

For then we have 

•J>(s + - kC- (E - V) - b je, . I 

kii * J 

For 'ip we introduce the abbreviation 

vp = g (^2) 




J The Formula for the Fine-Structure 

The first step towards integration consists, as always, in investigating 
the asymptotic behaviour So, in (81), we strike out all terms with 

* The symbol & is to call to memory the quantum number ?c of older theory and, 
in common with it, has the property that fc = 0 must be cKciuded, cf eqn ^ 

our present nomenclature the S term is gwen by 7c = 1 (of p 28^ just ^ ^ 
quantum theory But our present h differs from our earher k m being able to assume 
the values of negative integers besides positive integers Dirac ^ 
letter y (hkewise with the double sign) This letter does not seem to us a 

as 3 must be reserved later for the mner quantum number, 

with We have already usedy in this sense on pp 269 and 272 Our nomencla re 
agrees with that of G G Darwin, Proc Boy Soo , 118, 654 (1928) 
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1/r, which also include V, and obtain 

We here make the assumption, which is chaiacteristic for linear differ- 
ential equations with constant coeflS.cients 

E2 = Ai0 - = A^e - (83) 

and we find as the equations of condition 

- ® 

g_ 

- ® 

From this it follows, with the assumption E<;Eq (line-spectium) and 
With the choice of the correct (positive) sign of the root 


27- - 

A. = + ^ - E-! 


(83a) 


As earlier in the Kepler problem we use as the independent variable 

p = 2X? 

and supplement the asymptotic assumption (83) to an exact expression 
by introducing as independent variables two functions Vj and V 2 of p 
(dashes denote differential quotients with lespect to p) 

Eg = ve “ E4 = V 2 e ” 
dE, 
dr 


dE^ 

dr 


= 2x(^j/ - 


(84) 


Eqns (81), after division by 2 V and omission of the factor e ~ ’’1% then give 

ir. , . / l + l IN "1 «Z^l±E-Eo\ N 

SrL ^ \ p 2)^1] (- p 2 JEo-* - EV^^ I 


r , /I - k 1\ 1 / aZ ,1 + E - Efl \ 

® N P “ (■*■ p 2 ,^Eo2 - EV^^ 


(85) 


For V we have substituted the expression — Yx^jr which is characteristic 
of the Kepler problem, so that 

aZ 
r 

(a = the fine-structure constant) 


__ Z 

he ^ he r 


Passing on to investigate the origm we set 

®i = pr 2 a,p', = pY ^ b,pv 
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with the same exponent y but with different coefficiencs y is de- 

termined by comparing in (85) the coefficient of p'i"" ^ on both sides 

+ 1 + h)aQ = ± g{y + 1 - Jc)bQ = + aZa^ 

By multiplying these equations togethei teim by term drop out and 

theie IS left 


(y + 1)2 - = _ a2Z3, 

fiom which, if the sign of the root is correctly chosen (positive), we get 

y = - 1 4- VF- a2Z2 (86) 

We next calculate the recurrence formula for the b^s by equating 
the coefficients of the power pY + on both sides of eqns (85) 

We temporarilv introduce the abbreviations 

+ E - 






(87) 


VBo2 _ E^’ ^/Eo^ - E-* 

and take the terms with a„ + 1 , 5, + 1 over to the left, those with a^, b, oiei 
to the right 

(v+l + y+ l + + 1 + /i^O ] 


^\9 
1 , 


( 88 ) 


(v+l + y+1- &)&„ + ! g ± aZa, + i = ^{byg + f^Ov) 

We see at once that the determinant of the a^’s, b,’s on the right-hand 
side IS equal to zero 

Vg fi\ 


h 9 


= 1 — 1 = 0, on account of /i/, = 1, 


wheieas the determinant of the is 7iot equal to zero If, 

then, we determine the a/s, &„ s so that the iight-hand sides become 
equal to zero, then the a^j^. I’s, by^iS necessarily vanish, and likewise all 
the subsequent coefficients Our recurrence formula is broken off at a 
certain point The condition for this break {polynomial condition) is, 
therefore, 

(89) 


b ~ 

Uy 


To determine the ratio ayjby in a second way we proceed as follows 
In (88) we replace v 4- 1 by v and multiply the first of the resulting 


* It IS to be observed that y becomes negative for A, = ± 1 (the S term or, cf the 
table on p 288, the P^/g term), although only very shghtly so if Z is not too great, 
namely of the order — (x.*Z^I2 Prom this it follows that the radial component B. of 
the proper functions for n ^ 0 becomes infimte, contrary to our “ boundary condition,’* 
which requires the proper functions to be continuous without exception We have 
already made the same remark in § 9, Chap I, p 115 But we there hmted in a foot 
note at a wider formulation of the boundary conditions which would remove this 
difficulty It runs mstead of requiring the proper functions to be continuous without 
exception, we postulate that it is to be integrable quadratically, which is already 
demanded m the condition of normahsation j^*dr = 1 In our case this more com 
prehensive condition is obviously fulfilled for all values that actually occur m the 



286 


Chapter II Perturbations Diffraction Problems 


equations by g, the second by The iight-hand sides then become 
equal, and so also the left-hand sides We have 

(v y -f 1 + t)a„ + a.Zbyg = gfi(y + y -h 1 - l)by ±f-i(xZay 
Fiom this it follows that 

-t y + 1 - A.) ± (xZg 

by v-}-y+l + A: + /jOiZ ' ' 

This holds for every index v If the recunenee is to cease toi a given v, 
saj for V = «r, then by (89) and (90) we must set 

oiZ 

— {7tr — + =72ry-f-7+l + A;q: /iClZ, 

'1 

and hence, with the value (86) for y, we have, collecting teims, that 

= ± ^(/i - ^) (91) 

Ttr IS the common degree of the polynomial components of and that 
lesult in this way Accordmg to the meaning of we have 

* " 7 ) “ ° {( b ) " 

Thus eqn (91) states that 


m- 


1 = 




1 + 


(Wr+ ^/&^ - 


(92) 


(«r+ 

Tins IS tlie fiize-structiire formula (27) of I, p 417, with slight diffeiences 
of nomenclature It has been derived simultaneously by W Gordon* 
and C G Darwin t from Dirac’s theory of the electron 

The mconsistencies in the wave-mechamcal tieatment in ^ 9, Chap I, 
have now been removed Compared with the oldei theory m I, Chap 6, 
this shows an advance in that ezery Urm~l&uel coimted twice^ on 
account of the double sign of h, except the highest level, for each gwen 
principal quantum number, just as Fig 11 demands 

We prove this as follows The principal quantum number n is now 
determined as a quantum sum by 

« = + 1^1 (93) 

corresponding to the denominator of the term formula (92) foi a = 0, m 
which the root sign, according to the definition of y m (86), is to be taken 
as positive and hence becomes ] h | for a =* 0 The term level of highest 
energy is that for which = 0 , it corresponds to the circular orbits of 
the older theory By (93) [ h j would = n, that is A; = ± n for this level 
We easily convmce ourselves that only h — + n is permissible, namely 
when we choose = -f c [see eqru (65)], or else only Tc — — if is 
to equal — c 

*Zeitschr L Phys , 4& 11 (1928) 


t Cf the reference in Note p 283 
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This has its origin in the particular position occupied by the case 
7 ir = 0 in the recurrence formula Poi 7ir = 0 the components of the 
polynomial in V 2 become of zeio degiee, that is equal to or re- 
spectively Instead of the recuirence-foimula (88) we then have to satisf;y 
the two equations 

(y + 1 + k)ao/g + aZ5o = O'] 

(y + 1 - k)bag ± ocZoo = Oj 

for ao, 60 

In addition we have for v = ?ir = 0, by (89), 


= - 9fi 


(95) 


Our determination of y in (86) ensured the vanishing of the determinant 
of the aQ*s, b^s in (94) So we get from (94) and (95) 


= + 


ccZg 


0 y ■+■ 1 “I" & 


- 9fv 


and so, taking into account (86) and (87) 


olZ “ E + Eq 

s/r- - 4- h ^ n/Eo^ - E2 


If we now choose + €, then the upper ^ the posiUie of the two preced- 
ing values applies But then the left-hand is positive only if > 0 
Hence necessarily follows from this that k = + n For = - € it would 
in the same way follow that ^ < 0, that is k - n In each case the 
highest level {ur = 0, circular orbit) is simple, as was asserted 

We shall now show how in definite instances the quantum numbeis 
are to be allocated to the different levels Let us choose n = B By 
(93) I k I then has the values 1, 2, 3, whereas at the same time nr be 
comes equal to 2, 1, 0 From the definition of k we have k — ±l with 
Z = 1, 2, 3 But this I is by no means identical with the “azimuthal 

quantum ” Z of Schrodinger’s theory (^ 7, Chap I) To distinguish be 
tween these two numbers we shall now write h for the I of this section 
We find the connexion between h and I by going to the limit c = oo 
in the differential equations (85) of our problem These solutions must 
then agiee with those of Schrodinger’s non-relativistic equation We set 
a 4 = + e then the highest level belongs to fe = n, the lower levels to 
^ = ± {n — 1), ± (tZt — 2) On account of ~ -h € the upper sign 

is to be used m all the equations of this and the preceding section If 
we let c 00 , we must get from (81) Schrodinger’s differential equation 
of the Kepler problem By eliminating Eg from eqn (81) we arrive at 
the relation * 


V 


E 


E 

TB 
E 


(96) 


(<>r^ r br 
* Bj vamsh.es for c 


-> 00 , as IS easily seen by considering eqn ( 81 ) 


( 97 ) 
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where E has been set equal to W [of also eqn (dOa), p 112] It 

agrees except for unessential differences m nomenclature with eqn (3) of 
p 60, if we make 

Z(Z + 1) = - 1) (98) 

Consequently I = k — 1 oi = — Ar, and on account ot the positive char- 
acter of I we have foi A: 0 

l = k- l=^h-l (99a) 

and for h <CQ 

Z = - A; = 1 A: 1 = (99b) 

The corresponding j -values (innei quantum numbers) come out accordmg 
to eqn (55a) of p 272 for A; > 0, that is, for the system I as 

^=Z + ^ = &- l + ^ (100a) 

We have here to observe that eqns (97) and (98) refer to and so to 
W4 and hence to the lower sign of eqn (55a) Thus j becomes equal 
feo ■§., for & — 3, 2, 1 On the other hand, A; < 0 gives 

(lOOb) 

since for A; < 0 system II holds, and we must reverse the sign in (55a) [cf 
the arguments on pp 274 and 275], and then again use the sign corie- 
sponding to 2A3, in (55a) Thus we have J A; = - 2, — 1 

The complete allocation of quantum numbers and levels is given in 
our case, 71 = 3, by the followmg scheme 


n j 


1*1 

h 

1 

Term 

J 


0 

3 


3 

2 1- 

D 

f % 

3 j 

1 

2 

{ 

- 2 
-h 2 

2 / 

1 \ 

p 

i ’2 

J “/2 

1 

2 

1 

{ 

- 1 

H- 1 

1 / 

0 

S j 

V» 


The levels with d%ffermt 1 A. l*s form relativistic doublets 
The generally double nature of the energy-levels having the saTne | h | 
(screenmg doublets) but different signs for h, on the other hand, remains 
latent m the pure Coulomb field But it asserts itself at once if a mag- 
netic field or an inner atomic central field becomes added, that is, in the 
Zeeman effect or m the case of atoms which are not of the hydrogen type 
This gives the alkalirVike character of hydrogen, as was postulated in Pig 
11 by the new notation (on the right) The consequences of this nota- 
tion for the selection rules discussed earher may now be derived quan- 
titatively from the representation of in spherical harmonics 

In the same way the anomalous Zeeman effect m the case of hydrogen 
and the alkalies may be cogently treated, and also the system of terms 
for atoms in general may be placed on a quantitative basis 

Dirac^s theory m conjunction with Pauli’s Exclusion Principle has 
mspired Eddington to go still further and has led him to draw an unusu- 
ally bold inference He counts up the possibilities accordmg to which 
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the Dirac matrices with four rows can b^tormed and combined and finds 
from them the following value for the reciprocal of the fine-structure 


constant : — 


1 = 16 + 1 %^ 
a ^ 


136. 


This would bring the electronic charge e into a simple numerical re- 
lationship with the fundamental constants c and h, and would signifv 
that the existence of the elementary quantum of electricity could be^con- 
ceived as a consequence of the theory of relativity and the quantum 
theory. 

Unfortunately experimental evidence is not at the present time in 
favour of Eddington^s theory. The older measurements of Millikan give, 
as we know, the value 137 rather than 136 for 1/a. The most recent 
measurements by A. BE. Compton and J . A. Bearden give the value 
1/a = 136*6. A final decision on the experimental side of the question 
is just as little possible at present as on the theoretical, that is, whether 
Bddington*s conjecture is justifiable. At any rate this also indicates what 
extraordinary importance Dirac’s theory has at present and will have in 
future for dealing with the fundamental questions of natural philosophy. 
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1 On tile Continuous Proper Functions in the Hydrogen Spectrum, 
their Asymptotic Representation and their Normalisation 


W E have represented the radial part E. of the discrete proper 
functions in the hydrogen spectrum, if we leave out of account the 
normalising factor, by eqn (13) in § 7, Chap I, 

E = pJ « - ^ j, p = _ B) (1) 

The L/aguerre polynomial L was given by the following equation (14) 

( 2 ) 

In the disci ete spectrum p is real and an integei On the othei hand, 
m the continuous spectrum p is imaginary, n likewise imaginary and non- 
mtegral For, from (1) it follows foi B == fxv^l2 O that 

p = = Zzkr, * = X = ^ (3) 

On the other hand, we easily conclude fiom the connexion between n 
and Balmer’s formula that for B 0 


The expression (2) is to be used only for integral 7i*s By means of 
Caucby*s theorem we may, however, easily transciibe it into a formula 
which holds for any n For by Cauchy’s theorem 


f(ac) = hence 

For arbitrary ta’s we therefore have 


d^f(ac) ^ Pipz 4- 1) f f{z)dz 

dx^ 27rt J ^ 


Ln(p) = T'(n -f 1) ^ ^ — p) ^ 


d^ 


( 5 ) 


The mtegral is here to be taken along a closed path m the complex 
^-plane, which encloses the pomt z ^ p and, besides, the pomt z ^ O, 
which, like z — p xs a branch-point of the integrand m (5) when n is 
non-integral 

We change the variable of mtegration to 


X ^ z - p, 
290 



Continuous Proper Functions in Hydrogen Spectrum S91 

and we may write more simply m place of (5) 

L„(p) = P(w + ^ dx (6) 

the integral now bemg taken around the branch points £6 = 0 and £C = ~ p 
From this we obtain a generally valid integral representation for E in (1), 
if we replace n hy n I and carry out (2^ + 1) times the differentiation 
with respect to p Leaving out a constant factor composed of F*-functions 
and adding a power of % that will be con\enient m the sequel, we get 






— 2 - 


X- dx 


( 7 ) 


From the method by which this expression has been derned it is 
evident (and may also be verified without difficult} ) that (7) satisfies the 
differential equation (3) of p 60, ]ust like the formula (1) at the begmnmg 
The integial in (7) is capable of expansion m a convergent series of 
increasing poweis of p We have only to set 


(£c 4- p)^ - ^ - 1 = aj" - ^ 


1 4- 


rti-Z-J 

\p 

/,l — 2_1 p’ \ 

( 1 


( 2 yp + ) 


( 8 ) 


This series is absolutel}^ convergent, as the path of integration in the 
flj-plane (Fig 31) can always be chosen in such a wa} that | ^ I > | p | So 
we get for the integral in (7) by once again apphing Cauchy s theorem 


f e - Z - Ce^^dx /n - I - 1\ , f 

+ ( 1 /] + » i 2 J 


^ i -r 4 


= — ^TTl 


/ 1 

1 4-1 



K{21 + 1) ' \ 1 ) 

'(2Z + 2)1 ^ ' 

'(2l+3)< ) 


Substituting this in (7) we get the following series, which is comergent 
foi all values of p 

E = - ( - vy + ijf “ ( 1 ){2l+ 2)' 


The closed path of integration of Fig 31 can be divided into two loops 
that begin and end at mfinity 
and encircle only one of the two 
branch points £C = 0 and £C = — p, 
respectively Corresponding to 
this division of the path of in- 
tegration E splits up into two 
parts We set 


B = i(Ei 4- W) (10) 



and define B^ by the loop around 
a; = 0, B^ by that around a? = - p 
This resolution is analogous to that known from the theory of BesseFs 
functions 

J„ = 

Like and so B^ and B^ are singular at the origin, while their sums, 
namely J or E, respectively, behave regularly This singularity and 
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legularity, respectively, follow diiectly from the form of the path of inte- 
gration in the case of W- and the path between the two singular points 
IS included in the path of integration which, for /> == 0, passes through 
these points , in the case of B the path of integration is free 

We investigate the asymptotic behaviour of B^ To do this we set, 
m contradistinction to (8), 


{x + p)^ ^ i ^ ^ -f 


l\x^ 


2 


) (11) 


This expansion is divergent for the more distant parts of the loop-integral, 
since heie obviously \x \ > p For this reason the following asymptotic 
development also becomes divergent (semi- convergent) 

Substituting in (7) we get in view of (10), if we perform the integration 
over the loop around oj = 0, 


2 


27rJ 


I )( 12 ) 


The integrals here remaining are jT-f unctions For, for arbitrary values 

of 71 (even imaginary) the relation 


1 _ e^^Ce-^dx 

r{n -f- 1) ~ 27rt J 1 


(13) 


holds On account of Cauchy’s theorem this formula is evidently valid 
for integral values of n, and for non-integral values it gives the simplest 
definition of F The path of integration in (13) is the loop of Fig 31 
around a; == 0 with the condition that, on the upper branch of the path, 
® the logarithm is to be taken as real So eqn (12) becomes 


1 -R 2 _ p” 'e (n-l - l\r{n +1+1)1 

2 r{n + l+l) V \ 1 / r{n + 1) ~p + 

and for this we may write 


1 g — p/3 + w log p — IITTI ^ 

2 ®' “ P r{n+l + 1 ) 




n + I 


or on account of the meanmg of p and w, eqns (3) and (4), 


p — t(kr + a) 

E2 = G— -(1 - 


“ = ^ 


c=:i 


^ 2, aL"^ 2r 


Hk r{n -t- Z -f- 1) J 


) 


(14) 


(16) 


This result agrees with the statement m eqn (4), p 179 , the significance 
of a compared with that m eqn (24a), p 67, has been changed by a factor 
of 2^, which, however, since it occurs under the logarithm, may be included 
m C 

We come to the other component B^ In this case it is convenient to 
rescind the substitution x ^ z - p, which led us from (5) to (6) and (7) 
The loop around a; = - p then becomes a loop around z = 0 But we 
must remember that if we have encircled a; « 0 m the a;-plane then, by 
(7), we have taken up the factor z-d _ have, therefore, 

to multiply the mtegial around the loop a? = — p by this factor in order 



Continuous Proper Functions in Hydrogen Spectrum 293 


that the sum o£ both loops, as we demand, may be equivalent to the closed 
path in Fig 31 In this way we obtain 




— 2mn r 

Since 

(jS - p) ” ^ ^ 1 ^ i — li 




and taking into consideration the definition of the P-function in eqn (13), 
we get 


1 — n log (— p) — ifl-n — -^rl 

iTJl _ ? 1 

2 (- P)r(- n+l+l) 


(-( 


- 71 - Z - IN^ — ?l + 2 


) (16) 


1 / - P 

(16) arises out of (14) by exchanging p, n and i for - p, - n, — i, since 
p and n are purely imaginary, tins means thafc and R- are conjugate 
imagmaries Consequently eqn (15) also holds foi W, if we exchange 
4- ^ for — « in it, this, too, agrees with our eailier asseition m eqn (4) 
of p 179 At the same time it follows from this that the proper function 
R itself IS real 

We can write the expression for E more symmetrically if in place of 
X we introduce the new variable of integration ^ gi\en by 

x = p(i - i) 

We then get from (7) 

+ -I) (17) 

Here the path of integration (cf Fig 32) encircles the two branch points 
f = ± It IS possible but not advisable 
to contract it on to the real axis from 
f = — ^to^ = 4*-J- 

Lastly, we have to deal with the nor 
malisation Whereas in the discrete spec- 
trum we normalise 


jdT^{B)^*(E) = 1, (18) 

in the continuous spectrum we must define 
the normalisation for a finite (even arbi- 
trarily small) interval AE by means of the 
condition 

jiT^(E) if,*(^')dK = 1 



(19) 


Here the interval AE = E 2 - E^^ is to enclose the point E In the con- 
tinuous spectrum the integration (18) would evidently diverge The 
integral (19) also diverges, d we reverse the order of integration To be 
able to do this we must restrict the volume-integration to the interior of 
a sphere of very great radius a> and must form 

Lim f%B' f - 1 (20) 

aj “ 00 •/ El J 

r^fo 
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From the wa\e equations 

A^(B) + ?^(E - V)^(E) = 0, 

+ ^(E' - Y)r(B') = 0, 

It follows, by the method of Green’s theorem, that 

- E')|^(E)^*(E')fZr = - ^l,*iW)^)da (21) 

r ^ (u r = w 

Let US set (N being the normalising factor) 

iff = NEifPr (cos 6) i/t* = (cos 6) (22) 

and perform the integiation on the right in (21) On account of (23) and 
(30) in § 6, Chap I, we get, omitting the suf&x I for the present, 

N>(r-E(E)‘?^) - _ (23) 

Here E can be calculated asymptotically, namely from (15), if we set 

f-" -) 

E = |(Ei + E^j = - ^ sm (ir + a - <r - Jz) 

In agreement with the definition (3) of ^ we write 

= ^E' = Z:'^ 

and also distinguish the quantities G, G', a, a', o*, o-' according to the value 
k or By simple reduction we get for the bracketed expression in 
(23), except for terms that vanish with r, when r = o>, 


{k' + k) sin p + {k' - k) sin q}, 

where p ^ (k' - k)(j> + {<xf - a) — (o-' - o-), 

q = (& q- ^)ci> + (ot -j- ot) — (o"^ + O’) 

Thus from (21) it follows, if we divide out by the factor on the left-hand 
side, that is, by k^ — k'^, and take (22) into account, 

fiAfE)t5*{EVT = ---— (^. d- ^) f sm p sm q 1 

2i + 1 (i - m) 2kk' - k k' + kj 

By (20) this expression is to be multiplied by dR' = and to be 

integrated from E. to E 2 Let the corresponding limits for k' be A;, and ko 
Thus by (20) we have 


1 = 'dk'i , \ 
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The unwritten second term clearly contributes an amount which is 
vanishingly small foi a vanishingly small mterval of integration, as it is 
finite throughout this interval The integral ovei the first term of the 
bracket can be simplified to 

(25) 

where and p 2 3*^® values of p that correspond to the values = Ic^ 
and k' = k 2 Since k lies within the interval k^), we find = — od , 
P 2 = + CO forto = co Thus (25) is equal to ttC^ and (24) gives 


+ + ' + ’W 

The expression (17) for the radial component H of the pioper function 
and the expression (15) for the partial functions E^ are to be multiplied 
by the normalising factor N so determined, in accordance with (22) Our 
calculation of N is practically identical with the method first developed 
by E Eues ^ 

2. Concerning the One-sidedness of Photo-electric Emission 
Calculation of the Integrals and Ko 

The integrals and Ko are defined on p 186 Accoiding to (17) + 
we have, if we add the normalising factor given by (26), 

+ e-»id£, 

N r 

(.p)3E, = (^^ + i)^ - Ml - i) - ^ 


p — 2ikr, 


Ns /5 2 t ! r{n + 3) I /6 , 
Ni ” V 3 3 ’ I r(?z + 2) I ~ V 9 ' 


+ 2 I 


In Kjl and K 2 we exchange the integrations with respect to r and i and 
perform the integration with respect to r In each case we get 


^00 


Zr n 7 f. 
. 


? + + I) 


And so 


Ni ~ 27rtJ ^ + m/2 


- 


$ + nl2 


As in Fig 32 the mtegrations are to be performed around the two branch- 
points f «= ± i with the exclusion of the newly-added singular point 


* Ann d Phys , 81, 281 (1926), particularly § 3 

t The references are to equations m the Notes unless the contrary is stated. 
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f = — nj2 The latter follows fiom (28), since here the integration has 
a meaning only if 

f that IS, 24 < I » 1, 

CL 

holds £01 fehe whole path of integiation, where ^2 denotes the imaginary 
pait of f The integrations in (29) may be performed in Cauchy’s 
manner The integrals vanish at oo like f ^ and respectively , 

hence with continued extension of the path of integiation only the 
residues at the point f = - 7i/ 2 remain 
In this way we get 



From (15), adding the normalising factois, we then form 

r(n -f 2 ) N2 ^ N2 

Ei- ~ + 3) Ni ~ + 2 Nj 

Hence, on account of (27) 

K 3 _ 2 ^ 5 I w + 2 2^ 5 2 - 

h 9 (1 - n^){n + 2 ) L 9 1 - 

This expression is to be substituted in eqn (18) of p 186, and with 

n =s it immediately yields the value of ^ there given 


3 The Integration over the Continuous Spectrum Transition 
from the Proper Function tft to the Partial Functions 


We must here deal with a somewhat awkward point which has not 
been sufficiently taken into consideration in the German original of this 
book For a more complete treatment of the subject in question the 
reader is referred to a paper which is shortly to appear in the Annalen 
der Physik We must here restrict ourselves to indicating the line of 
reasoning 

The with respect to B' in eqn ( 1 ) of p 178 is to be per- 
formed between B = to E' = co , but it must not be taken along 

the real axis, because there the denommator vanishes for 


E^ = Bjb -b hv 


(31) 


Hence the path of integration must avoid this point by escaping into the 
complex domain In place of E*^ the wave-number k* suggests itself as 
a convenient complex variable, which is associated with the kinetic energy 
€ = E' - E^ 


k'^ = 






^(E' - Eo) = 


SjtV , 


(32) 
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We then have for the differential in I, 

dB' ^ 2k'd¥ 

Bjs — B' -h hv 

The wave-numbei h which here occuis m the denominatoi is associated 
with the Einstein eneigy € (eqn (5) of p 180) just as U is associated with 
the kinetic energy e In the complex ^'-plane the path of integration 
leads, on account of (32), fiom A;' = 0 to = oo , the smgulai point k 
being avoided, of Fig 33 

From the mathematical standpoint we may make the path of integra- 
tion deviate upwards as well as downwards This arbitianness corre- 
sponds to an ambiguity 
{Vzeldeutigkeit) which is al- 
ways present m a continu- 
ous spectrum and can be 
avoided only by means of a 
special condition at infin- 
ity * ** the condition of radia- 
tion ” According to this 
condition, if we write the 
time-factor as in I, p 178, 
with a positive exponent, 
then we must choose our 
route of escape in the posi- 
tive imagnary half-plane 
(We could just as well have 
written the exponent with 
a negative i and then we 
should ha\e had to choose 
the dotted path in Fig 33 ) 

We now split ^ up into its two partial functions, in a manner 
analogous to that in eqn (10) of Note 1 



and we get for the integral I, 


On account of the asymptotic method of lepresenting the partial 
functions, eqns (15) and (16) of Note I, 

vanishes at infinity in the positive imagnary half -plane, tfP at infinity 
in the negative imagnary half-plane It is true that the factor A, in 
virtue of its being defined by a volume integal contains the factor ifs 
implicitly But the value of 7 in this space-mtegal — we call it r' and 
have 0 < r' <[ 00 — is in geneial smallei than the value of r in ^ 
which occur explicitly , and as we shall allow ? to go asymptotically to 
infinity, only the quantities i/f' will be decisive for the behaviour at 


* Of A Sommerfeld, Jahresbericht d deutsch Math Vereinigung, Vol 21, p 309, 

Part B, Chap II, or the above mentioned paper m the Ann d Phys 
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infinity in the A;' -plane We divide I into two parts and Ig and lead 
round the part formed with m the positive imaginary half-plane, the 
part lo formed with in the negative imaginary half-plane The latter 
is arrested at the singular pomt h' = 7c In addition, we have the two 
integrations of I^ and I 2 with lespect to the positive and the negative 
imaginary axis But these integrations vanish exponentially, according 
to (33), if r is sufficiently gieat Then there remains only the residue at 
the point h* « 7c, so that we can write 

I = 7rti/r2(B)A(E) or, better, I = (34) 

E IS the energy- value defined by (31) and belonging to 7c' = 7c The 
double summation ranges, as in eqns (14) and (18) on pp 182 and 
186, over all values of the quantum numbers I, nt so long as they are 
not excluded owing to the factor A vanishing in any way 

In conclusion we have some remarks to make about integral II in 
eqn (1), p 178 The denominator in this integral does not vanish 
between Eq ^ E' < ao , since 

E^ — Ejfc — Tzv = Eq — tT — Jzv Eq 

holds for the zero-pomt of this denominator, where J denotes the work of 
ionisation of the state Jc If we also here introduce the wave-number Ic* 
belonging to the kinetic energy €' =* E' — E^j, the choice of the path of 
integration in the fe'-plane, Eig 33, becomes immaterial, since there is no 
singular point to the right of the imaginary axis Thus if we divide II 
up into and Ilg, these partial integrals consist solely of the integrals 
with respect to the positive and negative imagmary axis They vanish 
just as, before, the partial integrals I^ and Ig taken along the imagmaiy 
half-axes vanished The fact that of the two integrals I and II only the 
residue calculated m (34) remains is clearly to be interpreted as a 
resonance phenomenon We were theiefore justified in not taking the 
component part II into account m our discussion of the photo-electric 
effect 
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German Expressions and their English Equivalents 

{The Nunibers liefer to the Bages on xoh%ch the Expresszcnvs Occur) 


Ad^ungiert, adjoint, 104 
AnregungstturKen^ excitation intensities, 47 
Ansats^ assumption, expansion or substitu 
tion, 3 

Anschaultch^ picturesque (intuitive), 47 
Anschaulxchkeit der Vorstellumgt vividness 
of the mental pictures, 76 
±ufe7ithcbltS!mogl%clikeit^ possibility of 
sojourn, 256 

Aufs;^CLWtLngen^ separations, 115 
Au&ser'we^entl%ch &vngiLlare Stelle, pole, 9 
Austauach Eruiartu'ivg ^ exchange degener 
acy, 18, 227, 239 

BahmnipulSj orbital moment of mo 
mentium, 96 

E%gemoerty pioper or characteristic value, 
7, 42 

Eigenzustand, proper state, 42 
Evndeutxg^ uniform (single valued), 7, 8, 
101 

Evndeutvghext, uniformity (mathematical), 
41 

Ei'ndeuttg'Le%tspr%nstpt principle of um 
formity, 122 

Evn'k7%stall^ single crystal, 205 
Elektro7venstoss, collisions caused b^ 
electrons, 47 

ErsatzeleKtron, substitute electron, 220 

Elecke^ spots (points), 205 

Ecblbierwnga'kegel^ bisecting cone, 187 
EaZhierungaujtn'kel, bisecting angle, 192 
E^lfsgrbsse^ auxiliary quantity, 84 
Eohlraum, enclosure, cavity, 28, 77 

Interkomhiruatzonsverbot, law foibiddmg 
combinations between certain states, 
230 

Enotenlvme^ line of nodes, 127, 150 
Enotensahl, number of nodes, 137 
ErezaelmoleTcille^ molecular tops, 123 

Ladungswolhe^ charge cloud, 75 
L&uchteleklaroTit radiatmg electron, 95 

Mcignetfeld, magnetic deld, 97 
Mulde (energy-) pocket, 208 


Eorm, square of the absolute value of the 
matrix elements, 34, 68, 81 

Ortsfu7zktion, space function, 172 
OszillatoreTistarKe^ number or quantity of 
oscillators, 170 

Emtiell verkehit^ partially inverted, 234 
JPcLUli Verbot, Pauli’s exclusion principle, 
85 

EendelbahTien, pendulum orbits, 62 
Elatzwechsel or AziatwiLach^ exchange of 
position, 229 

Reaoncunz Entartnnig, resonance degener 
acy, 227 

Eichtungsquanteluitg, quantising of direc 
tion, 97 

Ruhe7zergie, rest energy, 41 

Selbstadj%i7vgieriy self adjoint, 105 
Sp'ieJrauTn, range of plav, 256 
Spttsenzahler, point counter, 191 
Stossqzierschnitt, effective cross section in 
collisions, 97 

UberlzchtgeschiLiTidtgkett, velocity exceed 
mg that of hght, 121 
Umdrehungsphase, phase of rotation, 202 
Umkehrwng^ inverse, ISl 
EivgenauigKettsrelation, uncertainty rela 
tion, 84, 122 

’VertauaclvLingsTelationf commutation law, 
32 

Vzeldeutzgkeit, many valued character, 297 
VT^erpotential, four potential, 100 
Vollstandzgkevtsrelatzon, completeness re 
lation, 147, 221 

'Vorezlwinkel, forward angle, 191 

W ahrscheznlzchke itspaJcet, prohabi lity 

packet, 256 

WecTiselsatz, Alternation ILaw, 94 
Zustouyide^ states, 120 

ZuaUindsgroaaeTty phase or state para 
meters, 30 

ZttstandskorbstaTUe, state constant, 42 
Zti^tandaverdeilungg distribution of state, 
167 

Zweigl%edri.g^ having two terms, 23 
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Degenerate proper value problems, IS, 68, 
148 

Dennison, 124 
Density, electric, 167 

— of charge, 44, 45 

mass, 44 

Deslandres term, 204 
Diagonal matrix element, 222 
Diamagnetic, 93 
Diatomic molecules, 27 
Diffraction of electrons, 7 

— problems, 150, 192, 205 
Di^se senes, 81 
Diffusion coefficients, 43 

— equation, 43 
Dipole moments, 83 

Dirac, 47, 83, 86, 118, 213, 219, 231, 234, 
243, 255 S0^ 

Discrete spectrum, 59, 62 
Discriminant, 129 
Dispersion formula, 169 
DiVy 89, 90 
Donder de, 118 
Dorgelo, 46, 59 

Doublets, screemng and relativity, 116, 
288 

Dungen, van den, 118 


E 

Eckait, 51 
Eddington, 190 
Effective cross section, 97 
Ehrenfest, 244 
Eikonal, 4 
Einstein, 102 

— photo electric equation, 38, 178, 180 

— probabihties of transition, 170 
Electron in electromagnetic field, 259 

— magnetism, 115 

— rays, 198 

— under no forces, 257 
Electronic emission, 184 

— spin, 115, 116, 231 
Elhptic orbits, 60, 178 
Elsasser, 193, 200 
Energetics, 38 
Energy, 241 

— equation of, 3, 241 

— levels, 141 

— matrix, 36 

— momentum theorem, 110 

— of position, 42 

— parameters, 36 
Epstein, 121, 154 
Equatorial quantum number, 78 
Essential smgulanties, 9, 67 
Eucken, 240 

Eulerian angles, 124, 127 
Ewald, 211 

Exchange degeneracy, 18, 227, 239 

— of position, 229 
Excitation intensities, 47 
Exclusion principle, Pauh’s, 210, 233 


F 

Fermi, 92, 201 

Fine structure, 114, 116, 283 

— constant, 100, 284 

— of he hum, 231 
Fock, 118 
Formaldehyde, 124 
Forsterlmg, 117 
Forsyth, 11 
Fourier senes, 30, 147 
Four current, 104, 107 

— dimensional curl, 260 

— group, 270 

— potential, 100 

— vector, 92, 260 
Fowler, 59 
Fiazer, 97, 98 

Frequenc-v condition, Bohr’s, 1, 38, 45 
Fresnel, 209 
Fues, 21, 27, 59 
Functional determinant, 129 

G 

Gauss s error cur\e, 16 

— theorem, 109 
Geiger, 191 
General harmonics, 9 
Generahsed co ordinates, 6 
Gerlach and Stern, 37, 96, 98 
Germer, 205 et seq 
Geometrical optics, 2 

g formula, Lande’b, 2, 9, 62, 255 
Gordon, 110, 118, 200, 213 
Goudsmit and Uhlenbeck, 85, 117, 232, 
261, 265 
Gradient, 89, 90 
Green’s functions, 106 

— theorem 43, 88, 90, 104, 106, 108, 144 

195 

Ground states, 96, 170, 189 
Group, 39 

— mean amphtude of, 39 

— quantum number, 93, 94 

— velocity, 121 

H 

Half integers, 1, 2, 16, 17, 23, 24, 36, 94 
Hamiltoman function, 3, 32, 36, 111 

— mechanics, 2 

Hamilton’s differential equation, 8, 257 

— variation principle, 110 
Hankel solutions, 14 
Hansen, 117, 226 
Harmonic oscillator, 137 
Harmomcs, 9 

Harteck, 240 
Heme, 56 

Heisenberg, 29, 30, 37, 38, 47, 83, 169, 225, 
233, 238, 239, 255, 256, 257 
Heitler, 240 

Helium, ortho and para-, 226 

— problem, 2, 144, 225 
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Helium, spectrum, 226 
Henn, Victor, 23 

Hermitean matnces, 16, 31, 48, 49 
— polynomials, 46 
BQilbert, 36 
Honl, 69 

Houston, 204, 226 
Hull, 204 

Huygen’s principle, 198 
Hydrodynamic theorem of continuity, 89 
Hydrogen spectrum, 290 
Hylleraas, 112 
Hyperbolic orbits, 65, 178 


I 

Indedniteness, 265 

— relation of, 255 
Inner electrons, 229 

— quantum number, 94 
Intensities, 48, 79 
Intensity, 29, 168 

— of oscillators, 170 
Interference of electron waves, 205 


J 

Jacobian polynomials, 133 
Jordan, 30, 83, 84, 255 


K 

Kallmann, 220 
Kaluza, 102 
Kellner, 112 

Kepler, equations of, 282 

— problem, 59, 68, 73, 92, 139 

— third law, 246 
Kikuchi, 212 
Kirchner, 191, 200, 223 
Klem, 102, 118, 149, 164, 213 
Kokubu, 163 

Kramers, 169, 171 
Kratzer, 21, 24 
Knshnan, 174 
Kronig, 124 
Kudar, 118 
Kunsman, 206 
Kupper, 52 

L 

Ladenburg, 170 
Ijagrange co-ordmates, 6 

— function of wave-mechanics, 110 
Laguene polynomials, 25, 50, 63, 69, 70, 

156 

]Ijand4^s g formula, 2, 62, 94, 99, 265 
Liandsbe^, 174. 

Larmor’s precession, 103, 121 

— theorem, 130 
liane, von, 104, 211 


Law of uncertainty, 38 
Legendre functions, 9 
Legendre’s polynomials, 11, 73 
Lewis, 88 

Light corpuscles, 3 
Linear, grating, 202 

— harmonic oscillator, 14, 48 

— independence, 148 
lanes of nodes, 151 
London, 69, 83 
Lorentz, 119, 120 

— transformation, 100 

— triplet, 123 
Lyman series, 79, 81 


M 

Mach, 38 

Macro meehamcs and micro mechanics, 2, 
5, 77 

Macioscopic and micioscopic, 1 
Magnetic change of wave number, 122 

— moments, 88 

— quantum number, 78, 86, 93, 232 
Magneton, Bohr, 86, 92, 96 
Mandelstam, 174 

Manneback, 124 

Mark, 163, 219 

Matnces with two rows, 267 

four rows, 276, 277 

Matrix, 30 

— composite, 269 

— elements, 45, 77 
Maxwell, 9, 84 
Meeke, 99 

Medium transitions, 57 
Membrane, propei vibrations of, 146 

— quadratic, 149, 227 
Microscope, y ray, 256 
Millikan, 118 
Mogkch, 259 
Moment, 45 

— electnc, 168 

— magnetic, 259 

— mechamcal, of electron, 262 

— of first and higher orders, 52 
Momentum, 240, 244, 251 

— conservation of, 244 

— matrix, 176 

— moment of, orbital, 96 

— operator, 243 

— specific, 242 
Moseley, 116 
Mulhken, 24 

Multipole moments, 88, 98 


N 

Negative dispersion terms, 171 
Neumann, von, 240, 259 
Neutral transitions, 67 
Nickel, 205, 206 
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orbits, 75 
Nodes, 6, 70, 137 
Non coherent scattering, 173 
Normalisation, 9, 287 

— general condition of, 44, 48 

— persistence of, 89 
Nucleus, motion of, 75 
Nuttal, 191 

0 

Observable quantities, 37 
Oppenheimer, 199 
Orbital moment of momentum, 96 
Orbits, electronic, 38, 62, 88, 235 
Ordinary points, 9 

Orthogonality, condition of, 44, 49, 64 
Oscillatmg rotator, 26 
Oscillator, 37 

— and rotator, 14 


P 

Parallel transitions, 57 
Paramagnetic, 93, 96 
Paschen Back effect, 2, 117 
Pasohen senes, 82, 83 
Pauli, 59, 62, 81, 82, 83, 233, 270 

— exclusion pnnciple, 85, 86, 93, 210, 233 
Pauhng, 74 

Pendulum orbits, 62 
Perron, 73 

Persistence of normahsation, 89 
Perturbations, theory of, 144 
Phase, 39 

— functions, 52 

— of rotation, 202 

— parameters, 30 

— quantities, 29 

— velocity, 39, 208 

Photo electnc, effect, 26, 176, 295 

emission, one sidedness of, 295 

equation, 38 

Photo electrons, 180 
Photon, 256 
Piokermg series, 76 
Planck^s constant, 5 
Pockels, 149 
Point counter, 190 
Point-mass under no forces, 38 
Polar crystals, 98 
Polarisation of atoms, 164 

— rule of, 55 
Poles, 9 

Polynomial method, 11, 21, 64, 124, 133, 
162 

Polynomials, 73 

— Hermitean, 16 

Prmoipal quantum number, 61, 78, 156, 
286 

— senes, 81 

Pnnciple of variation, 100 
Pnngsheim, 174 
Probabihty, amphtudes, 84,1^256 


Probability of excitation, 170 

— packet, 256 

Problem of three bodies, 239 
Proper functions, 7, 42, 59, 65, 236, 290, 
296 

— \alue parameters, 7, 9, 42, 59, 65 
Protons, 97 


Q 

Quadratic membrane, 149 
Quantising of direction, 97 
Quantum condition, 1 

— numbers, 1, 61, 62, 78, 93, 94, 233 
meaning of, 69 

four, 85 

— oscillation, 23 

— rotation, 23 

— weight, 58, 96 
Quaternion unit, 270 
g matnx, 46 

g numbers, 243 


R 

Rademacher, 124 

Radial condition of oithogonalitv, 64 

— quantum number, 61, 78 
Radiating electron, 95 
Radiation, free, 168 

— pressure, 190 
Radiationless states, 37, 45 
Raleigh, Lord, 145 
Raman effect, 174, 175 

Recurrence formulse, 11, 16, 54, 113, 132 
Refractive index, 104 
Regular points, 9 
Reiche, 124 

Relativistic generalisations, 100 

— Kepler problem, 62, 112 
Repulsive forces m crystal lattices, 98 
Resonance catastrophe, 146 

— degeneracy, 227 
Rest energy, 41 
Resultant mass, 28, 76 
Ricciate equation, 135 
Richardson effect, 208, 210 
Riemann, 37 

Ritz, 112 

Rontgen rays, photo electnc emission of, 
187 

— terms, 117 
Rosen, 174 
Rotator, 14 

— m space, 16, 52 

— m a plane, 18 

— oscillatmg, 20 
Buark, 244 
Bunge, 4 
Bupp, 212 

Butherford, 193, 197, 212 

— formula for scattenng, 199 
Bydberg constant, 61, 68, 76. 
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S 

Sckener, 205 

ScliTodmger, 46, 47, 51, 59, 66, 81, 110, 144, 
152, 162, 174, 213, 246, 288 

— papers, 2, 26, 27, 77, 81, 117, 144, 172 
Schutz, 98 

Schwarzscliild, 18, 154 
Screening, 235 
Sectorial aieas, law of, 246 

— harmonics, 12 
Selection rules, 46, 49, 78, 79 
Self adjoint, 105, 127, 144 
Separahon constant, 9 

— of variables, 19 
Separations, 115 

Senes of spectral lines, 81 
Sharp senes, 82 
Shells, electronic, 75, 84 
Siegbahn, 117 
Simon, 218 
Singular points, 9 
Slater, 112, 118 

Slowly varying quantities, 4, 13 
Smekal transitions, 167, 213 
Sommerfeld, 94, 106, 118, 205, 210, 290 

— and Bunge, 4 

Spatial polar co ordinates, 59 

— quantising, 18 
Specific current, 91 

Sphencal harmonics, 8, 50, 58, 86 
associated, 52 

— waves, 180 

Spin, electron, 85, 118, 232 
Stark effect, 153 
s state, 116, 151 
State constant, 42 
Static octet, 88 
Stationary currents, 88, 91 

— states, 1, 29 

Statistical view of charge cloud, 83, 183, 
199 

a terms, 85, 94 

Stem, 97 

Stratton, 222 

Stnpped electrons, 118 

Strong transitions, 57 

Sturm Liouville problems, 8, 160 

Superfluous degrees of fre^om, 18 

Surfiice hannomcs, 9 

— integrals, 242 
Symmetrical tensor, 246 

— tops, 123 

T 

Mcamme, 163 
Tensor, 246 


Terms, 253 

Tesseral harmomos, 9 

Tetrode, 259 

Thomson, G P , 210 

Time equation, 5, 38, 43, 88 

Transitions between states, 37, 52, 90, 178 

— parallel, anti parallel and neutral, 57 

— spontaneous, 47 

— stiong, weak, and medium, 57 
Trumpy, 82 

U 

TJncertamty relation, 122, 255 

— law of, 38, 84 

Undisplaced line of Compton effect, 223 

Uniformity, 41 

Uniqueness, principle of, 122 

Umt matrix, 44 

Unsold, 85, 86, 87, 99, 118, 226 

V 

Values, continuous and discontinuous o 
spectrum, 13 

Variation, principle of, 108 
Vibration equation, 43 
Vinal, law of the, 249 

W 

Wallei, 162 
Wave equation, 5 

— function, 5 
group, 41 

— mechanics, 6 

— number, 3 

— -packet, 41, 255, 256 

— theory, 2 
Weak transitions, 57 
Weight function, 73, 79 

— of a state, 58, 96 
Well-defined states, 85 

Wenfezel, 134, 162, 190, 193, 213, 215, 221 

Weyl, 36 

Wierl, 163 

Wigner, 240 

Wilhams, 190 

Wilson, 177 

Woo, 219 

Wood, 174 

Work of dissociation, 24 
Wrede, 97 

Z 

Zeeman effect, 2, 55, 62, 92, 94, 119, 123 
Zonal haimomcs, 11 




